Chapter 18
Entropy

The focus of the last chapter was the thermal energy of
the atoms and molecules around us. While the thermal
energy of an individual molecule is not large, the
thermal energy in a reasonable collection of mol-

ecules, like a mole, is a noticeable amount. Suppose,

for example, you could extract all the thermal energy
in a mole of helium atoms at room temperature. How
much would that energy be worth at a rate of 10 cents
per kilowatt hour?

This is an easy calculation to do. The atoms in helium
gas at room temperature have an average kinetic
energy of 3/2 kT permolecule, thus the energy of amole
is N A(3 /ZKT) = 3/2RT, where N, is Avagadro’s
number and R = N, K. Since ice melts at 273 K and
water boils at 373 K, a reasonable value for room
temperature is 300 K, about one quarter of the way up
from freezing to boiling. Thus the total thermal energy
in a mole of room temperature helium gas is

thermal energy

in a mole of _ 3

room temperature [ ~ fRT

helium gas
_ 3 Joules
=5 X8moleK X 300K
= 3600 joules

This is enough energy to lift 1 kilogram to a height of
360 feet!

To calculate the monetary value of this energy, we note
that a kilowatt hour is 1000 watts of electric power for

3600 seconds, or 1000 x 3600 joules. Thus at a rate of
10cents perkilowatt hour, the thermal energy of amole
of helium gas is worth only .01 cents.

The value .01 cents does not sound like much, but that
was the value of the energy in only one mole of helium.
Most substances have a greater molar heat capacity
than helium due to the fact that energy is stored in
internal motions of the molecule. Water at room
temperature, for example, has a molar heat capacity
six times greater than that of helium. Thus we would
expect that the thermal energy in a mole of water
should be of the order of 6 times greater than that of
helium, or worth about .06 cents.

A mole of wateris only 18 grams. A kilogram of water,

1000 grams of it, is 55 moles, thus the thermal energy
inakilogramor liter of water should have avalue in the

neighborhood of .06 cents/mole X 55 moles = 3.3 cents.

Now think about the amount of water in a swimming

pool that is 25 meters long, 10 meters wide, and 2

meters deep. This is 500m3 or 500x1 0’ liters, their
being 1000 liters/m3. Thus the commercial value of
the heat energy in a swimming pool of water at room
temperature is5 X 1 0° x 3.3cents or over $16,000.

The point of this discussion is that there is a lot of
thermal energy in the matter around us, energy that
would have enormous value if we could get at it. The
question is why don’t we use this thermal energy rather
than getting energy by burning oil and polluting the
atmosphere in the process?
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INTRODUCTION

A simple lecture demonstration helps provide insight
into why we cannot easily get at, and use, the $16,000
of thermal energy in the swimming pool. In this
demonstration, illustrated in Figure (1), wateris pumped
up through a hose and squirted down onto a flat plate
placed in a small bucket as shown. If you use a vibrator
pump, then the water comes out as a series of droplets
rather than a continuous stream.

To make the individual water droplets visible, and to
slow down the apparent motion, the water is illumi-
nated by a strobe. If the time between strobe flashes is
just a bit longer than the time interval which the drops
are ejected, the drops will appear to move very slowly.
This allows you to follow what appears to be an
individual drop as it moves down toward the flat plate.

For our discussion , we want to focus on what happens
to the drop as it strikes the plate. As seen in the series
of pictures in Figure (2), when the drop hits it flattens
out, creating a wave that spreads out from where the
drop hits. The wave then moves down the plate into the
pool of waterin the bucket. [In Figure (1) we see several
waves flowing down the plate. Each was produced by
a separate drop.]

Figure 1

Water droplets are created
by a vibrator pump. If you

illuminate the drops with a
strobe light, you can make
them appear to fall or rise.

vibrator
pump

water
droplets

Let us look at this process from the point of view of the
energy involved. Before the drop hits, it has kinetic
energy due to falling. When it hits, this kinetic energy
goes into the kinetic energy of wave motion. The
waves then flow into the bucket, eventually dissipate,
and all the kinetic energy becomes thermal energy of
the water molecules in the bucket. This causes a slight,
almost undetectable, increase in the temperature of the
water in the bucket (if the water drop had the same
temperature as the water in the bucket, and we neglect
cooling from evaporation).

We have selected this demonstration for discussion,
because with a slight twist of the knob on the strobe, we
can make the process appear to run backwards. If the
time interval between flashes is just a bit shorter than
the pulse interval of the pump, the drops appear to rise
from the plate and go back into the hose. The situation
looks funny, but it makes a good ending to the demon-
stration. Everyone knows that what they see couldn’t
possibly happen—or could it?

Does this reverse flow violate any laws of physics?
Once adrop has left the plate it moves like a ball thrown
up in the air. From the point of view of the laws of
physics, nothing is peculiar about the motion of the
drop from the time it leaves the plate until it enters the
hose.




Where the situation looks funny is in the launching of
the drop from the plate. But it turns out that none of the
laws of physics we have discussed so far is violated
there either. Letus look at this launching from the point
of view of the energy involved. Initially the waterin the
bucket is a bit warm. This excess thermal energy
becomes organized into a wave that flows up the plate.
AsseeninFigure (3) the wave coalesces into a drop that
is launched up into the air. No violation of the law of
conservation of energy is needed to describe this
process.

While the launching of the drop in this reversed picture
may not violate the laws of physics we have studied, it
still looks funny, and we do not see such things happen
in the real world. There has to be some reason why we
don’t. The answer lies in the fact that in the reversed
process we have converted thermal energy, the disor-
ganized kinetic energy of individual molecules, into
the organized energy of the waves, and finally into the
more concentrated kinetic energy of the upward trav-
elling drop. We have converted a disorganized form of
energy into an organized form in a way that nature does
not seem to allow.

Figure 2
Falling water drop creating wave.
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It is not impossible to convert thermal energy into
organized kinetic energy or what we call useful work.
Steam engines do it all the time. In a modern electric
power plant, steam is heated to a high temperature by
burning some kind of fuel, and the steam s sent through
turbines to produce electricity. A certain fraction of the
thermal energy obtained from burning the fuel ends up
as electrical energy produced by the electric generators
attached to the turbines. This electric energy can then
be used to do useful work running motors.

The important point is that power stations cannot
simply suck thermal energy out of a reservoir like the
ocean and turn it into electrical energy. That would
correspond to our water drop being launched by the
thermal energy of the water in the bucket.

Figure 3
Rising wave launching water drop.
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Evenmore discouraging is the fact that power plants do
not even use all the energy they get from burning fuel.
A typical high efficiency power plant ends up discard-
ing, into the atmosphere or the ocean, over 2/3 of the
energy it gets from burning fuel. Less than 1/3 of the
energy from the fuel is converted into useful electrical
energy. Car engines are even worse. Less than
1/5 of the energy from the gasoline burned goes into
powering the car; most of the rest comes out the exhaust

pipe.

Why do we tolerate these low efficiency power plants
andeven lower efficiency carengines? The answer lies
in the problem of converting a disorganized form of
energy into an organized one. Or to state the problem
more generally, of trying to create order from chaos.

The basic idea is that a disorganized situation does not
naturally organize itself—in nature, things go the other
way. Forexample, if youhave abox of gas, and initially
the atoms are all nicely localized on one side of the box,
ashort time later they will be flying around throughout
the whole volume of the box. On their own, there is
almostno chance that they will allmove over to thatone
side again. If you want them over on one side, you have
to do some work, like pushing on a piston, to get them
over there. It takes work to create order from disorder.

Atfirst, it seems that the concepts of order and disorder,
and the related problems of converting thermal energy
into useful work should be a difficult subject to deal
with. If you wished to formulate a physical law, how
do you go about even defining the concepts. What, for
example, should you use as an experimental definition
of disorder? It turns out, surprisingly, that there is a
precise definition of a quantity called entropy which
represents the amount of disorder contained in a sys-
tem. Even more surprising, the concept of entropy was
discovered before the true nature of heat was under-
stood.

The basic ideas related to entropy were discovered in
1824 by the engineer Sadi Carnot who was trying to
figure out how to improve the efficiency of steam
engines. Carnot was aware that heat was wasted in the
operation of a steam engine, and was studying the
problem in an attempt to reduce the waste of heat. In

his studies Carnot found that there was a theoretically
maximum efficient engine whose efficiency depended
upon the temperature of the boiler relative to the
temperature of the boiler’s surroundings.

To make his analysis, Carnot had to introduce a new
assumption not contained in Newton’s law of mechan-
ics. Carnot’s assumption is equivalent to the idea that
you cannot convert thermal energy into useful work
in a process involving only one temperature. This is
why you cannot sell the $16,000 worth of thermal
energy in the swimming pool—you cannot get it out.

This law is known as the Second Law of Thermody-
namics. (The first law is the law of conservation of
energy itself.) The second law can also be expressed in
terms of entropy which we now know represents the
disorder of a system. The second law states thatin any
process, the total entropy (disorder) of a system either
stays the same or increases. Put another ways, it states
that in any process, the total order of a system cannot
increase; it can only stay the same, or the system can
become more disordered.

Todevelop his formulas for the maximum efficiency of
engines, Carnot invented the concept known as a
Carnot engine, based on what is called the Carnot
cycle. The Carnotengineis notareal engine, noone has
ever built one. Instead, you should think of it as a
thought experiment, like the ones we used in Chapter
1 to figure out what happened to moving clocks if the
principle of relativity is correct.

The question we wish to answer is, how efficient can
you make an engine or a power plant, if the second law
of thermodynamics is correct? If you cannot get useful
work from thermal energy at one temperature, how
much work can you get if you have more than one
temperature? It turns out that there is a surprisingly
simple answer, but we are going to have to do quite a
bit of analysis of Carnot’s thought experiment before
we get the answer. During the discussion of the Carnot
engine, one should keep in mind that we are making this
effort to answer one basic question—what are the
consequences of the second law of thermodynamics—
what are the consequences of the idea that order does
not naturally arise from disorder.



WORK DONE BY
AN EXPANDING GAS

The Carnot thought experiment is based on an analysis
of several processes involving the ideal piston and
cylinder we discussed in the last chapter. We will
discuss each of these processes separately, and then put
them together to complete the thought experiment.

The ideal piston and cylinder is shown in Figure (4). A
gas, at a pressure p, is contained in the cylinder by a
frictionless piston of cross-sectional area A. (Since no
one has yet built a piston that can seal the gas inside the
cylinder and still move frictionlessly, we are now
already into the realm of a thought experiment.) A
force F is applied to the outside of the piston as shown
to keep the piston from moving. The gas, at a pressure
p, exerts an outward force

p m XA(meterz) =pA(neWt0nS)
meter

on the cylinder, thus F must be given by
F=pA Q)]
to keep the cylinder from moving.

If we decrease the force F just a bit to allow the gas in
the cylinder to expand, the expanding gas will do work
on the piston. Thisis because the gas is exerting a force
PA on the cylinder, while the cylinder is moving in the
direction of the force exerted by the gas. If the piston
moves out a distance Ax as shown in Figure (5), the
work AW doneby the gasis the force pA itexerts times
the distance Ax

AW = (pA)Ax @

piston of area A

gas at a \
pressure p

T

Figure 4
In the ideal piston and cylinder, the piston
confines the gas and moves frictionlessly.
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After this expansion, the volume of the gas has in-
creased by an amount AV = AAx. Thus Equation 2
can be written in the form AW = pAAx or

AW = pAV Q)

Equation 3 is more general than our derivation indi-
cates. Any time a gas expands its volume by an amount
AV, the work done by the gasis (pAV) nomatter what
the shape of the container. For example, if you heat the
gas in a balloon and the balloon expands a bit, the work
done by the gas is (p AV) where AV is the increase in
the volume of the balloon.

Exercise 1

In our introduction to the concept of pressure, we
dipped a balloon in liquid nitrogen until the air inside
became a puddle of liquid air (see Figure 17-19). When
we took the balloon out of the liquid nitrogen, the air
slowly expanded until the balloon returned toits original
size. During the expansion, the rubber of the balloon
was relatively loose, which means that the air inside the
balloon remained at or very near to atmospheric pres-
sure during the entire time the balloon was expanding.

(a) If the final radius of the balloon is 30 cm, how much
work did the gas inside the balloon do as the balloon
expanded? (You may neglect the volume of the liquid
air present when the expansion started.) (Answer:
1.1x 10* joules.)

(b) Where did the gas inside the balloon get the energy
required to do this work?

AV = AAX
/

pA =
Figure 5 %'AXI&

The work done by an expanding gas is
equal to the force pA it exerts, times
the distance Ax the piston moves.
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SPECIFIC HEATS Cy, ANDC,

In our earlier discussion of specific heat, we dealt
exclusively with the “molar” specific heat at constant
volume Cy;,. We always assumed that we kept the gas
at constant volume so that all the energy we added
would go into the internal energy of the gas. If we had
allowed the gas to expand, then some of the energy
would have gone into the work the gas did to expand its
volume, and we would not have had an accurate
measure of the amount of energy that went into the gas
itself.

Sometimes it is convenient to heat a gas while keeping
the gas pressure, rather than volume, constant. This is
more or less the case when we heat the gas in a balloon.
The balloon expands, but the pressure does not change
very much if the expansion is small.

Earlier we defined the molar heat capacity Cy; as the
amount of energy required to heat one mole of a
substance one kelvin, if the volume of the substance is
kept constant. Let us now define the molar heat
capacity C,, as the amount of energy required to heat
one mole of a substance one kelvin if the pressure is
kept constant. For gases C, is always larger than Cy;.
This is because, when we heat the gas at constant
pressure, the energy goes bothinto heating and expand-
ing the gas. When we heat the gas at constant volume,
the energy goes only into heating the gas. We can write
this out as an equation as follows

energy required increase in thermal

to heat 1 mole C. = energy of the gas
of a gas 1K at p when the temperature
constant pressure increases 1K

work done
by the
expanding
gas

“4)

Noting that since Cy; is equal to the increase in thermal
energy of the gas, and that the work done is pAV, we
get

C, = Cy + pAV )

In the special case of an ideal gas, we can use the ideal
gas law pV =nRT, setting n = 1 for 1 mole

pV=RT (Imoleofgas) ©

If we letthe gas expand abit at constant pressure, we get
differentiating Equation 6, keeping p constant™*

pAV = RAT (if p is constant) )

** By differentiating the equation (pV = RT), we
mean that we wish to equate the change in (pV) to the
change in (RT). To determine the change in (pV), for
example, we let (p) go to (p +Ap) and (V) go to
(V +AV), so that the product (pV) becomes

pV — (p+Ap)(V +AV)
= pV + (Ap)V + pAV + (Ap)AV

If we neglect the second order term (Ap)AV then
pV = pV +(Ap)V + pAV
Thenif we hold the pressure constant (Ap = 0), we see

that the change in (pV) is simply (pAV).Since R is
constant, the change in RT is simply RAT.




If the temperature increase is AT = 1 kelvin, then
Equation 7 becomes

pAV = R (1 mole, p constant, AT = 1K) @)

Using Equation 8 in Equation 5 we get the simple result

Cp:CV+R (9)

The derivation of Equation 9 illustrates the kind of
steps we have to carry out to calculate what happens to
the heat we add to substances. For example, in going
from Equation 6 to Equation 7, we looked at the change
in volume when the temperature but not the pressure
was varied. When we make infinitesimal changes of
some quantities in an equation while holding the quan-
tities constant, the process is called partial differentia-
tion. In this text we will not go into a formal discussion
of theideas of partial differentiation. When we encoun-
ter the process, the steps should be fairly obvious as
they were in Equation 7.

(The general subject that deals with changes produced
by adding or removing heat from substances is called
thermodynamics. The full theory of thermodynamics
relies heavily on the mathematics of partial deriva-
tives. For our discussion of Carnot’s thought experi-
ments, we need only a small part of thermodynamics
theory.)
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Exercise 2

(a) Backin Table 2 on page 31 of Chapter 17, we listed
the values of the molar specific heats for a number of
gases. While the experimental values of did not agree
in most cases with the values predicted by the
equipartition of energy, you can use the experimental
values of Cy to accurately predict the values of C, for
these gases. Do that now.

(b) Later in this chapter, in our discussion of what is
called the adiabatic expansion of a gas (an expansion
that allows no heat to flow in), we will see that the ratio
of C,/Cy plays an important role in the theory. It is
common practice to designate this ratio by the Greek
letter vy

y=C,/Cy (10)

(i) Explainwhy, foranideal gas, y is always greater than
1.

(i) Calculatethe value of y forthe gases, listed in Table
2 of Chapter 17.

Answers:
gas Y
helium 1.66
argon 1.66
nitrogen  1.40
oxygen 1.40
CO, 1.28

NH, 1.29
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ISOTHERMAL EXPANSION
AND PV DIAGRAMS

In the introduction, we pointed out that while a swim-
ming pool of water may contain $16,000 of thermal
energy, we could not extract this energy to do useful
work. To getuseful energy, we have to burn fuel to get
heat, and convert the heatto useful work. What seemed
like aninsultis thateven the mostefficient power plants
turn only about 1/3 of the heat from the fuel into useful
work, the rest being thrown away, expelled either into
the atmosphere or the ocean.

We are now going to discuss a process in which heat is
converted to useful work with 100% efficiency. This
involves letting the gas in a piston expand at constant
temperature, in a process called an isothermal expan-
sion. (The prefix “iso” is from the Greek meaning
“equal,” thus, isothermal means equal or constant
temperature.) This process cannot be used by power
plants to make them 100% efficient, because the pro-
cess is not repetitive. Some work is required to get the
piston back so that the expansion can be done over
again.

Suppose we start with a gas in a cylinder of volume V,
and let the gas slowly expand to a volume V, as shown
in Figure (6). We control the expansion by adjusting
the force F exerted on the back side of the piston.

While the gas is expanding, it is doing work on the
piston. For each AV by which the volume of the gas
increases, the amount of work done by the gasis pAV .
The energy required to do this work must come from
somewhere. If we did not let any heat into the cylinder,
the energy would have to come from thermal energy,
and the temperature would drop. (Thisis one way to get
work out of thermal energy.)

Figure 6

Isothermal expansion of the gas in a cylinder. The
force F on the cylinder is continually adjusted so
that the gas expands slowly at constant temperature.

However, we wish to study the process in which the gas
expands at constant temperature. To keep the tempera-
ture from dropping, we have to let heat flow into the
gas. Since the temperature of the gas is constant, there
is no change in the thermal energy of the gas. Thus all
the heat that flows in goes directly into the work done
by the gas.

To calculate the amount of work done , we have to add
up all the pAV ’s as the gas goes from a volume V; to
a volume V,. If we graph pressure as a function of
volume, in what is called a pV diagram, we can easily
visualize these increments of work pAV as shown in
Figure (7).

Suppose the pressure of the gasisinitially p; when the
volume of the cylinder is V. As the cylinder moves
outand the gas expands, its pressure will drop as shown
in Figure (7), reaching the lower value p, when the
cylinder volume reaches V,. Ateach step AV;, when
the pressure is p;, the amount of work done by the gas
is p;AV,. The total work, the sum of all the p;AV., is
just the total area under the pressure curve, as seen in
Figure (7).

The nice feature of a graph of pressure versus volume
like that shown in Figure (7), is the work done by the
gas is always the area under the pressure curve, no
matter what the conditions of the expansion are. If we
had allowed the temperature to change, the shape of the
pressure curve would have been different, but the work
done by the gas would still be the area under the
pressure curve.

pressure
Py-f------ P1V4

i s area = pjAV;
Pi - =

! P2V
po-f--m---- Pl R [k e el el

Vy AV volume VQ
Figure 7

The work done by an expanding gas is equal to the sum
of all p AV's, which is the area under the pressure curve.



Isothermal Compression

If we shoved the piston back in, from a volume V, to
avolume V| in Figure (7), we would have to do work
onthe gas. If we kept the temperature constant, then the
pressure would increase along the curve shown in
Figure (7) and the work we did would be precisely
equal to the area under the curve. In this case work is
done on the gas (we could say that during the compres-
sion the gas does negative work). When work is done
on the gas, the temperature of the gas will rise unless we
let heat flow out of the cylinder. Thus if we have an
isothermal compression, where there is no increase in
the thermal energy of the gas, then we have the pure
conversion of useful work into the heat expelled by the
piston. Thisis the opposite of what we want for apower
plant.

Isothermal Expansion of an Ideal Gas

If we have one mole of an ideal gas in our cylinder, and
keep the temperature constantata temperature T , then
the gas will obey the ideal gas equation.

pV = RT; = constant 1

Thus the equation for the pressure of anideal gas during
an isothermal expansion is

_ constant
p = o ()

and we see that the pressure decreases as 1/V. This
decrease is shown in the pV diagram of Figure (8).

pressure
pq-f-------- P1V4

i pV = constant

i (p = const/V)

i area under

| i cuve=work P2Vz

P2 i done by gas |
Figure 8 Vy volume Vo

In the isothermal expansion of an ideal gas, we have
pV = constant. Thus the pressure decreases as 1/V.
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ADIABATIC EXPANSION

We have seen that we can get useful work from heat
during an isothermal expansion of a gas in a cylinder.
Asthe gas expands, it does work, getting energy for the
work from heat that flows into the cylinder. This
represents the conversion of heat energy at one tem-
perature into useful work. The problem is that there is
a limited amount of work we can get this way. If we
shove the piston back in so that we can repeat the
process and get more work, it takes just as much work
to shove the piston back as the amount of work we got
outduring the expansion. The end resultis that we have
gotten nowhere. We need something besides isother-
mal expansions and compressions if we are to end up
with a net conversion of heat into work.

Another kind of expansion is to let the cylinder expand
without letting any heat in. This is called an adiabatic
expansion, where adiabatic is from the Greek (a-not +
dia-through + bainein-to go). If the gas does work
during the expansion, and we letno heat energy in, then
all the work must come from the thermal energy of the
gas. The result is that the gas will cool during the
expansion. In an adiabatic expansion, we are convert-
ing the heat energy contained in the gas into useful
work. If we could keep this expansion going we could
suck all the thermal energy out of the gas and turnitinto
useful work. The problem, of course, getting the piston
back to start the process over again.
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It is instructive to compare an isothermal expansion to
an adiabatic expansion of a gas. In either case the
pressure drops. But in the adiabatic expansion, the
pressure drops faster because the gas cools. In Figure
(9), we compare the isothermal and adiabatic expan-
sion curves for an ideal gas. Because the adiabatic
curve drops faster in the pV diagram, there is less area
under the adiabatic curve, and the gas does less work.
This is not too surprising, because less energy was
available for the adiabatic expansion since no heat
flowed in.

For an ideal gas, the equation for an adiabatic expan-
sion is
C
pVY = constant; Yy = C—p (%)
\%

aresult we derive in the appendix. (You calculated the
value of y for various gases in Exercise 2.) The
important point now is not so much this formula, as the
fact that the adiabatic curve drops faster than the
isothermal curve.

If we compress a gas adiabatically, all the work we do
goes into the thermal energy of the gas, and the
temperature rises. Thus with an adiabatic expansion
we can lower the temperature of the gas, and with an
adiabatic compression raise it.

pressure
p1-f-------- p1V1
i pVY= constant (for y = 1.667)
i PV = constant
i » P2
i  p3
\!/1 volume \}2
Figure 9

Comparison of isothermal and adiabatic
expansions. In an adiabatic expansion the gas
cools, and thus the pressure drops faster.

Exercise 3

In the next section, we will discuss a way of connecting
adiabatic and isothermal expansions and compres-
sions in such a way that we form a complete cycle (get
back to the starting point), and get a net amount of work
out of the process. Before reading the next section, itis
a good exercise to see if you can do this on your own.

In order to see whether or not you are getting work out
or putting it in, it is useful to graph the process in a pV
diagram, where the work is simply the area under the
curve.

To get you started in this exercise, suppose you begin
with an ideal gas at a pressure p,, volume V,, and
temperature T, and expand it isothermally to p,, \,, T
as shown in Figure (10a). The work you get out is the
area under the curve,

If you then compressed the gas isothermally back to
Py, Vs, Ty, this would complete the cycle (get you back to
where you started), but it would take just as much work
to compress the gas as you got from the expansion.
Thusthere is no network gained from this cycle. Amore
complex cycle is needed to get work out.

If we add an adiabatic expansion to the isothermal
expansion as shown in Figure (10b) we have the start of
something more complex. See if you can complete this
cycle, i.e., get back to p;, V;, Ty, using adiabatic and
isothermal expansions or compressions, and get some
net work in the process. See if you can get the answer
before we give it to you in the next section. Also show
graphically, on Figure (10b) how much work you do get
out.

pressure
P1ViTy

isothermal
~ expansion

PaValy

volume

5 Sy S,

Figure 10a
pV diagram for an isothermal expansion
from volume V; to volume V,.



THE CARNOT CYCLE

With the isothermal and adiabatic expansion and com-
pression of an ideal gas in a frictionless cylinder, we
now have the pieces necessary to construct a Carnot
cycle, the key part of our thought experiment to study
the second law of thermodynamics.

The goal is to construct a device that continually
converts heatenergy into work. Such adeviceis called
an engine. Both the isothermal and adiabatic expan-
sions of the gas converted heat energy into work, but
the expansions alone could not be used as an engine
because the piston was left expanded. Carnot’s re-
quirement for an engine was that after acomplete cycle
all the working parts had to be back in their original
condition ready for another cycle. Somehow the gasin
the cylinder has tobe compressed again to get the piston
back to its original position. And the compression
cannot use up all the work we got from the expansion,
in order that we get some net useful work from the
cycle.

The idea for Carnot’s cycle that does give a net amount
of useful work is the following. Start off with the gas
in the cylinder at a high temperature and let the gas
expand isothermally. We will get a certain amount of
work from the gas. Thenrather than trying to compress
the hot gas, which would use up all the work we got,
cool the gas to reduce its pressure. Then isothermally
compress the cool gas. It should take less work to
compress the low pressure cool gas than the work we
got from the high pressure hot gas. Then finish the

pressure
P1ViTy

isothermal
expansion

PaVaTy

adiabatic
- expansion

p3Val3

' volume
Vy Vo V3

Figure 10b

pV diagram for an isothermal expansion

followed by an adiabatic expansion.
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cycle by heating the cool gas back up to its original
temperature. In this way you get back to the original
volume and temperature (and therefore pressure) of the
cylinder; you have acomplete cycle, and hopefully you
have gotten some useful work from the cycle.

To cool the gas, and then later heat it up again, Carnot
used an adiabatic expansion and then an adiabatic
compression. We can follow the steps of the Carnot
cycle onthe pV diagram shown in Figure (11). The gas
starts out at the upper left hand corner at a high
temperature T}, volume V}, pressure p;. It then goes
through an isothermal expansion from a volume V; to
a volume V,, remaining at the initial temperature T .
The hot gas is then cooled down to a low temperature
T; by anadiabatic expansion to a volume V;. The cool,
low pressure gas is then compressed isothermally to a
volume V,, where it is then heated back to a higher
temperature T; by an adiabatic compression. The
volume V, is chosen just so that the adiabatic compres-
sion will bring the temperature back to T; when the
volume gets back to V;.

pressure

Py ----

P3Vals

+volume
V,

. 1 4 Y2 3
Figure 11

The Carnot Cycle. The gas first expands at a high
temperature T,. It is then cooled to a lower
temperature T; by an adiabatic expansion. Then it is
compressed at this lower temperature, and finally
heated back to the original temperature T, by an
adiabatic compression. We get a net amount of
work from the process because it takes less work to
compress the cool low pressure gas than we got
Jrom the expansion of the hot high pressure gas.
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In this set of 4 processes, we get work out of the two
expansions, but put work back in during the two
compressions. Did we really get some net work out?
We can get the answer immediately from the pV
diagram. In Figure (12a), we see the amount of work
we got out of the two expansions. It is the total area
under the expansion curves. In Figure (12b) we see
how much work went back in during the two compres-
sions. It is the total area under the two compression
curves. Since there is more area under the expansion
curves than the compression curves, we got a net
amount of work out. The net work out is, in fact, just
equal to the 4 sided area between the curves, seen in
Figure (13).

pressure

P3V3Ts
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Figure 12a
The work we get out of the two expansions is
equal to the area under the expansion curves.

pressure

PV T

39 P3V3 T3

v, v, volume
Figure 12b

The work required to compress the gas
back to its original volume is equal to
the area under the compression curves.

Thermal Efficiency

of the Carnot Cycle

The net effect of the Carnot cycle is the following.
During the isothermal expansion while the cylinder is
atthe high temperature Ty, acertain amount of thermal
or heat energy, call it Q i, flows into the cylinder. Q i
must be equal to the work the gas is doing during the
isothermal expansion since the gas’ own thermal en-
ergy does not change at the constant temperature.
(Here, all the heat in becomes useful work.)

During the isothermal compression, while the cylinder
is at the lower temperature T} , (the gas having been
cooled by the adiabatic expansion), an amount of heat
Qy is expelled from the cylinder. Heat must be ex-
pelled because we are doing work on the gas by
compressing it, and none of the energy we supply can
go into the thermal energy of the gas because its
temperature is constant. (Here all the work done be-
comes expelled heat.)

Since no heat enters or leaves the cylinder during the
adiabatic expansion or compression, all flows of heat
have to take place during the isothermal processes.
Thus the net effect of the process is that an amount of
thermal energy orheat Q; flowsinto the cylinderatthe
high temperature Ty, and anamountof heat Q flows
out at the low temperature Ty , and we get anet amount
of useful work W out equal to the 4-sided area seen in
Figure (13). By the law of conservation of energy, the

pressure

heat in at high

Ty temperature T,

net work done
during cycle

L
heat out at low
temperature T

volume

Figure 13

The net work we get out of one complete cycle is equal
to the area bounded by the four sided shape that lies
between the expansion and compression curves.



work W must be equal to the difference between Q
inand Q; out

W=QH—QL (0

We see that the Carnot engine suffers from the same
problem experienced by power plants and automobile
engines. They take in heat Qy; at a high temperature
(produced by burning fuel) and do some useful work
W, butthey expelheat Q; outintotheenvironment. To
be 100% efficient, the engine should use all of Qp to
produce work, and not expel any heat Q; . But the
Carnot cycle does not appear to work that way.

One of the advantages of the Carnot cycle is that we can
calculate Qg and Qy , and see just how efficient the
cycle is. It takes a couple of pages of calculations,
which we do in the appendix, but we obtain a remark-
ably simple result. The ratio of the heat in,Qyy, to the
heat out, Qy , is simply equal to the ratio of the high
temperature Ty to the low temperature Ty .

Q T for a carnot
~H = A cycle based on 14
QL Ty an ideal gas

One suspects that if you do a lot of calculation involv-
ing integration, logarithms, and quantities like the
specific heat ratio, and almost everything cancels to
leave such a simple result as Equation 14, then there
might be a deeper significance to the result than ex-
pected. Equation 14 was derived for a Carnot cycle
operating with an ideal gas. It turns out that the result
is far more general and has broad applications.

Exercise 4

A particular Carnot engine has an efficiency of 26.8%.
That means that only 26.8% of Qy comes out as useful
work W and the rest, 73.2% is expelled at the low
temperature T, . The difference between the high and
low temperature is 100 K ( Ty =T, = 100 K). What are
the values of T, and T 7 First express your answer in
kelvins, then in degrees centigrade. (The answer
should be familiar temperatures.)

Exercise 5

If you have a 100% efficient Carnot engine, what can
you say about Ty and T, ?
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Reversible Engines

In our discussion of the principle of relativity, it was
immediately clear why we developed the light pulse
clock thought experiment. You could immediately see
that moving clocks should run slow, and why that was
a consequence of the principle of relativity.

We now have a new thought experiment, the Carnot
engine, which is about as idealized as our light pulse
clock. We have been able to calculate the efficiency of
a Carnot engine, but it is not yet obvious what that has
to do either with real engines, or more importantly with
the second law of thermodynamics which we are
studying. It is not obvious because we have not yet
discussed one crucial feature of the Carnot engine.

The Carnot engine is explicitly designed to be revers-
ible. As shown in Figure (14), we could start at point
1 and go to point 4 by an adiabatic expansion of the gas.
During this expansion the gas would do work but no
heatis allowed to flow in. Thus the work energy would
come from thermal energy and the gas would cool from
Ty to Ty

pressure

volume

Figure 14
The Carnot cycle run backward.
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The next step of the reverse Carnot cycle is an isother-
mal expansion from a volume V, to a volume Vj.
During this expansion, the gas does an amount of work
equal to the area under the curve as shown in Figure
(15a). Since there is no change in the internal energy of
agas when the temperature of the gas remains constant,
the heat flowing in equals the work done by the gas.
This is the same amount of heat Qp that flowed out
when the engine ran forward.

pressure
1
1
C A TH
\\ heat in equals
\l 5 work done by
\ % the gas

a) During the isothermal expansion, some
heat flows into the gas to supply the energy
needed for the work done by the gas.

pressure

heat expelled
equals work done
on the gas

N
\“ :‘\‘
\\‘ : ‘\\
N
~~~‘i~:rL k\
~§~ § ‘\~~
i e 3
]
i Vv volume

b) A lot more work is required, and a lot
more heat is expelled when we compress
the hot gas isothermally.

Figure 15

Heat flow when the Carnot cycle runs backward.
Since more heat flows out than in, some work W is
required for the cycle. The net effect is that the work
W pumps heat out of the gas, giving us a refrigerator.

In going from point 3 to point 2, we adiabatically
compress the gas to heat it from the lower temperature
T} to the higher temperature Ty;. Since the compres-
sion is adiabatic, no heat flows in or out.

In the final step from point 2 to point 1, we isothermally
compress the gas back toits original volume V| . Since
the gas temperature remains constant at Ty, there is no
change in thermal energy and all the work we do,
shown as the area under the curve in Figure (15b), must
be expelled in the form of heat flowing out of the
cylinder. The amount of heat expelled is just Qyy, the
amount that previously flowed in when the engine was
run forward.

We have gone through the reverse cycle in detail to
emphasize the fact that the engine should run equally
well both ways. In the forward direction the engine
takes in a larger amount of heat Qy at the high
temperature Ty, expels a smaller amount of heat Q.
at the lower temperature T} , and produces an amount
of useful work W equal to the difference Qg — Qy .

In the reverse process, the engine takes in a smaller
amount of heat Qq at the low temperature Ty , and
expels a larger amount Qp at the higher temperature
Ty . Since more heat energy is expelled than taken in,
an amount of workW = Qg — Q; must now be sup-
plied to run the engine. When we have to supply work
to pump out heat, we do not usually call the device an
engine. The common name is a refrigerator. In a
refrigerator, the refrigerator motor supplies the work
W, aheat Qy is sucked out of the freezer box, and a total
amount of energy Q + W = Qy; is expelled into the
higher room temperature of the kitchen. If we have a
Carnot refrigerator running on an ideal gas, then the
heats Qq and Qy; are still given by Equation 14

Q _T
Qu Tu
where Tj and Ty are the temperatures on a scale
starting from absolute zero such as in the kelvin scale.

(Mepeaed)

Exercise 6

How much work must a Carnotrefrigerator dotoremove
1000joules ofenergy fromitsice chestat0°C and expel
the heat into a kitchen at 27° C?




ENERGY FLOW DIAGRAMS

Because of energy conservation, we can view the flow
of energy in much the same way as the flow of some
kind of a fluid. In particular we can construct flow
diagrams for energy that look much like plumbing
diagrams for water. Figure (16) is the energy flow
diagram for a Carnot engine running forward. At the
top and the bottom are what are called thermal reser-
voirs—Ilarge sources of heat at constant temperature
(like swimming pools full of water). At the top is a
thermal reservoir at the high temperature Ty (it could
be kept at the high temperature by burning fuel) and at
the bottom is a thermal reservoir at the low temperature
T; . For power plants, the low temperature reservoir is
often the ocean or the cool water in a river. Or it may
be the cooling towers like the ones pictured in photo-
graphs of the nuclear power plants at Three Mile Island.

In the energy flow diagram for the forward running
Carnot engine, an amount of heat Qy; flows out of the
high temperature reservoir, a smaller amount Qy is
expelled into the low temperature reservoir, and the
difference comes out as useful work W. If the Carnot
engine is run on an ideal gas, Qg and Q are always
related by Qy/Qp = TH/Ty. .

( high temperature reservoir )

Ty
J

H - W
QL

}

( low temperature reservoir
T

Figure 16

Energy flow diagram for a Carnot engine. Since energy
is conserved, we can construct a flow diagram for
energy that resembles a plumbing diagram for water. In
a Carnot cycle, Qy flows out of a “thermal reservoir”
at a temperature Ty . Some of this energy goes out as
useful work W and the rest, Q,, flows into the low
temperature thermal reservoir at a temperature T; .

Carnot
engine
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Figure (17) is the energy flow diagram for a Carnot
refrigerator. A heat Qq is sucked out of the low
temperature reservoir, an amount of work W is sup-
plied (by some motor), and the total energy
Qy =Qp + W is expelled into the high temperature
reServoir.

Maximally Efficient Engines

We are now ready to relate our discussion of the Carnot
cycles to the second law of thermodynamics. The
statement of the second law we will use is that you
cannot extract useful work from thermal energy at one
temperature. (The colloquial statement of the first law
of thermodynamics — conservation of energy—is that
you can’t get something for nothing. The second law
says that you can’t break even.)

Up until now we have had to point out that our formula
for the efficiency of a Carnot engine was based on the
assumption that we had an ideal gas in the cylinder. If
we use the second law of thermodynamics, we can
show that it is impossible to construct any engine, by
any means, thatis more efficient than the Carnotengine
we have been discussing. This will be the main result
of our thought experiment.

( high temperature reservoir )
Ty

W Carnot
Qr—— refrigerator

low temperature reservoir
T
Figure 17

The Carnot refrigerator is a Carnot engine run
backwards. The work W plus the heat Q, equals the heat
Qp pumped up into the high temperature reservoir.
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Let us suppose that you have constructed a Super
engine that takes in more heat QH* from the high
temperature reservoir, and does more work w* , while
rejecting the same amount of heat Q; as a Carnot
engine. In the comparison of the two engines in Figure
(18) you can immediately see that your Super engine is
more efficient than the Carnot engine because you get
more work out for the same amount of heat lost to the
low temperature reservoir.

Now let us run the Carnot engine backwards as a
refrigerator as shown in Figure (19). The Carnot
refrigerator requires an amount of work W to suck the
heat Q; outof the low temperature reservoir and expel
the total energy Qi = W + Q;  into the high tempera-
ture reservoir.

You do not have to look at Figure (19) too long before
you see that you can use some of the work W that your
Super engine produces to run the Carnot refrigerator.
Since your engine is more efficient than the Carnot
cycle, W*>W and you have some work left over.

( low temperature reservoir T_ )

Figure 18
Comparison of the Super engine
with the Carnot engine.

[ low temperature reservoir T ]

Figure 19
Now run the Carnot engine
backward as a refrigerator.

The nextthing younoticeis that youdonotneed the low
temperature reservoir. All the heat expelled by your
Super engine is taken in by the Carnot refrigerator. The
low temperature reservoir can be replaced by a pipe and
the new plumbing diagram for the combined Super
engine and Carnot refrigerator is shown in Figure (20).
The overall result of combining the super engine and
Carnot refrigerator is that a net amount of work
W,.. = W—W is extracted from the high temperature
reservoir. The net effect of this combination is to
produce useful work from thermal energy at a single
temperature, which is a violation of the second law of
thermodynamics.

Exercise 7

Suppose you build a Super engine that takes the same
amount of heat from the high temperature reservoir as
a Carnot engine, but rejects less heat Q*L< Q_ than a
Carnot engine into the low temperature. Using energy
flow diagrams show what would happen if this Super
engine were connected to a Carnot refrigerator. (You
would still be getting useful work from thermal energy at
some temperature. From what temperature reservoir
would you be getting this work?)

Figure 20

If you connect the Super engine to the Carnot
refrigerator, you can eliminate the low temperature
reservoir and still get some work W,,, out. This

machine extracts work from a single temperature, in
violation of the second law of thermodynamics.



Reversibility

We have just derived the rather sweeping result that if
the second law of thermodynamics is correct, you
cannot construct an engine that is more efficient than a
Carnot engine based on an ideal gas. You may wonder
why the cycles based on an ideal gas are so special. It
turns out that they are not special. What was special
about the Carnot engine is that it was reversible, that it
could be run backwards as a refrigerator. You can use
precisely the same kind of arguments we just used to
show that all reversible engines must have precisely
the same efficiency as a Carnot engine. It is a
requirement of the second law of thermodynamics.

There were two reasons we went through the detailed
steps of constructing a Carnot engine using an ideal gas
in a frictionless piston. The first was to provide one
example of how an engine can be constructed. Itis not
a very practical example, commercial engines are
based on different kinds of cycles. But the Carnot
engine illustrates the basic features of all engines. Inall
engines the process must be repetitive, at least two
temperatures must be involved, and only some of the
heat extracted from the high temperature reservoir can
be converted to useful work. Some heat must be
expelled at a lower temperature.

While all reversible engines have the same efficiency,
we have to work out at least one example to find out
what that efficiency is. You might as well choose the
simplest possible example, and the Carnot cycle using
an ideal gas is about as simple as they get. Because of
the second law of thermodynamics, you know that
even though you are working out a very special ex-
ample, the answer Qy/Qp = Ty/Ty applies to all re-
versible engines operating between two temperature
reservoirs. This is quite a powerful result from the few
pages of calculations in the appendix.
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APPLICATIONS OF
THE SECOND LAW

During the oil embargo in the middle 1970s, there was
a sudden appreciation of the consequences of the
second law of thermodynamics, for it finally became
clear that we had to use energy efficiently. Since that
time there has been a growing awareness that there is
a cost to producing energy that considerably exceeds
what we pay for it. Burning oil and coal depletes
natural limited resources and adds carbon dioxide to
the atmosphere which may contribute to global climate
changes. Nuclear reactors, which were so promising in
the 1950s, pose unexpected safety problems, both now
as in the example of Chernobyl, and in the very distant
future when we try to deal with the storage of spent
reactor parts. Hydroelectric power floods land that
may have other important uses, and can damage the
agricultural resources of an area as in the case of the
Aswan Dam on the Nile River. More efficient use of
energy from the sunis a promising idea, but technology
has not evolved to the point where solar energy can
supply much of our needs. What we have learned is
that, fornow, the first step is to use energy as efficiently
as possible, and in doing this, the second law of
thermodynamics has to be our guide.

During the 1950s and 60s, one of the buzz words for
modern living was the all electric house. These houses
were heated electrically, electric heaters being easy and
inexpensive toinstall and convenienttouse. Anditalso
represents one of the most stupid ways possible to use
energy. Interms of aheat cycle, itrepresents the 100%
conversion of work energy into thermal energy, what
we would have called in the last section, a 0% efficient
engine. There are better ways of using electric power
than converting it all into heat.

You can see where the waste of energy comes in when
you think of the processes involved in producing
electric power. In an electric power plant, the first step
is to heat some liquid or gas to a high temperature by
burning fuel. In a common type of coal or oil fired
power plant, mercury vapor is heated to temperatures
of 600 to 700 degrees centigrade. The mercury vapor
is then used to run amercury vapor turbine which cools
the mercury vapor to around 200° C. This cooler
mercury vapor then heats steam which goes through a
steam turbine to a steam condenser at temperatures
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around 100° C. In a nuclear reactor, the first step is
often to heat liquid sodium by having it flow through
pipes that pass through the reactor. The hot sodium can
then be used to heat mercury vapor which runs turbines
similar to those in a coal fired plant. The turbines are
attachedto generators which produce the electric power.

Even though there are many stages, and dangerous and
exotic materials used in power stations, we can esti-
mate the maximum possible efficiency of apower plant
simply by knowing the highest temperature Ty of the
boiler, and the lowest temperature T of the condenser.
If the power plant were a reversible cycle running
between these two temperatures, it would take in an
amount of heat Qp at the high temperature and reject
an amount of heat Qy at the low temperature, where
Qg and Qg arerelated by Qy/Q = Ty/ Ty (Eq. 14).
The work we got out would be

amount of work from a5
a reversible cycle

W = QH—QL

We would naturally define the efficiency of the cycle
as the ratio of the work out to the heat energy in

efficiency = wo_Qu-Q (16
QH QH
If we solve Equation 14 for Q.
Ty
QL = Qpy T,

and use this in Equation 16, we get

_ Qyl - T/Ty
efficiency = Qu-Qu = ( )
Qy Qu
o TH— TL efficiencyof a
efficiency = Ty reversible cycle {7

Since by the second law of thermodynamics no process
can be more efficient than a reversible cycle, Equation
17 represents the maximum possible efficiency of a
power plant.

The important thing to remember about Equation 17 is
that the temperatures Ty and Ty start from absolute
zero. The only way we could get acompletely efficient
engine or power plant would be to have the low

temperature at absolute zero, which is not only impos-
sible to achieve buteven difficult to approach. Youcan
see from this equation why many power plants are
located on the shore of an ocean or on the bank of alarge
river. These bodies are capable of soaking up large
quantities of heat at relatively low temperatures. If an
ocean orriveris notavailable, the power plant will have
large cooling towers to condense steam. Condensing
steam at atmospheric pressure provides a low tempera-
ture of T} = 100° C or 373 K.

Equation 15 also tells you why power plants run their
boilers as hot as possible, using exotic substances like
mercury vapor or liquid sodium. Here one of the
limiting factors is how high a temperature turbine
blades can handle without weakening. Temperatures
as high as 450° C or around 720 K are about the limit
of current technology. Thus we can estimate the
maximum efficiency of power plants simply by know-
ing how high a temperature turbine blades can with-
stand, and that the plant uses water for cooling. Youdo
nothave to know the details of what kind of fuel isused,
what kind of exotic materials are involved, or how
turbines and electric generators work, as long as they
are efficient. Using the numbers Ty =720k,
T; =373 k we find that the maximum efficiency is
about

720 - 373

maximum _ Tu-Ty _
efficiency Ty 720

)
= 48

Thus about 50% represents a theoretical upper limit to
the efficiency of power plants using current technol-
ogy. Inpractice, well designed power plants reach only
about 33% efficiency due to small inefficiencies in the
many steps involved.

You can now see why the all electric house was such a
badidea. Anelectric power plantconsumes three times
as much fuel energy as it produces electric energy.
Then the electric heater in the all electric house turns
this electric energy back into thermal energy. If the
house had a modern oil furnace, somewhere in the
order of 85% of the full energy can go into heating the
house and hot water. This is far better than the 33%
efficiency from heating directly by electricity.



Electric Cars

One of the hot items in the news these days is the
electric car. It is often touted as the pollution free
solution to our transportation problems. There are
advantages to electric cars, but not as great an advan-
tage as some new stories indicate.

When you plug in your electric car to charge batteries,
you are not eliminating the pollution associated with
producing useful energy. You are just moving the
pollution from the car to the power plant, which may,
however, be a good thing to do. A gasoline car may
produce more harmful pollutants than a power station,
and car pollutants tend to concentrate in places where
people live creating smog in most major cities on the
earth. (Some power plants also create obnoxious
smog, like the coal fired plants near the Grand Canyon
that are harming some of the most beautiful scenery in
the country.)

In addition to moving and perhaps improving the
nature of pollution, power plants have an additional
advantage over car engines—they are more efficient.
Car engines cannot handle as high a temperature as a
power plant, and the temperature of the exhaust from a
car is not as low as condensing steam or ocean water.
Car engines seldom have an efficiency as high as 20%;
in general, they are less than half as efficient as a power
plant. Thus there will be a gain in efficiency in the use
of fuel when electric cars come into more common use.

(One way electric cars have for increasing their effi-
ciency is to replace brakes with generators. When
going down a hill, instead of breaking and dissipating
energy by heating the brake shoes, the gravitational
potential energy being released is turned into electric
energy by the generators attached to the wheels. This
energy is then stored as chemical energy in the batteries
as the batteries are recharged.)
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The Heat Pump

There is an intelligent way to heat a house electrically,
and that is by using a heat pump. The idea is to use the
electric energy to pump heat from the colder outside
temperature to the warmer inside temperature. Pump-
ing heat from a cooler temperature to a warmer tem-
perature is precisely what a refrigerator does, while
taking heat from the freezer chest and exhausting itinto
the kitchen. The heat pump takes heat from the cooler
outside and exhausts it into the house.

Aswe saw inour discussion, it takes work to pump heat
from a cooler to a higher temperature. The ratio of the
heat Q; takenin atthe low temperature, to the heat Qy;

expelled at the higher temperature, is Q/Qp, = Ty/Ty.

for a maximally efficient refrigerator. The amount of
work W required is W = Qp — Q. The efficiency of
this process is the ratio of the amount of heat delivered
to the work required.

efficiency of  Qn Qg
heatpump ~ W Qy-Qp
(&)
__Tu
S Ty-Ty

where thelaststepin Equation 19used Q; = QyT; /Ty

Exercise 8
Derive the last formula in Equation 19.

When the temperature difference Ty; — T is small, we
can get very high efficiencies, i.e., we can pump a lot
of heat using little work. In the worst case, where
T; =0 and we are trying to suck heat from absolute
zero, the efficiency of aheat pumpis I—heat delivered
equals the work put in—and the heat pump is acting
like a resistance heater.
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To illustrate the use of a heat pump let us assume that
it is freezing outside (T; =0° C =273K) and you
wantthe inside temperaturetobe 27°C = 300K . Then
a heat pump could have an efficiency of

efficiency of heat T

pump running from = ﬁ

0°C to 27°C H™ L
: 300 k
~ 300k-273k
= 11.1

In other words, as far as the second law of thermody-
namics is concerned, we should be able to pump eleven
times as much heat into a house, when itis just freezing
outside, as the amount of electrical energy required to
pumptheheat. Evenifthe electrical energy is produced
at only 30% efficiency, we should still get
.30 x 11.1 = 3.3 times as much heat into the house as
by burning the fuel in the house at 100% conversion of
fuel energy into heat.

Exercise 9

This so-called “heat of fusion” of water is 333kJ/kg.
What that means s that when akilogram (1 liter) of water
freezes (going from 0° C water to 0° ice), 333 kilojoules
of heat are released. Thus to freeze a liter of 0° C water
in your refrigerator, the refrigerator motor has to pump
333 x 10° joules of heat energy out of the refrigerator
into the kitchen. The point of the problem is to estimate
how powerful a refrigerator motor is required if you want
to be able to freeze a liter of water in 10 minutes.

Assume thatthe heatis being removed atatemperature
of 0°C and being expelled into a kitchen whose tem-
perature is 30°C, and that the refrigerator equipment is
100% efficient. (We will account for a lack of efficiency
at the end of this problem.)

In the United Sates, the power of motors is generally
given in “horsepower”, a familiar but archaic unit. The
conversion factor is 1 horsepower = 746 watts, and a
power of 1 watt is 1 joule per second.

Calculate the horsepower required, then double the
answer to account for lack of efficiency. (Answer:
0.16 horsepower.)

Exercise 10

Here is a problem that should give you some practice
with the concepts of efficiency. You have the choice of
buying a furnace that converts heat energy of oil into
heat in the house with 85% efficiency. |.e., 85% of the
heatenergy of the oil goesinto the house, and 15% goes
up the chimney. Or you can buy a heat pump which is
half as efficient as a Carnot refrigerator. (Thisis amore
realistic estimate of the current technology of refrigera-
tion equipment.) Atvery low temperatures outside, heat
pumps are not as efficient, and burning oil in your own
furnace is more efficient. But if it does not get too cold
outside, heat pumps are more efficient. Atwhat outside
temperature will the heat pump and the oil furnace have
the same efficiency? Assume that the electric energy
you use is produced by a power plant that is 30%
efficient. (Answer: -26° C.)




The Internal Combustion Engine

We finish this section on practical applications with a
brief discussion of the internal combustion engine. The
main point is to give an example of an engine that runs
on a cycle that is different from a Carnot cycle. It is
more difficult to apply the second law of thermody-
namics to an internal combustion engine because it
does not take heat in or expel heat at constant tempera-
tures like the Carnot engine, but we can still analyze the
work we get out using a pV diagram.

The pV diagram for an internal combustion engine is
shown in Figure (21). At position 1, a fuel and air
mixture have been compressed to a small volume V,
by the piston which is at the top of the cylinder. Ifitis
a gasoline engine, the fuel air mixture is ignited by a
spark from a sparkplug. If it is a diesel engine, the
mixture of diesel fuel and air have been heated to the
pointof combustion by the adiabatic compression from
point 4 to point 1 that has just taken place. One of the
advantages of a diesel engine is that an electrical
system to produce the spark is not needed. This is
particularly important for boat engines where electric
systems give all sorts of problems. (We said this was
a section on practical applications.)

After ignition, the pressure and temperature of the gas
riserapidly to p, , T, before the piston hashad achance
to move. Thus the volume remains at V; and the pV
curve goes straight up to point 2. The heated gas then
expands adiabatically, and cools some, driving the
piston down to the bottom of the cylinder. This is the
stroke from which we get work from the engine.

We now have a cylinder full of hot burned exhaust
gases. In a 4 cycle engine, a valve at the top of the
cylinder is opened, and a piston is allowed to rise,
pushing the hot exhaust gases out into the exhaust
pipes. Not much work is required to do this. Thisis the
part of the cycle where (relatively) low temperature
thermal energy is exhausted to the environment.
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While the piston goes back down, the valves are set so
that a mixture of air and fuel are sucked into the piston.
When the cylinder is at the bottom of the piston, we
have a cool, low pressure fuel air mixture filling the full
volume V,. We are now at the position labeled (4) in
Figure (21). It took two strokes (up and down) of the
piston to go from position 3 to position 4.

In the final stroke, the valves are shut and the rising
piston adiabatically compresses the gas back to the
starting point p;, V;, T;. While the increase in tem-
perature during this compression is what is needed to
ignite the diesel fuel, you do not want the temperature
to rise enough to ignite the air gasoline mixture in a
gasoline engine. This can sometimes happen in a
gasoline engine, causing a knock in the engine, or
sometimes allowing the engine to run for a while after
you have shut off the ignition key and stopped the spark
plug from functioning.

pressure
2

power stroke

N

exhaust

compression !

Vy V, Vvolume

Figure 21

PV diagram for an internal combustion
engine. When the piston is all the way up in
the cylinder the volume is V,. When it is all
the way down, the volume has increased to V,.
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ENTROPY

The second law of thermodynamics provided us with
the remarkable result that the efficiency of all revers-
ible engines is the same. Detailed calculation of this
efficiency using a Carnot engine based on an ideal gas
gave us a surprisingly simple formula for this effi-
ciency, namely Qp/Q; = Ty/Ty. . Our preceding ex-
amples involving car engines, power plants, refrigera-
tors and heat pumps illustrate how important this
simple relationship is to mankind.

When you do acalculation and alot of stuff cancels out,
itsuggests that your result may have a simpler interpre-
tation than you originally expected. This turns outto be
true for our calculations of the heat flow in a Carnot
engine. To get a new perspective on our equation for
heat flow, let us write the equation in the form
T @
H L

In this form the equation for heat flow is beginning to
look like a conservation law for the quantity Q/T.
During the isothermal expansion, an amount Qp/Ty
of this quantity flowed into the piston. During the
isothermal compression, Q; /Ty flowed out. We find
that if the engine is reversible, the amount of Q/T that
flowed inis equal to the amount of Q/T that flowed out.
The net effect is that there was no change in Q/T during
the cycle.

To get a better insight into what this quantity Q/T may
be, consider a nonreversible engine operating between
Ty and Ty , an engine that would be less efficient than
the Carnot engine. Assume that the less efficient
engine and the Carnot engine both take in the same
amount of heat Qy; at the high temperature Ty;. Then
the less efficient engine must do less work and expel
more heat at the low temperature T} . Thus Q; forthe
less efficient engine is bigger than Qy for the Carnot
engine. Since Q; /T; = Qy/Ty for the Carnot engine,
Qq /T must be greater than Qp/Ty for the less effi-
cient engine

for an engine that
& > % is less efficient than @b
Ty Ty a Carnot engine

We see that the inefficient engine expelled more Q/T
than it took in. The inefficient, non reversible, engine
creates Q/T while reversible engines do not.

As we have done throughout the course, whenever we
encounter a quantity that is conserved, or sometimes
conserved, we give it a name. We did this for linear
momentum, angular momentum, and energy. Now we
have a quantity Q/T that is unchanged by reversible
engines, but created or increased by irreversible ineffi-
cientones. We are on the verge of defining the quantity
physicists call entropy. We say on the verge of defining
entropy, because Q/T is not entropy itself; it represents
the change in entropy. We can say that when the gas
expanded, the entropy of the gasincreased by Qy;/Ty; .
And when the gas was compressed, the entropy de-
creased by Qy /T .

Forareversible engine there is no net change in entropy
as we go around the cycle. But for an irreversible,
inefficientengine, more entropy comes out than goes in
during each cycle. The net effect of an inefficient
engine is to create entropy.

What is this thing called entropy that is created by
inefficient irreversible engine? Consider the most
inefficient process we canimagine—the electric heater
which converts useful work in the form of electrical
energy into heat. From one point of view, the device
does nothing but create entropy. If the heater is at a
temperature T, and the electric power into the heater is
W watts, all this energy is converted to heat and entropy
is produced at a rate of W/T in units of entropy per
second. (Surprisingly, there is no standard name for a
unit of entropy. The units of Q/T are of course joules/
kelvin, the same as Boltzman’s constant.)

The process of converting energy in the form of useful
work into the random thermal energy of molecules can
be viewed as the process of turning order into disorder.
Creating entropy seems to be related to creating disor-
der. But the surprising thing is that we have an explicit
formula Q/T for changes in entropy. How could it be
possible to measure disorder, to have an explicit for-
mula for changes in disorder? This question baffled
physicists for many generations.



Ludwig Boltzman proposed that entropy was related to
the number of ways that a system could be arranged.
Suppose, for example, you go into a woodworking
shop and there are a lot of nails on the wall with tools
hanging on them. In one particular woodworking shop
you find that the carpenter has drawn an outline of the
tool on the wall behind the nail. Youenter her shop you
find that the tool hanging from each nail exactly
matches the outline behind it. Here we have perfect
order, every tool is inits place and there is one and only
one way the tools can be arranged. We would say that,
as faraslocating toolsis concerned the shopisin perfect
order, it has no disorder or entropy.

On closer inspection, we find that the carpenter has two
saws with identical outlines, a crosscut saw and a rip
saw. We also see that the nails are numbered, and see
the cross cut saw on nail 23 and the rip saw on nail 24.
A week later when we come back, the cross cut is on
nail 24 and the rip saw on 23. Thus we find that her
system is not completely orderly, for there are two
different ways the saws can be placed. This way of
organizing tools has some entropy.

A month later we come back to the shop and find that
another carpenter has taken over and painted the walls.
We find that there are still 25 nails and 25 tools, but now
there is no way to tell which tool belongs on which nail.
Now there are many, many ways to hang up the tools
and the system is quite disordered. We have the feeling
that this organization, or lack of organization, of the
tools has quite high entropy.

To put a numerical value on how disorganized the
carpenter shop is, we go to a mathematician who tells
us that there are N! ways to hang N tools on N nails.
Thus there are 25! = 1.55 x 102 different ways the 25
tools can be hung on the 25 nails. We could use this
number as a measure of the disorder of the system, but
thenumberis very large and increases very rapidly with
the number of tools. If, for example, there were 50 tools
hung on 50 nails, there would be 3.04 x 10%* different
ways of hanging them. Such large numbers are not
convenient to work with.
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When working with large numbers, it is easier to deal
with the logarithm of the number than the number
itself. There are approximately 10°! protons in the
earth. The log to the base 10 of this number is 51 and
the natural logarithm, In (105 1) ,1s 2.3 times bigger or
117. In discussing the number of protons in the earth,
the number 117 is easier to work with than 10°!,
particularly if you have to write out all the zeros.

If we describe the disorder of our tool hanging system
in terms of the logarithm of the number of ways the
tools can be hung, we get a much more reasonable set
of numbers, as shown in Table 1.

Setup Number of ways Logarithm of the
to arrange tools number of ways
all tools have
unique positions 1 0
two saws can
be interchanged 2 Ve
25 tools on 5
unmarked nails 1.5x 10%° 58
50 tools on
unmarked nails 3.0x 10%° 148
TABLE 1

The table starts off well. If there is a unique arrange-
ment of the tools, only one way to arrange them, the
logarithm of the number of waysis 0. This is consistent
with our idea that there is no disorder. As the number
of tools on unmarked nails increases, the number of
ways they can be arranged increases at an enormous
pace, but the logarithm increases at a reasonable rate,
approximately as fast as the number of tools and nails.
This logarithm provides a reasonable measure of the
disorder of the system.
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We could define the entropy of the tool hanging system
as the logarithm of the number of ways the tools could
be hung. One problem, however, is that this definition
of entropy would have different dimensions than the
definition introduced earlier in our discussions of en-
gines. There changes in entropy, for example Qy/Ty,
had dimensions of joules/kelvin, while our logarithm s
dimensionless. However, this problem could be fixed
by multiplying our dimensionless logarithm by some
fundamental constant that has the dimensions of joules/
kelvin. That constant, of course, is Boltzman’s con-
stant k, where k=1.38 X 1073 joules/kelvin. We
could therefore take as the formula for the entropy (call
it S) of our tool hanging system as

entropy of our tool @
hanging system

S = kln(n)

where n is the number of ways the tools can be hung.
Multiplying our logarithm by k gives us the correct
dimensions, but very small values when applied to as
few items as 25 or 50 tools.

Equation 22 appears on Boltzman’s tombstone as a
memorial tohis mainaccomplishmentinlife. Boltzman
believed that Equation 22 should be true in general.
That, for example, it should apply to the atoms of the
gas inside the cylinder of our heat engine. When heat
flows into the cylinder and the entropy increases by an
amount Qy/Ty, the number of ways that the atoms
could be arranged should also increase, by an amount
we can easily calculate using Equation 22. Explicitly,
if before the heat flowed in there were ny ways the
atoms could be arranged, and after the heat flowed in
n,.,, ways, then Equation 22 gives

hange i Q
S = ki1 ) = 2
Since In (nnew)—ln (nold) = In (nnew/nold),we get

Moew) _ Q.
ol ”

Taking the exponent of both sides of Equation 16, using
the fact that e (*) = x , we get

Dnew _ o Qu/kT,

- e 2

Thus Boltzman’s equation gives us an explicit formula
for the fractional increase in the number of ways the
atoms in the gas atoms in the cylinder can be arranged.

Boltzman committed suicide in 1906, despondent over
the lack of acceptance of his work on the statistical
theory of matter, of which Equation 22 is the corner-
stone. And in 1906 it is not too surprising that physi-
cists would have difficulty dealing with Boltzman’s
equation. What is the meaning of the number of ways
you can arrange gas atoms in a cylinder? From a
Newtonian perspective, there are an infinite number of
ways to place just one atom in a cylinder. You can
count them by moving the atoms an infinitesimal
distance in any direction. So how could it be that 102
atoms in acylinder have only a finite way in which they
can be arranged?

This question could not be satisfactorily answered in
1906, the answer did not come until 1925 with the
discovery of quantum mechanics. In a quantum pic-
ture, an atom in a cylinder has only certain energy
levels, anidea we will discuss later in Chapter 35. Even
when you have 10?* atoms in the cylinder, the whole
system has only certain allowed energy levels. Atlow
temperatures the gas does not have enough thermal
energy to occupy very many of the levels. As a result
the number of ways the atoms can be arranged is
limited and the entropy is low. As the temperature is
increased, the gas atoms can occupy more levels, can
be arranged in a greater number of ways, and therefore
have a greater entropy.

The concept of entropy provides a new definition of
absolute zero. A system of particles is at absolute zero
when it has zero entropy, when it has one uniquely
defined state. We mentioned earlier that quantum
mechanics requires that a confined particle has some
kinetic energy. All the kinetic energy cannot be
removed by cooling. This gives rise to the so-called
zero point energy that keeps helium a liquid even at
absolute zero. However, a bucket of liquid helium can
be at absolute zero as long as it is in a single unique
quantum state, even though the atoms have zero point
kinetic energy.



In our discussion of temperature in the last chapter, we
used the ideal gas thermometer for our experimental
definition of temperature. We pointed out, however,
that this definition would begin to fail as we ap-
proached very low temperatures near absolute zero. At
these temperatures we need a new definition which
agrees with the ideal gas thermometer definition at
higher temperatures. The new definition which is used
by the physics community, is based on the efficiency of
areversible engine or heat cycle. You can measure the
ratio of two temperatures Ty and T, by measuring the
heats Qy and Q- thatenterandleave the cycle,and use
the formula Tyy/T- = Qy/Qc . Since this formula is
based on the idea that a reversible cycle creates no
entropy (Qg/Ty = Q/T¢), we can see that the con-
cept of entropy forms the basis for the definition of
temperature.

The Direction of Time

Webegan the chapter with adiscussion of ademonstra-
tion that looked funny. We set the strobe so that the
water drops appeared torise from the plate in the bucket
and enter the hose. Before our discussion of the second
law of thermodynamics, we could not find any law of
physics that this backward process appeared to violate.
Now we can see that the launching of the drops from the
plate is a direct contradiction of the second law. In that
process, heat energy in the bucket converts itself at one
temperature into pure useful work that launches the
drop.

When you run a moving picture of some action back-
wards, effectively reversing the direction of time, in
most cases the only law of physics that is violated is the
second law of thermodynamics. The only thing that
appears to go wrong is that disordered systems appear
to organize themselves on their own. Scrambled eggs
turn into an egg with a whole yoke just by the flick of
a fork. Divers pop out of swimming pools propelled,
like the drops in our demonstration, by the heat energy
in the pool (see movie). All these funny looking things
require remarkable coincidences which in real life do
not happen.
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For a while there was a debate among physicists as to
whether the second law of thermodynamics was the
only law in nature that could be used to distinguish
between time running forward and time running back-
ward.

When you study processes like the decay of one kind of
elementary particle into another, the situation is so
simple that the concepts of entropy and the second law
of thermodynamics do not enter into the analysis. In
these cases you can truly study whether nature is
symmetric with the respect to the reversal of time. If
you take a moving picture of a particle decay, and run
the movie backwards, will you see a process that can
actually happen? Forexample if amuon decaysinto an
electron and a neutrino, as happened in our muon
lifetime experiment, running that moving picture back-
ward would have neutrinos coming in, colliding with
an electron, creating amuon. Thus, if the basic laws of
physics are truly symmetric to the reversal of time, it
should be possible for a neutrino and an electron to
collide and create a muon. This process is observed.

In 1964 Val Fitch and James Cronin discovered an
elementary particle process which indicated that nature
was not symmetric in time. Fitch found a violation of
this symmetry in the decay of a particle called the
neutral k meson. Forthisdiscovery, Fitch was awarded
the Nobel prize in 1980. Since the so-called “weak
interaction” is responsible for the decay of k mesons,
the weak interaction is not fully symmetric to the
reversal of time. The second law of thermodynamics
is not the only law of physics that knows which way
time goes.

Movie
Time reversed motion picture of dive



18-26 Entropy

APPENDIX: CALCULATION OF THE
EFFICIENCY OF A CARNOT CYCLE

The second law of thermodynamics tells us that the
efficiency of all reversible heat engines is the same.
Thus if we can calculate the efficiency of any one
engine, we have the results for all. Since we have based
somuch of our discussion on the Carnotengine running
on an ideal gas, we will calculate the efficiency of that
engine.

To calculate the efficiency of the ideal gas Carnot
engine, we need to calculate the amount of work we get
out of (or put into) isothermal and adiabatic expan-
sions. With these results, we can then calculate the net
amount of work we get out of one cycle and then the
efficiency of the engine. To simplify the formulas, we
will assume that our engine is running on one mole of
an ideal gas.

Isothermal Expansion

Suppose we have agas ataninitial volume V, pressure
p;, temperature T, and expand it isothermally to a
volume V,, pressure p,, and of course the same
temperature T.

The P-V diagram for the process is shown in Figure
(A-1). The curve is determined by the ideal gas law,

which for 1 mole of an ideal gas is
pV=RT (A-1)

The work we get out of the expansion is the shaded area
under the curve, which is the integral of the pressure
curve from V; to V,.
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Figure A-1
Isothermal expansion.

Using Equation 1, we get
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Thus the work we get out is RT times the logarithm of
the ratio of the volumes.

Adiabatic Expansion

Itisabit trickier to calculate the amount of work we get
out of an adiabatic expansion. If we start with a mole
of ideal gas ata volume V, pressure p; , and tempera-
ture Ty, the gas will cool as it expands because the gas
does work and we are not letting any heat in. Thus
when the gas gets to the volume V,, at a pressure p,,
its temperature T will be cooler than its initial tem-
perature Ty;.

The pV diagram for the adiabatic expansion is shown
in Figure (A-2). To get an equation for the adiabatic
expansion curve shown, let us assume that we change
the volume of the gas by an infinitesimal amount AV .
With this volume change, there will be an infinitesimal
pressure drop Ap, and an infinitesimal temperature

pressure
P1—- ‘
1
|
1
1
|
1
|
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Jo____ L T
P2 1 adiabatic 1 L
v v, volume
Figure A-2 1 2

Adiabatic expansion.



drop AT. We can find the relationship between these
small changes by differentiating the ideal gas equa-
tions. Starting with

pv=RT

and differentiating we get

pAV +(ApJV = RAT A3

We now have to introduce the idea that the expansion
is taking place adiabatically, i.e., that no heat is enter-
ing. That means that the work pAV done by the gas
during the infinitesimal expansion AV must all have
come from thermal energy. Butthe decrease in thermal
energy is CyAT. Thus we have from conservation of
energy

PAV + CyAT = 0
or

AT == pAV
Cy

The — (minus) sign tells us that the temperature drops
as work energy is removed.

(A4)

Using Equation A-4 for AT in Equation A-3 gives

pAV + ApV = R(_ pAV)
CV

Combining the pAV terms gives

pAV(l +CL)+ApV =0
\%

Cy+R
Cv

pAV( )+ ApV =0 (AS5)

Earlier in the chapter, in Equation 9, we found that for
anideal gas, Cy and C, wererelatedby C, = Cy + R.
Thus Equation A-5 simplifies to

CP
pAV| == |+ ApV = 0 (A)

Cy
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It is standard notation to define the ratio of specific
heats by the constant y

(A7)

thus Equation A-6 can be written in the more compact
form

YPAV + ApV = 0 (A8

The next few steps will look like they were extracted
from a calculus text. They may or may not be too
familiar, but you should be able to follow them step-by-
step.

First we will replace AVand Apby dV and dp to
indicate that we are working with calculus differen-
tials. Then dividing through by the product pV gives

d
v dVV + Tp =0 (A9)
Doing an indefinite integration of this equation gives

(A-10)
The +y can be taken inside the logarithm to give

Y1n (V) +1In (p) = const

In (VY) +1n (p) = const (A-11)
Next exponentiate both sides of Equation A-11 to get
eln(V)+In(p) = econst — another const (A-12)

where e€onst ig jtself a constant. Now use the fact that
ed*+b = eaeb 1o get
eln(V') eln(p) = const (A-13)

Finally use e!"®) = x to get the final result

adiabatic
expansion

pVY = const A-1%
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Equation A-14 is the formula for the adiabatic curve
seen in Figure (A-2). During an isothermal expansion,
we have pV= RT where T is a constant. Thus if we
compare the formulas for isothermal and adiabatic
expansions, we have for any ideal gas

pV = const isothermal expansion

pVY = const adiabatic expansion

Y = Cp /Cy  ratio of specific heats A15)
C, =Cy+R

The Carnot Cycle

We now have the pieces in place to calculate the
efficiency of a Carnot cycle running on one mole of an
ideal gas. The cycle is shown in Figure (11) repeated
here as Figure (A-3).

During the isothermal expansion from point 1 to 2, the
amount of heat that flows into our mole of gas is equal
to the work one by the gas. By Equation A-2, this work
is

Wiy = Qy = RTy In(V,/V)) (A-16)
pressure
o3 — Py Vi Ty
Py |----1--
Pyf----1- .,
: I /?p,es a/ S
e
! N ' volume
_ v,  V,V, v,
Figure A-3

The Carnot cycle.

The heat Q; expelled at the low temperature Tj is
equal to the work we do compressing the gas isother-
mally in going from point 3 to 4. This work is

A1)
Taking the ratio of Equations A-16 to A-17 we get

Qu _ Tuln (Va/V))
QL Tcln(V,/V;)

W34 = Qp = RT¢ In(V,/V;)

(A-18)

The next step is to calculate the ratio of the logarithms
of the volumes using the adiabatic expansion formula
pV? = constant.

In going adiabatically from 2 to 3 we have
poVa! = p3ViY (A-19)

and in going from 4 to 1 adiabatically we have
psVsl = pVy7 (A20)

Finally, use the ideal gas law pV = RT to express the
pressure p in terms of volume and temperature in
Equations A-19 and A-20. Explicitly use

P = RTH/V], P> = RTH/V2

(A21)

P3 = RTH/V3, P4 = RTH/V4
to get for Equation (19)

RTy v,V = RTc v,

v, V3
or

TV, ™! = TevsY ! A2
and similarly for Equation (20)

TV, ! = TV, ! (AD)

as you can check for yourself.



If we divide Equation A-22 by A-23 the temperatures
Ty and T cancel, and we get

v,r-h vl

vl T oyl

VARt
()

Taking the (y— 1)throot of both sides of Equation A-
24 gives simply

Vol _ (V3
¥ i
Since V, /V| = V5 /V,, thelogarithms in Equation A-
18 cancel, and we are left with the surprisingly simple

result

Qu _ Ty
Q- T, (Hepet)

or

which is our Equation 14 for the efficiency of a Carnot
cycle. As we mentioned, when you are doing a
calculation and a lot of stuff cancels to give a simple
result, there is a chance that your result is more general,
or has more significance than you expected. In this
case, Equation 14 is the formula for the efficiency of
any reversible engine, no matter how it is constructed.
We happened to get at this formula by calculating the
efficiency of a Carnot engine running on one mole of
an ideal gas.
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Chapter 19

The Electric Interaction
Atomic & Molecular Forces

THE FOUR BASIC INTERACTIONS

The world around us is a complex place with enor-
mous variety of a myriad of interactions. But if you
look in the right places, from the right point of view,
you may find great simplicity. Planetary motion is
one example. Ifyou look at the sun and planets alone,
ignoring things on a larger scale like other stars and
galaxies, and on a smaller scale like the makeup of
the planets and the atmosphere of the sun, you have
a system of 10 objects whose behavior is accurately
determined by a single force law. The system is
simple enough that mankind learned about physics
by studying it.

In this and the next chapter we take a first look at
several of the basic patterns and laws of physics.
Perhaps the most important discovery in the twenti-
eth century, actually more of a gradual realization
made during the first half of the twentieth century,
was that all of the phenomena of nature, everything
we see around us, can be explained in terms of four
basic forces orinteractions. In some circumstances,
as in the case of planetary motion, a single force
dominates and the structures it creates are obvious.
In most cases however, the structures are complex
and it is no easy task to uncover the underlying
forces.

What we will do in these two chapters is to describe
the four basic interactions, focusing our attention on
examples where the action of the force is most clearly
seen. Forthe gravitational force, a planetary system
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provides the most clear and detailed example of a
structure created by gravity. Using this example as
a guide we can see that larger structures like globu-
lar clusters and galaxies are an extension of the
gravitational interaction to more complex situa-
tions. Although we do not attempt to calculate in
detail the motion of the millions or billions of stars
in such objects, we gain an intuitive feeling for the
kind of structures the gravitational interaction cre-
ates.

The electric interaction, the second of the four basic
interactions to be discovered, is most clearly seen at
an atomic level. To introduce the electric interac-

tion, we will take the simple point of view that atoms
consist of a tiny nucleus made from protons and
neutrons, surrounded by electrons held to the nucleus
by the electric force. The model should be familiar,

it is essentially a scaled down version of the solar
system, with an electric force replacing the gravita-

tional force. After a brief discussion of the kinds of
nuclei that can be made from protons and neutrons,

we will look at the properties of the electric interac-

tion that give rise to complete atoms. This involves
the concept of electric charge, the fact that electric-
ity, like gravity, is a 1/r2 force law, and the fact that,

on an atomic scale, the electric force is much, much
stronger than gravity.
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The classical model of the hydrogen atom
closely resembles a planetary system

When you bring complete atoms close to each other,
there are weak residual electric forces which result
from small distortions of the atomic structure. These
weak residual forces are the molecular forces that
hold atoms together to form molecules, crystals and
most of the variety we see in the world about us. In
this chapter we will consider only the simplest
example of a molecular force to see how such
residual forces arise when atoms interact.

In the next chapter we leave the scale of atoms and
molecules and look down inside the atomic nucleus,
where we find two more forces at work. There is an
attractive force, called the nuclear interaction, that is
even stronger than electricity. It holds the nucleus
together against the electric repulsion between the
proton in the nucleus. There is also another force,
called the weak interaction, which allows neutrons to
decay into protons and protons into neutrons (the 3
decay reaction discussed in Chapter 6). The nature of
nuclearreactions, the stability of atomic nuclei, and the
abundance of the elements depend upon a delicate
interplay of the nuclear, the weak, and the electric
interactions.

In the past 30 years we have been able to sharpen
ourview of nuclear and subnuclear matter. We have
been able to look inside the proton and neutron and
discover that they are not elementary particles, but
instead, composite objects made from quarks. We
have also found that the basic nuclear force is the
one between quarks. The force that holds protons
together in the nucleus is a residual of the quark
force, just as molecular forces that hold atoms
together are aresidual of the electric force. Because
of amathematical analogy to the theory of color, the
force between quarks is called the color force. The
color force now replaces the residual nuclear force
as one of the four basic interactions.

Once we see how nature can be explained in terms
of just four basic forces, we cannot help wondering
why the number is four. Are there more basic forces,
some of them yet undetected? Or are there fewer
than four basic forces, some of the four being equiva-
lent on a more fundamental level?



Einstein spent the latter half of his life trying to find a
unified way of viewing the gravitational and electric
interactions. He tried to find a single more fundamen-
tal theory from which both electricity and gravity
emerged. He did not succeed, and no one else has yet
done so either. However fromthe knowledge gained by
looking inside the proton and neutron, the knowledge
that led to the discovery of quarks, Steven Weinberg
and Sheldon Glashow were able to construct a theory
that unified the electric and weak interactions. These
two forces which appeared so different in their effects
on matter, turn out to be two components of a more
fundamental interaction. Thus we are now down to
three basic interactions. Why three? Can these be
unified? We do not know yet.

We end this discussion with another look at the
gravitational interaction. On an atomic scale, grav-
ity is so weak compared to electricity that only
recently has it been experimentally determined that
electrons fall down rather than up in the earth’s
gravitational field. The only reason we human
beings personally know about gravity is the fact that
we are standing on a huge chunk of matter, the earth.
It takes a lot of matter to create a big enough
gravitational force for us to notice.

But there is a lot of matter in the universe. Some-
times, as in the case of a neutron star, so much
matter is packed in such a small space that the
gravitational force becomes stronger than the elec-
tric force. In a neutron star, gravity has forced the
electrons back into the nucleus, to form pure nuclear
matter. Ifthe neutron star gets too big, if gravity gets
a bit stronger, it can overwhelm the nuclear force
and crush the star to form a black hole. Gravity, a
force soweak that we could barely detect it using the
Cavandish experiment, can become the strongest of
all forces.
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ATOMIC STRUCTURE

To set the stage for our discussion of the electric
interaction, we will first construct a brief overview
of atomic and nuclear structure. The components of
atoms and nuclei that are of interest are the proton
and neutron found in the nucleus, and the electron
which orbits outside. Protons and neutrons are each
about 1836 times as massive as the electron, thus
most of the mass of an atom is located in the nucleus.

The simplest of all atoms is hydrogen with one proton
for a nucleus and one electron outside. The electron is
attracted to the proton by a 1/r2 electric force, just as
the earth is attracted to the sun by the 1/r? gravitational
force. And because the proton is much more massive
than the electron, the proton sits nearly at rest at the
center of the atom while the electron orbits outside,
much as the earth orbits the sun.

Also like the solar system, the atom is mostly empty
space. A proton has a diameter of about 10713 cm,
while a hydrogen atom is one hundred thousand
times bigger. If the hydrogen atom were enlarged to
the point where the proton nucleus were the size of
the sun, the electron would be orbiting out at a
distance over 10 times the radius of the pluto’s orbit.
In this sense there is more empty space in an atom
than in the solar system.

In Newton’s law of gravity, the gravitational force
on an object is proportional to an object’s mass. The
fact that all gravitational forces are attractive can be
viewed as a consequence of the fact that there is only
positive mass. In the electric interaction, there are
both attractive and repulsive electric forces. We will
see that for the electric interaction, the concept of
electric charge plays arole similar to that of mass for
the gravitational interaction. The existence of both
attractive and repulsive electric forces leads to hav-
ing both positive and negative charge.
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One new feature of having both attractive and repul-
sive electric forces is that the net electric force
between two objects can be zero, due to the cancel-
lation of attractive and repulsive components. This
cancellation of electric force can be represented by
a cancellation of electric charge, giving us an object
which we say is electrically neutral. Because there
are no repulsive gravitational forces and no negative
mass, there is no such thing as a gravitationally
neutral object.

When an atom has the same number of electrons in
orbit as the number of protons in its nucleus, the
atom is electrically neutral. If you have two electri-
cally neutral atoms separated by a reasonable dis-
tance, like the atoms in a gas, the electric forces
between the atoms cancel. Thus neutral atoms in a
gas move by each other with almost no interaction.
There is an interaction only when the atoms get too
close in a collision and the electric forces no longer
cancel.

Atoms are classified by the number of protons in the
nucleus. If the nucleus has one proton, the atom
belongs to the element hydrogen. If there are 2
protons in the nucleus, it is a helium atom. Three
protons gives us lithium, on up through the periodic
table. The largest naturally occurring atom, on the
earth at least, is uranium with 92 protons. Atoms
with over 100 protons in the nucleus have been
created artificially.

The periodic table, and the classification of the
elements, were developed by chemists studying the
chemical properties of matter. However chemical
reactions, with the possible exception of cold fusion,
have virtually no effect on the atomic nucleus. If you
have alead nucleus with its 82 protons, there is no set
of chemical reactions that can change it to a gold
nucleus with 79 protons. This is what doomed the
alchemists of the middle ages to failure.

The chemistry of an atom depends upon the behav-
ior of the electrons in an atom, and the electron
behavior depends significantly on the number of
electrons. Since an electrically neutral atom has the
same number of electrons as protons, different ele-
ments with different numbers of protons have differ-
ent numbers of electrons and thus different chemical
properties. For example, hydrogen with one elec-
tron is an excellent fuel, helium with 2 electrons is
chemically inert, and lithium with 3 electrons is a
highly reactive alkali metal.

The periodic table is not merely a list of atoms
according to the number of protons in the nucleus.
The table exhibits many striking patterns or regu-
larities in the chemical behavior of the elements. For
example, helium with 2 electrons, neon with 10,
argon with 18, krypton with 36, xenon with 54 and
radon with 86 electrons are all chemically inert
gases. These so-called noble gases enter into few if
any chemical reactions. Now add one electron to
each of these atoms (and one proton to the nucleus),
and you get lithium (3 electrons), sodium (11 elec-
trons), potassium (19 electrons), etc., all reactive
alkali metals.

The patterns in the chemical properties of the ele-
ments exhibited by the periodic table are a conse-
quence of the electric interaction, but they cannot be
explained using Newtonian mechanics. Scientists
had to wait until the discovery of quantum mechan-
ics before adetailed explanation of the periodic table
unfolded. After we have discussed some of the basic
ideas of quantum mechanics in later chapters, we
will see that there are fairly simple explanations for
the main features of the periodic table, like the
difference between noble gasses and alkali metals
mentioned above. For now, however, where we
have only developed a background of Newtonian
mechanics, we will go no further than treating the
periodic table as a list of the elements according to
the number of protons in the nucleus.
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Element Chemical No. of No. of Element Chemical No. of No. of
symbol protons neutrons symbol protons neutrons

Hydrogen H 1 0 Todine I 53 74

Helium He 2 2 Xenon Xe 54 78

Lithium Li 3 4 Cesium Cs 55 78

Beryllium Be 4 5 Barium Ba 56 82

Boron B 5 6 Lanthanum La 57 82

Carbon C 6 6 Cerium Ce 58 82

Nitrogen N 7 7 Praseodymium Pr 59 82

Oxygen 0 8 8 Neodymium Nd 60 82

Fluorine F 9 10 Promethium Pm 61 86

Neon Ne 10 10 Samarium Sm 62 90

Sodium Na 11 12 Europium Eu 63 90

Magnesium Mg 12 12 Gadolinium Gd 64 94

Aluminum Al 13 14 Terbium Tb 65 94

Silicon Si 14 14 Dysprosium Dy 66 98

Phosphorus P 15 16 Holmium Ho 67 98

Sulfur S 16 16 Erbium Er 68 98

Chlorine Cl 17 18 Thulium Tm 69 100

Argon A 13 22 Ytterbium Yb 70 104

Potassium K 19 20 Lutetium Lu 71 104

Calcium Ca 20 20 Hafnium Hf 72 108

Scandium Sc 21 24 Tantalum Ta 73 108

Titanium Ti 22 26 Tungsten W 74 110

Vanadium Vv 23 28 Rhenium Re 75 112

Chromium Cr 24 28 Osmium Os 76 116

Manganese Mn 25 30 Iridium Ir 77 116

Iron Fe 26 30 Platinum Pt 78 117

Cobalt Co 27 32 Gold Au 79 122

Nickel Ni 28 30 Mercury Hg 80 122

Copper Cu 29 34 Thallium Tl 81 124

Zinc Zn 30 34 Lead Pb 82 126

Gallium Ga 31 38 Bismuth Bi 83 126

Germanium Ge 32 42 Polonium Po 84 124 (3 yr)

Arsenic As 33 42 Astatine At 85 125 (8 hr)

Selenium Se 34 46 Radon Rn 86 136 (3 days)

Bromide Br 35 44 Francium Fr 87 136 (21 min)

Krypton Kr 36 48 Radium Ra 88 138 (1622 yr)

Rubidium Rb 37 43 Actinium Ac 89 138 (22 hr)

Strontium Sr 38 50 Thorium Th 90 140 (80,000 yr)

Yttrium Y 39 50 Protactinium Pa 91 140 (34,000 yr)

Zirconium Zr 40 50 Uranium U 92 146 (4.5 billion yr)

Niobium Nb 41 52 Neptunium Np 93 144 (2.2 million yr)

Molybdenum Mo 42 56 Plutonium Pu 94 145 (24,000 yr)

Technetium Te 43 54 (> 100 yr) Americium Am 95 144 (490 yr)

Ruthenium Ru 44 58 Curium Cm 96 146 (150 day)

Rhodium Rh 45 58 Berkelium Bk 97 150 (1000 yr)

Palladium Pd 46 60 Californium Cf 98 153 (800 yr)

Silver Ag 47 60 Einsteinium Es 99 155 (480 days)

Cadmium Cd 43 66 Fermium Fm 100 153 (23 hr)

Indium In 49 066 Mendelevium Md 101 155 (1.5 hr)

Tin Sn 50 70 Nobelium No 102 152 (3 sec)

Antimony Sb 51 70 Lawrencium Lw 103 154 (8 sec)

Tellurium Te 52 78

Table 1

The most commonly found (most abundant in nature) isotope of each element is listed. In
cases where an element has no stable isotopes, the isotope with the longest lifetime is listed.
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Isotopes

The atomic nucleus contains not only the protons we
have been discussing, but also neutrons. The nuclear
force, unlike the electric force, is the same between
protons and neutrons, and ignores electrons. The
nuclear force between nucleons (protons or neu-
trons), is attractive if the nucleons are close but not
too close, and repulsive if you try to shove nucleons
into each other. As aresult, due to the nuclear force,
protons and neutrons in a nucleus stick to each other
forming a ball of nuclear matter as indicated in
Figure (1). The nuclear force is strong enough to
hold the nucleus together despite the electrical re-
pulsion between the protons. In the nucleus of a
given element, there is no precisely fixed number of
neutrons. The hydrogen nucleus which has one
proton, can have zero, one, or two neutrons. Helium

Figure 1a

Picture the nucleus
as a spherical ball
of protons and
neutrons.

Figure 1b
Model of the uranium nucleus constructed from
styrofoam balls. The dark balls represent protons.

nuclei, which have 2 protons usually also have 2
neutrons, but can be found with only one neutron.
Generally the light elements have roughly equal
numbers of protons and neutrons while the heavy
elements like uranium have a considerable excess of
neutrons.

Atoms of the same element with different numbers
of neutrons in the nucleus are called different iso-
topes of the element. We distinguish different
isotopes of an element by appending to the name of
the element a number equal to the total number of
protons and neutrons in the nucleus. The hydrogen
atom with just a single proton for a nucleus is
hydrogen-1. If there is one neutron in addition to the
proton, the atom is called hydrogen-2, and with 2
neutrons and one proton, we have hydrogen-3. These
isotopes and the isotopes of helium are indicated
schematically in Figure (2).

The naturally occurring isotope of uranium, an un-
stable element, but one with such a long half life (4.5
billion years) thatit has survived since the formation
of the earth, is uranium-238 or U-238. Since ura-
nium has 92 protons, the number of neutrons in U—
238 must be 238 - 92 = 144. Another uranium
isotope, U-235 with 3 fewer neutrons, is a more
highly radioactive material from which atomic bombs
can be constructed. (U-238 is so long-lived, so
stable that it is quite safe to handle. There was some
discussion of using U-238 for the keels of America’s

Hydrogen-1
Hydrogen-2 Helium-3
(Deuterium)
Hydrogen-3 Helium-4
(Tritium)
Figure 2

Isotopes of hydrogen and helium.



cup yachts because of its very high density, but this
was disallowed as being too high tech.) A list of the
most common or longest lived isotopes for each
element is given in Table 1.

For historical reasons, the isotopes of hydrogen are
given special names. Hydrogen-2, with one proton
and one neutron, is known as deuterium. Just over
one in ten thousand hydrogen atoms in naturally
occurring hydrogen are the deuteriumisotope. Water
molecules (H,0), in which one of the hydrogen
atoms is the deuterium isotope, are called heavy
water. Heavy water played an important role in the
unsuccessful German effort to build a nuclear bomb
during World War II. Hydrogen-3, with one proton
and 2 neutrons, is called tritium. Tritium is unstable
with a half life of 12.5 years. Along with deuterium,
tritium plays an important role in mankind’s attempt
to build a nuclear fusion reactor.

Why are some isotopes stable while others are not?
Why are there roughly equal numbers of neutrons as
protons in the small stable isotopes and an excess of
neutrons in the large ones? Why are some elements
more abundant than others—for example, why does
the earth have an iron core? These are questions
whose answers depend upon an interplay inside the
nucleus between the nuclear, the electric, and the
weak interaction. We reserve a discussion of these
questions for the next chapter where we discuss the
nuclear and weak interactions in more detail.
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THE ELECTRIC FORCE LAW

Since electrons, protons, and neutrons make up
almost everything we see around us (except for
photons or light itself), a description of the electric
force between these three particles provides a fairly
complete picture of the electric interaction, insofar
as it affects our lives. For electrons, protons, and
neutrons at rest, this interaction is completely sum-
marized in Figure (3).

As we see, protons repel each other, electrons repel
each other, and a proton and an electron attract each
other. There is no electric force on a neutron. The
strength of the electric force between these particles
drops off as 1/r? and has a magnitude shown in
Equation 1. We know, to extremely high precision,
that the attractive force between an electron and
proton has the same strength as the repulsive force
between two protons or two electrons, when the
particles have the same separation r.

It is surprising how complete a summary of the
electric interaction Figure (3) represents. We have
only shown the forces between the particles at rest.
But if you combine these results with the special
theory of relativity, you can deduce the existence of
magnetism and derive the formulas for magnetic
forces. We will do this in Chapter 28.

| |
r
|

EN

F Fe
-0 @——> proton—proton
p p force
R R
<o e——3 electron—electron
e e

force

Fe Fe
o— e proton—electron
P e force
_23x107"

|F,|dynes) = =2""— (CGS units) (1)
r=(cm-)

Figure 3

The electric interaction between protons and electrons

at rest. There is no electric force on a neutron.
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Strength of the Electric Interaction

If two electrons or two protons are separated by a
distance of one centimeter, then according to Equa-
tion 1 there is a repulsive force between them—
whose strength is 2.3x1071 dynes. Since a dyne is
the weight of one milligram of mass, 2.3x1071
dynes is a very small force. But, of course, protons
and electrons are very small particles.

To get a better idea of how strong the electric force is,
letus compare it with the gravitational force. If we have
2 protons any distance r apart, then the ratio of the
electric repulsion to the gravitational attraction is

electric repulsion |Fe|
gravitational attraction |l? |
g

2
_ 231072
Gmm/r?

Since both electricity and gravity are 1/r2 forces, the
r2 cancel out in Equation 2 and we are left with

E|  23x10-19
| 2
F Gmgj

23x107 1
2
6.67 % 10~ x ( 1.67 x 10-24)

1240000000000000000000000000000000000
3)

The electrical force is some 1 07% times stronger than
gravity. This s true no matter how far apart the protons
are. The only reason that electric forces do not com-
pletely swamp gravitational forces is that there are both
attractive and repulsive electric forces which tend to
cancel on a large scale, when many electrons and
protons are involved.

ELECTRIC CHARGE

From a historical perspective, the electric interac-
tion was carefully studied and the electric force law
well known long before the discovery of electrons
and nuclei, even before there was much evidence for
the existence of atoms. The simple summary of the
electric force law given by Equation 1 could only be
written after the 1930s, when we finally began to
understand what was going on inside an atom. Prior
to that, the electric force law was expressed in terms
of electric charge, a concept invented by Benjamin
Franklin. What we want to do in this section is to
show how the concept of electric charge evolves
from the forces pictured in Figure (3), and why
electric charge is such a useful concept.

To convert Equation 1 into the more standard form of
the electric force law, we will begin by writing
the numerical constant 2.3x107"° dyne cm?, or
2.3x10720 newton meter?, in the form Ke? to give

electric force

between two 4)
electrons

|~ | _ Ke?
elelectron” 2

where e is called the charge on an electron and k is
a numerical constant whose size depends on the
system of units we are using.

The form of Equation 4 is chosen to make the electric
force law look like the gravitational force law. To see
this explicitly, compare the formulas for the magnitude
of the electric and the gravitational forces between two
electrons

g |2 Gmeme
gravitational 2
2 _ Kee
| Felectric r2 (5)




In words, we said that the gravitational force be-
tween two electrons was proportional to the product
of the masses m,., and inversely proportional to the
square of the separation 1/r2. Now we say that the
electric force is proportional to the product of the
charges (e), and inversely proportional to the square
of the distance 1/r2. By introducing the constant (e)
as the charge on the electron, we have electric
charge playing nearly the same role for the electric
force law as mass does for the gravitational force
law.

To get the numerical value for the charge (e) on an
electron, we note that in the CGS system of units it is
traditional to set the proportionality constant (K) equal
to one, giving

N 2 electric force
|E.|(cGS) =% lawinCas
r units (K =1)
(6)
Comparing Equations 1 and 6 we get
e’ = 2.3x10" " dynes cm’
charge on
e = 4.8x107 "¢ y/ dynes cm?  electronin
CGS units
(7

In the MKS system, the proportionality constant K
is not 1, therefore Equation 6 does not apply to that
system. Calculations involving electric forces on an
atomic scale are simpler in the CGS system because
of the choice K = 1. The MKS system turns out,
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however, to be far more convenient when working
with practical or engineering applications of electri-
cal theory. As aresult we will use the MKS system
throughout the chapters on electric fields and their
application, and restrict our use of the CGS system
to discussions of atomic phenomena.

You will notice that the dimensions of e, displayed in
Equation 4 are fairly messy. To avoid writing
v/ dynes cm? all the time, this set of units is given the
name esu which stands for electric charge as measured
in the electrostatic system of units. Thus we can
rewrite Equation 7 as

e = 4.8%x10"10¢esu (7a)

as the formula for the amount of charge on an
electron. (In the MKS system, electric charge is
measured in coulombs rather than esu. The differ-
ence between a coulomb and an esu arises not only
from the different set of units (newtons vs dynes) but
also from the different choice of K in the MKS
system. Any further discussion of the MKS system
will be reserved for later chapters.

Exercise 1

What would be the value of the electric force constant
Kin a system of units where distance was measured
in centimeters and the charge e on the electron was
set equal to 17
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Positive and Negative Charge

It was Ben Franklin who introduced the concept of
two kinds of electric charge. Franklin noticed that
you get opposite electrical effects when you rub a
glass rod with silk, or rub a rubber rod with cat fur.
He decided to call the charge left on the glass rod
positive charge, and the charge left on the rubber rod
negative charge. What we will see in this section is
how this choice of positive and negative charge
leads to the electron having a negative charge — e,
and a proton a positive charge + e.

(8a)
(8b)

charge on an electron = —e
charge on a proton = +e

Despite the fact that the electron’s charge turns out
to be negative, e is still called the charge on an
electron.

The basis for saying we have two kinds of charge is
the fact that with the electric interaction we have
both attractive and repulsive forces. With the choice
that electrons are negative and protons are positive,
then the rules shown in Figure 3 can be summarized
as follows: like charges (2 protons or 2 electrons)
repel, opposite charges (proton and electron) at-
tract. We can explain the lack of any force on the
neutron by saying that the neutron has no charge—
that it is neutral.

Choosing one charge as positive and one as negative
automatically gives us a reversal in the direction of
the force when we switch from like to opposite
charges

‘Fe ‘protonproton = T = r_2
‘13 ‘ _ (—e)(—e) _e?
€ lelectronelectron 2 T2
£ | _[e)lre) e
€ lelectronproton 2 T2

©)

Addition of Charge

The concept of charge is particularly useful when we
have to deal with complex structures involving
many particles. To see why, let us start with the
simplest electrical structure, the hydrogen atom, and
gradually add more particles. We will quickly see
that the electric force law, in the form | F,| = e2/r2
becomes difficult to use.

In Figure (4) we have a model of the hydrogen atom
consisting of a proton at the center and an electron
orbiting about it. The proton sits nearly at rest at the
center because it is 1836 times as massive as the
electron, much as our sun sits at the center of our
solar system because it is so much more massive
than the planets.

The proton and electron attract each other with a
force of magnitude (in CGS units) of | F,| = e2/r2.
Since thisis similar in form to the gravitational force
between the earth and the moon, we expect the
electron to travel in elliptical orbits around the
proton obeying Kepler’s laws. This would be ex-
actly true if Newton’s laws worked on the small
scale of the hydrogen atom as they do on the larger
scale of the earth-moon system.

—_—— -

—_—_—

Figure 4
The hydrogen atom consists of a proton at the center with
an electron moving about it. The particles are held

together by the attractive electric force between them.



Exercise 2 (Do this how)

Hydrogen atoms are approximately 1078 cmin diam-
eter. Assume that the electron in the hydrogen atom
in Figure (4) is traveling in a circular orbit about the
proton. Use Newton’s law F=ma and your knowl-
edge about the acceleration a of a particle moving in
acircular orbit to predict the speed, in cm/sec, of the
electron in its orbit. How does the electron’s speed
compare with the speed of light? (It had better be
less.)

An analysis of the hydrogen atom is easy and straight
forward using the force law | E, |=e2/r2. But the
analysis gets more difficult as the complexity of the
problem increases. Suppose, for example, we have
two hydrogen atoms separated by a distance r. Let
r be quite abitlarger than the diameter of ahydrogen
atom, as shown in Figure (5a).

Even though r is much larger than the size of the
individual hydrogen atoms, there are still electric
forces between the protons and electrons in the two
atoms. The two protons repel each other with a force
Fpp, the electrons repel each other with a force F..,
the proton in the left atom attracts the electron in the
right atom with a force I_jep. Sa you can see, eight

separate forces are involved, as shown in Figure

(5b).
| >
Q Q
atom

H atom
(a) Two hydrogen atoms separated by a distance r

Fps—0—  Fe pec—O > Fp
Fee%é/[épe Fpe\éé Fee

(b) Forces between the particles in the two atoms
IRl =|Rel =IRel = €2/r2

Figure 5

When we have two hydrogen atoms fairly far apart,
then there is essentially no net force between the atoms.
The reason is that the repulsive forces between like
particles in the two atoms are cancelled by the
attractive force between oppositely charged particles.
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If the separation r of the atoms is large compared to
the diameter of each hydrogen atom, then all these
eiégh% forces have essentially the same magnitude
e”/r”. Since half are attractive and half are repulsive,
they cancel and we are left with no net force between
the atoms.

Exercise 3

A complete carbon atom has a nucleus with 6 pro-
tons, surrounded by 6 orbiting electrons. If you have
two complete separate carbon atoms, how many
forces are there between the particles in the two
different atoms?

With just two simple hydrogen atoms we have to
deal with 8 forces in order to calculate the total force
between the atoms. If we have to deal with some-
thing as complex as calculating the force between
two carbon atoms, we have, as you found by doing
Exercise 3, to deal with 72 forces. Yet the answer is
still zero net force. There must be an easier way to
get this simple result.

The easier way is to use the concept of net charge Q
which is the sum of the charges in the object. A
hydrogen atom has a net charge

)proton + (_ e)electron

=0 (10)

thdrogen = (+ €

The net force between two objects with net charges
Q; and Q, is simply

_ KQ 1Q2 Coulomb's law, where

2 K =1 for CGS units a1

net

r

Equation 1, which looks very much like Newton’s
law of gravity, except that charge replaces mass, is
known as Coulomb’s law. The proportionality
constant K is 1 for CGS units.
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Applying Coulomb’s law to the force between two
complete carbon atoms, we see immediately that the
complete atoms have zero net charge, and therefore
by Coulomb’s law there is no net force between
them. The cancellation of individual forces seen in
Figure (4) is accounted for by the cancellation of
charge in Coulomb’s law.

To see that the addition of charge and Coulomb’s
law work in situations where charge does not cancel,
suppose we had two helium nuclei separated by a
distance r. (A bare helium nucleus, which is a
helium atom missing both its electrons, would be
called a doubly ionized helium atom.) In Figure (6)
we have sketched the forces between the two pro-
tons in each nucleus. Both protons in nucleus
number 1 are repelled by both protons in nucleus
number 2, giving rise to a net repulsive force four
times as strong as the force between individual
protons, or a force of magnitude 4e’Ir’,

Applying Coulomb’s law to these two nuclei, we see
that the charge on each nucleus is 2e, giving for the
charges Q; and Q,

Q; =2e =total charge on nucleus #1
Q, =2e =total charge on nucleus #2

Thus Coulomb’s law gives (with K = 1 for CGS
units)

= Q1Q, _ (2¢)(2¢) _ 4¢2
F = = =
| e| 2 2 2 (12)
which is in agreement with Figure (6).
1 2
p p
p p
e |
< r , =
— e
I =4( 3)
Figure 6

We see that the repulsive force between 2 helium
nuclei is 4 times as great as the repulsion ¢*/r?
between 2 protons. Using Coulomb’s law

|F |=0Q, Q,/r* with Q, = Q, = 2 e for the helium
nuclei gives the same resullt.

Exercise 4

This exercise is designed to give you a more intuitive
feeling for the enormous magnitude of the electric
force, and how complete the cancellation between
attractive and repulsive forces is in ordinary matter.

Imagine that you could strip all the electrons from two
garden peas, leaving behind two small balls of pure
positive charge. Assume thatthere is about one mole
(6 x 1023) protons in each ball.

(a) What is the total charge Q on each of these two
balls of positive charge? Give the answer in esu.

(b) The two positively charged peas are placed one
meter (100 cm) apart as shown. Use Coulomb’s law
R R

~—0 O—
k—— r=1meter ——

to calculate the magnitude of the repulsive force
between them. Give your answer in dynes and in
metrictons. (1 metricton = 10°dynes=1englishton.)

EN
e

If you worked Exercise 4 correctly, you found that
two garden peas, stripped of all electrons and placed
one meter apart, would repel each other with a force
of nearly 10'° tons! Yet when you actually place
two garden peas a meter apart, or only a centimeter
apart, there is no observable force between them.
The 10'° ton repulsive forces are so precisely can-
celled by 10'® ton attractive forces between elec-
trons and protons that not even a dyne force remains.

Exercise 5

What would be the repulsive force between the peas
if only one in a billion (one in 10°) electrons were
removed from each pea, and the peas were placed
one meter apart?




CONSERVATION OF CHARGE

Up to this point, we have used the concept of electric
charge to simplify the calculation of the electric force
between two objects containing many electrons and
protons. But the fact that electrons and protons have
precisely opposite charges suggests that in nature elec-
tric charge has a deeper significance. That deeper
significanceis the conservation of electric charge. Like
the conservation of energy, linear momentum, and
angular momentum, the conservation of electric charge
appears to be a basic law with no known exceptions.

When we look beyond the familiar electrons and
protons, into the world of subnuclear particles, we find
a bewildering array of hundreds of different kinds of
particles. Inthe chaos of such an array of particles, two
features stand out. Almost all of the particles are
unstable, and when the unstable particles decay, elec-
tric charge is conserved. In looking at the particle
decays, it becomes clear that there really is something
we call electric charge that is passed from one particle
to another, and not lost when a particle decays.

We will illustrate this with a few examples. We have
already discussed several unstable particles, the muon
introduced in the muon lifetime experiment, the ©
mesons, created for cancer research, and the neutron
which, by itself outside a nucleus, has a half life of nine
minutes. The muon decays into an electron and a
neutrino, and the neutron decays into a proton, electron
and an antineutrino (the antiparticle of the neutrino).
There are three separate m mesons. The negative
charged one decaysinto an electron and an antineutrino,
the positive one into a positron (antielectron) and
neutrino, and the neutral one into two photons.

We can shorten our description of these decays by
introducing shorthand notation for the particles and
their properties. We will use the Greek letter (L (mu)
for the muon, tforthe tmesons, v (nu) for the neutrino
and y (gamma) for protons. We designate the charge
of the particle by the superscript + for a positive charge,
—for anegative, and O for uncharged. Thus the three
mesons are designated 7t*, 70, and 7t~ for the positive,
neutral and negative ones respectively. Inlater discus-
sions, it will be useful to know whether we are dealing
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with a particle or an antiparticle. We denote antipar-
ticles by putting abar over the symbol, thus v represents
aneutrino, and v an antineutrino. Since a particle and
an antiparticle can annihilate each other, a particle and
an antiparticle must have opposite electric charges if
they carry charge at all, so that charge will not be lost
in the annihilation. As a result the antiparticle of the
electron e~ is the positively charged positron which we
designate €*.

Using these conventions, we have the following nota-
tion for the particles under discussion (photons and
neutrinos are uncharged):

Notation Particle Particle
p* proton vV antineutrino
n®  neutron U~  muon
e~ electron nt  piplus
et positron nY  pi naught
¥"  photon 7~ pi minus

v0  neutrino

The particle decays we just described can now be
written as the following reactions.

- — e +v muon decay (a)

n — p*+e +9" neutrondecay (b)

= — et+ Vo pi minus decay (c)

0 — Y0440 pi naught decay (d)

n —> e +v pi minus decay (e) (14)
Note that in all of these decays, the particles change
but the charge does not. If we start with a negative
charge, like the negative muon, we end up with a
negative particle, the electron. If we start with a
neutral particle like the 0, we end up with no net

charge, in this case two photons.

Among the hundreds of elementary particle decays
that have been studied, no one has found an example
where the total charge changed during the process.
It is rather impressive that the concept of positive
and negative charge, introduced by Ben Franklin to
explain experiments involving rubber rods and cat
fur, would gain even deeper significance at the
subnuclear level.
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Stability of Matter

The conservation of electric charge may be related to
the stability of matter. The decay of elementary
particles is not an exceptional occurrence, it is the
general rule. Of the hundreds of particles that have
been observed, only four are stable, the proton, the
electron, the photon and the neutrino. (Neutrons are
also stableif buried inside anucleus, forreasons we will
discuss in the next chapter.) All the other particles
eventually, and often very quickly, decay into these
four.

The question we should ask is not why particles decay,
but instead why these four particles do not. We know
the answer in the case of two of them. Photons, and
perhaps, neutrinos, have zerorestmass. Asaresultthey
travel at the speed of light, and time does not pass for
them. If a photon had a half life, that half life would
become infinite due to time dilation.

Why is the electron stable? It appears that the stability
of the electron is due to the conservation of energy and
electric charge. The electron is the least massive
charged particle. There is nothing for it to decay into
and still conserve charge and energy.

That leaves the proton. Why is it stable? We do not
know for sure. There are acouple of possibilities which
are currently under study. One is that perhaps the
proton has some property beyond electric charge thatis
conserved, and that the proton is the least massive
particle with this property. This was the firm belief
back in the 1950s.

In the 1960s, with the discovery of quarks and the
combining of the electric and weak interaction theo-
ries, it was no longer obvious that the proton was stable.
Several theories were proposed, theories that attempted
tounify the electric, weak, and nuclear force. These so—
called Grand Unified Theories or GUT for short,
predicted that protons should eventually decay, with a
half life of about 10°! years. Since the universe is only
10" years old, that is an incredibly long time.

It is not impossible to measure a half life of 10°! years.

You do not have to wait that long. Instead you look at
10°! or 10 particles, and see if a feW decay in one
year. Since amole of particlesis 6 X 10° pamcles you
need about a billion moles of protons for such an

experiment. A mole of protons (hydrogen) weighs one
gram, a billion moles is a million kilograms or a
thousand metric tons. You getthat much massinacube
of water 10 meters on a side, or in a large swimming
pool. For this reason, experiments designed to detect
the decay of the proton had to be able to distinguish a
few proton decays per year in a swimming pool sized
container of water.

So far none of these detectors has yet succeeded in
detecting a proton decay (but they did detect the
neutrinos from the 1987 supernova explosion). We
now know that the proton half-life is in excess of 1 032
years, and as a result the Grand Unified Theories are in
trouble. We still do not know whether the proton is
stable, or just very long lived.

Quantization of Electric Charge

Every elementary particle that has been detected indi-
vidually by particle detectors has an electric charge that
is an integer multiple of the charge on the electron.
Almost all of the particles have a charge
+ e or — e, but since the 1960s, a few particles with
charge 2e have been observed. Until the early 1960s
it was firmly believed that this quantization of charge
in units of + e or — e was a basic property of electric
charge.

In 1961, Murray Gell-Mann, who for many years had
been trying to understand the bewildering array of
elementary particles, discovered a symmetry in the
masses of many of the particles. This symmetry, based
on the rather abstract mathematical group called SU2,
predicted that particles with certain properties, could
be grouped into categories of 8 or 10 particles. This
grouping was not unlike Mendeleev’s earlier grouping
of the elements in the periodic table.

When the periodic table was first constructed, there
were gaps that indicated missing, as yet undiscovered
elements. In Gell-Mann’s SU3 symmetry there were
also gaps, indicating missing or as yet undetected
elementary particles. In one particular case, Gell-
Mann accurately predicted the existence and the prop-
erties of a particle that was later discovered and named
the ™ (omegaminus). The discovery of the ™ verified
the importance of Gell-Mann’s symmetry scheme.



In 1964 Gell-Mann, and independently George Zweig
also from Caltech, found an exceedingly simple
model that would explain the SU3 symmetry. They
found that if there existed three different kinds of
particles which Gell-Mann called quarks, then you
could make up all the known heavy elementary
particles out of these three quarks, and the particles
you make up would have just the right SU3 symme-
try properties. It was an enormous simplification to
explain hundreds of “‘elementary particles” in terms
of 3 kinds of quarks.

Our discussion of quarks will be mainly reserved for
the next chapter. But there is one property of quarks
that fits into our current discussion of electric charge.
The charge on a quark or anti quark can be + 1/3 e,
—1/3e,+2/3eor—2/3e. Thechargee onthe electron
turns out not to be the fundamental unit of charge.

An even stranger property of quarks is the fact that
they exist only inside elementary particles. For
example, a proton or neutron is made up of three

quarks and a m meson of two. All particles made
from quarks have just the right number of quarks, in
just the right combination, so that the total charge of
the particle is an integer multiple of the electron
charge e. Although the quarks themselves have a
fractional charge + 1/3 e or £ 2/3 e, they are always
found in combinations that have an integer net
charge.

You might ask, why not just tear a proton apart and
look at the individual quarks? Then you would see
a particle with a fractional charge. It now appears
that, due to an unusual property of the so-called
color force between quarks, you cannot simply pull
quarks out of a proton. The reason is that the color
force, unlike gravity and electricity, becomes stron-
ger, not weaker, as the separation of the particles
increases. We will see later how this bizarre feature
of the color force makes it impossible to extract an
individual quark from a proton.
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MOLECULAR FORCES

A naive application of Coulomb’s law would say
that complete atoms do not interact. A complete
atom has as many electrons outside as protons in the
nucleus, and thus zero total charge. Thus by
Coulomb’s law, which says that the electric force
between two objects is proportional to the product of
the charges on them, one would predict that there is
no electric force between two complete atoms. Tell
that to the two hydrogen atoms that bind to form
hydrogen molecules, oxygen atoms that bind to
form to O, molecules we breathe, or the hydrogen
and oxygen atoms that combine to form the water
molecules we drink. These are all complete atoms
that have combined together through electric forces
to form molecular structures.

The reason that neutral atoms attract electrically to
form molecules is the fact that the negative charge in
an atom is contained in the electrons which are
moving about the nucleus, and their motion can be
affected by the presence of other atoms.

When trying to understand molecular forces, the
planetary picture of an atom, with electrons in orbits
like the planets moving around the sun, is not a
particularly useful or accurate model. A more useful
picture, which has its origin both in quantum me-
chanics and Newtonian mechanics is to picture the
electrons as forming a cloud of negative charge
surrounding the nucleus. You can imagine the
electrons as moving around so fast that, as far as
neighboring atoms are concerned, the electrons in an
atom simply fill up aregion around the nucleus with
negative electric charge. When doing accurate cal-
culations with quantum mechanics, one finds that
the electron clouds have definite shapes, shapes
which the chemists call orbitals.

One does not need quantum mechanics in order to
get arough understanding of the origin of molecular
forces. Simple arguments about the behavior of the
electron clouds gives a fairly good picture of what
the chemists call covalent bonding. We will illus-
trate this with a discussion of the hydrogen mol-
ecule.
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Hydrogen Molecule

To construct a hydrogen molecule, imagine that we
start with a single proton and a complete hydrogen
atom as indicated in Figure (7a). Here we are
representing the hydrogen atom by a proton with the
electron moving around to more or less fill a spheri-
cal region around the proton. In this case the
external proton is attracted to the sphere of negative
charge by a force that is as strong as the repulsion
from the hydrogen nucleus. As aresult there is very
little force between the external proton and the
neutral atom. Here, Coulomb’s law works.

Now bring the external proton closer to the hydro-
gen atom, as shown in Figure (7b). Picture the
hydrogen nucleus as fixed, nailed down, and look at
what happens to the hydrogen electron cloud. The
electron is now beginning to feel the attraction of the
external proton as well as its own proton. The result
is that the electron cloud is distorted, sucked over a
bittoward the external proton. Now the center of the
electron cloud is a bit closer to the external proton
than the hydrogen nucleus, and the attractive force
between the electron cloud and the proton is slightly
stronger than the repulsive force between the pro-
tons. The external proton now feels a net attractive
force to the neutral hydrogen atom because of the
distortion of the electron cloud. A naive application
of Coulomb’s law ignores the distortion of the
electron cloud and therefore fails to predict this
attractive force.

Since the external proton in Figure (7b) is attracted
to the hydrogen atom, if we let go of the proton, it
will be sucked into the hydrogen atom. Soon the
electron will start orbiting about both protons, and
the external proton will be sucked in until the repul-
sion between the protons just balances the electrical
attraction.

Since the two protons are identical, the electron will
have no reason to prefer one proton over the other,
and will form a symmetric electron cloud about both
protons as shown in Figure (7c). The result is a
complete and stable object called a hydrogen mol-

ecule ion. electron

/

protron
hydrogen atom

(a) A proton far from a complete hydrogen atom.

AN N

Fe Fe
o—> €
protron

(b) The external proton is brought closer hydrogen atom

distorting the electron cloud

electron cloud formed
by one electron

(c) Electron orbits both protons Hydrogen molecule ion
Figure 7a

Formation of a hydrogen molecule ion. To visualize
how a hydrogen molecule ion can be formed,
imagine that you bring a proton up to a neutral
hydrogen.

Figure 7b

When the proton gets close, it distorts the hydrogen
electron cloud. Since the distorted cloud is closer to
the external proton, there is a net attractive force
between the proton and the distorted hydrogen atom.

Figure 7c

If the protons get too close, they repel each other. As
a result there must be some separation where there is
neither attraction or repulsion. This equilibrium
separation for the protons in a hydrogen molecule ion
is 1.07 Angstroms. (I Angstrom = 10"% cm.)



The final step in forming a hydrogen molecule is to
note that the hydrogen molecule ion of Figure (7¢)
has a netcharge +e, and therefore will attract another
electron. If we drop in another electron, the two
electrons form a new symmetric cloud about both
protons and we end up with a stable H, molecule,
shown in Figure (8).

Although the discussion related to Figures (7, 8) is
qualitative in nature, it is sufficient to give a good
picture of the difference in character between atomic

and molecular forces. Atomic forces, the pure e’
Coulomb force that binds electrons to the nucleus, is
very strong and fairly simple to understand. Mo-
lecular forces, which are also electrical in origin but
which depend on subtle distortion of the electron
clouds, are weaker and more complex. Molecular
forces are so subtle that you can make very complex
objects from them, for example, objects that can
read and understand this page. The sciences of
chemistry and biology are devoted primarily to
understanding this complexity.
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2 electrons moving
about both protons

Hydrogen molecule
Figure 8
The hydrogen molecule ion of Figure (7c) has a net
positive charge +e, and therefore can attract and hold
one more electron. In that case both electrons orbit both
protons and we have a complete hydrogen molecule.
The equilibrium separation expands to 1.48 Angstroms.
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Molecular Forces—A More
Quantitative Look

It is commonly believed that quantum mechanics,
which can be used to predict the detailed shape of
electron clouds, is needed for any quantitative un-
derstanding of molecular forces. This is only partly
true. We can get a fair understanding of molecular
forces from Newtonian mechanics, as was demon-
strated by the student Bob Piela in a project for an
introductory physics course. This section will closely
follow the approach presented in Piela’s project.

In this section we will discuss only the simplest of all
molecules, the hydrogen molecule ion consisting of
two protons and one electron and depicted in Figure
(7c). We will use Newtonian mechanics to get a
better picture of how the electron holds the molecule
together, and to see why the lower, the more nega-
tive the energy of the electron, the more tightly the
protons are bound together.

If you do a straightforward Newtonian mechanics
calculation of the hydrogen molecule ion, letting all
three particles move under the influence of the
Coulomb forces between them, the system eventu-
ally flies apart. As a number of student projects
using computer calculations have shown, eventu-
ally the electron gets captured by one of the protons
and the other proton gets kicked out of the system.
With Newtonian mechanics we cannot explain the
stability of the hydrogen molecule ion, quantum
mechanics is required for that.

Piela avoided the stability problem by assuming that
the two protons were fixed at their experimentally
known separation of 1.07 x 10-8cm (1.07 ang-
stroms) as shown in Figure (9a), and let the com-
puter calculate the orbit of the electron about the two
fixed protons, as seen in Figure (9b). By letting the
calculation run for a long time and plotting the
position of the electron at equal intervals of time, as
in a strobe photograph of the electron’s motion, one
obtains the dot pattern seen in Figure (9c). This dot
pattern can be thought of as the classical electron
cloud pattern for the electron.

electron
AN
F
AN
Fo
° -
protons

a) Electric force acting on the electron.

b) Line drawing plot of the orbit of
the electron about the two protons

i

¢) Dots showing the position of the
electron at equal time intervals
(effectively a strobe photograph).

Figure 9
Orbit of an electron about two fixed protons.



The Bonding Region

Of the dots we have drawn in Figure (9c) some are
more effective than others in holding the molecule
together. When the electron is between the protons,
it pulls in on both protons providing a net bonding
force. But when the electron is outside to the left or
right, it tends to pull the protons apart. We can call
the region where the electron gives rise to a net
attractive force the bonding region, while the rest of
space, where the electron tends to pull the protons
apart, can be called the anti-bonding region.

To see how we can distinguish the bonding from the
anti-bonding region, consider Figure (10) where we
show the forces the electron exerts on the protons for
several positions of the electron. In (10a), the
electron is between but above the protons, giving
rise to the forces Fl and F2 shown. We also show
the x components which are le and F2x _These
components are of more interest to us than F; and
F, because the electron, while in orbit, will spend an

electron
electron
L3

NS
O~

anti-
bonding p
region

bonding
region

a) When the electron is in the bonding region,
the x component of its electric forces pulls
the protons together. (The y components
average out since the electron spends as
much time above as below the protons.)

Figure 10

Electron on left

bonding
region
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equal time above and below the protons. Thus on the
average the y components cancel, and the net effect
of the electron is described by the x components F;
and F,, alone. We can see from Figure (10a) that
F,. and F,, are pulling the protons together. This
electron is clearly in the bonding region.

It is a little bit harder to see the anti-bonding forces.
In Figure (10b), we show the electron first to the left
of the protons, then to the right. Again we concen-
trate on the x components F;, and F,, because the y
components will, on the average, cancel. However,
for orbits like that shown in Figure (9b), the electron
spends the same amount of time on the left as the
right, and thus we should average F;, and F,, for
these two cases. When we do this, we see that the
average F;, points left, the average F,, points right,
and these two average forces are pulling the protons
apart.

Average x component of force

average F, <@ @~ average f,
p1 p2

Electron on right

//

anti-
bonding
region

bonding
region

b) When the electron is in the anti-bonding region, the average
x component of its electric forces pulls the protons apart.

Bonding and anti bonding regions. When the electron is in the bonding region,
the electric force exerted by the electron on the protons pulls the protons together.
When in the anti-bonding region, the electric force pulls the protons apart.

electron
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If you are calculating an orbit and want to test
whether the electron is in the bonding or anti-
bonding region, simply compare F;, and F,,. If the
electron is to the right of the protons and Fyy is
bigger than F,,, the protons are being pulled apart.
If you are to the left of the protons, and F,, is bigger
than F,,, then again the protons are being pulled
apart. Otherwise the protons are being pulled to-
gether and the electron is in the bonding region.

In Figure (11), we replotted the electron dot pattern
of Figure (9¢), butbefore plotting each point, checked
whether the electron was in the bonding or anti-
bonding region. If it were in the bonding region, we
plotted adot, and if it were in the anti-bonding region
we drew a cross. After the program ran for a while,
itbecame very clear where to draw the lines separat-
ing the bonding from the anti-bonding regions.

a) Electron cloud for a —10eV electron. Points in
the bonding region are plotted as dots, outside
in the anti-bonding region as crosses.

anti-
bonding
region

bonding [ anti-
region bonding
region

b) The area of dots in a) show us where the
bonding region is.

Determining the bonding region from the computer plot.

Electron Binding Energy

One of the features of Figure (12) is that there are
many dots out in the anti-bonding region. Itlooks as
if there are more dots out there pulling the protons
apart than inside holding them together. In this case
is the electron actually helping to hold the molecule
together?

One way to tell whether or not a system will stay
together or fall apart is to look at the total energy of
the system. Ifit costs energy to pull a system apart,
it will stay together. But if energy is released when
a system comes apart, it will fall apart.

In our earlier discussion in Chapter 8 of the motion
of a satellite around the earth, we saw that if the total
energy of the satellite were negative, the satellite
would be bound to the earth and could not escape.
On the other hand, if the total energy of the satellite
were positive, the satellite would eventually escape
no matter what direction it was heading (assuming it
did not crash). These predictions about total energy
applied if we did not include rest energy, and as-
sumed that the gravitational potential energy was
zero when the satellite and earth were infinitely far
apart. This gave us as the formula for gravitational
potential energy

planet 1 Gm.M
Etot and | = —msV2 - % (8-29)
satellite

where mg and M,, are the masses of the satellite and
earth, and v the speed of the satellite.

In describing the motion of an electron in an atom or
molecule, we can use the convention that the
electron's electric potential energy is zero when it is
infinitely far away from the protons. With this
convention, the formula for the electric potential
energy between an electron and a proton a distance
r apart is —Ke2/r, which is analogous to the
gravitational potential energy — GmM./r . (Sim-
ply replace Gm M, by Ke? to go from a discussion
of gravitational forces in satellite motion to electric
forces in atoms.)



Thus the formula for the total energy of an electron
in orbit about a single stationary proton should be (in
analogy to Equation 8-29)

electron
and
proton

_1 2
= 5m.V- —

2
5 - (15)

tot|

where m,, is the mass of the electron, v its speed, and
r the separation between the electron and proton.

Just as in the case of satellite motion, the total energy
tells you whether the electron is bound or will
eventually escape. If the total energy is negative, the
electron cannot escape, while if the total energy is
positive, it must escape.

Another way of describing the electron's behavior is
to say that if the electron's total energy is negative,
it is down in some kind of a well and needs outside
help, outside energy, in order to escape. The more
negative the electron's total energy, the deeper it is
in the well, and the more tightly bound itis. We can
call the amount by which the electron's total energy
is negative the binding energy of the electron. The
binding energy is the amount of energy that must be
supplied to free the electron.

Electron Volt as a Unit of Energy

In discussing the motion of an electron in an atom,
quantities like meters and kilograms and joules are
awkwardly large. There is, however, a unit of
energy that is particularly convenient for discussing
many applications, including the motion of elec-
trons in atoms. This unit of energy, called the
electron volt (abbreviated eV), is the amount of
energy an electron would gain if it hopped from the
negative to the positive terminal of a 1 volt battery.
The numerical value is

1 electron volt (eV) = 1.6x10™ 19joules

1.6x 10" Zergs  (16)

As an example, an electron in a cold (unexcited)
hydrogen atom has a total energy of —13.6 V. The
fact that the electron's energy is negative means that
the electron is bound to the proton—cannot escape.
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The value —13.6 eV means that, in order to pull the
electron out of the hydrogen atom, we would have to
supply 13.6 eV of energy. In other words, the
binding energy of the electron in a cold hydrogen
atom is 13.6 eV. The number is 13.6 eV is much
easier to discuss and remember than
2.16 x10~ 18joules .

Another unit thatis convenient for discussing atoms
is the angstrom (abbreviated A ) whichis 10~ 8m
or 107 1% meters.

1 Angstrom (1& ) = 10" %m

= 10" m (17)

A hydrogen atom has a diameter of 1A and all
atoms are approximately the same size. Even the
largest atom, Uranium, has a diameter of only a few
angstroms. In the hydrogen molecule ion, the sepa-
ration of the protons is 1.07 A .

Electron Energy

in the Hydrogen Molecule lon

We have seen that the strength of the binding of an
electron in an atom is related to the total energy of
the electron. The more negative the energy of the
electron, the more tightly it is bound.

Let us now return to our discussion of the hydrogen
molecule ion to see if the total energy of the electron
inits orbitabout the two protons is in any way related
to the effectiveness which the electron binds the
proton together.

When the electron is orbiting about two protons,
there are two electric potential energy terms, one for
each proton. Thus the formula for the electron's total
energy is
electron
in Hy
molecule

E ot (18)

which is the same as Equation 15 except for the
additional potential energy term. In this equation, r;

is the distance from the electron to proton #1, and r,

to proton #2.
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When we wrote computer programs for satellite
motion, we found that it was much easier to work in
a system of units where the earth mass, earth radius
and hour were set to 1. In these units the gravita-
tional constant G was simply 20, and we never had
to work with awkwardly large numbers.

Similarly, we can simplify electron orbit calcula-
tions by choosing a set of units that are convenient
for these calculations. In what we will call atomic
units, we will set the mass m, of the electron, the
electric charge e, the angstrom, and the electron volt
all to 1. When we do this, the electric force constant
K has the simple value of 14.40. These choices are
summarized in Table 2.

Using atomic units, the formula for the total energy
of the electron in the hydrogen molecule ion (Equa-
tion 18) reduces to

(18a)

2 1440 14.40
Etot(HiL) = %_T_T

since m,=e=1. The real advantage of this for-
mula is that it directly gives the electron's total
energy in electron volts, no conversion is required.
Because energy is conserved, because the electron's
total energy does not change as the electron goes

ATtomic UnNits

around in its orbit, we can name the orbit by E,; .
For example, the orbit shown back in Figures (9) and
(11), had a total energy of —10 eV. We can say that
this was a "—10 eV orbit".

When Bob Piela did his project on the hydrogen
molecule ion, his main contribution was to show
how the energy of the electron in orbit was related to
the bonding force exerted by the electron on the
protons. Piela'sresults are easily seen in Figure (13).
In (13a), we show the —10 eV orbit superimposed
upon a sketch of the bonding region. In (13b), the
same orbit is shown as a strobe photograph. As we
mentioned earlier, there appear to be a lot more dots
outside the bonding region than inside, and it does
not look like a—10 eV electron does a very good job
of binding the protons in the H; molecule.

In Figure (13c) we have plotted a—-20 eV orbit. The
striking feature is that as the electron energy is
reduced, made more negative, the electron spends
more time in the bonding region doing a better job of
holding the molecule together. In Figure (13d) the
electron energy is dropped to —30 eV and the major-
ity of the electron cloud is now in the bonding
region. It is easy to see that at —30 eV the electron
does a good job of binding the protons. With Piela's
diagrams it is easy to see how the electron bonds
more strongly when its energy is lowered.

Constant Symbol Atomic Units  MKS Units

electron volt eV 1 1.6 x 107 19joules
angstrom A 1 10~ m

electron mass m, 1 9.1 x 107 3kg
electric charge e 1 1.6 x 10~ “coulombs
electric force constant K 14.40 9 x 10°m/ farad
Bohr radius Iy, S1A

separation of protons in H} 1.07 A

Table 2
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a) electron superimposed c) Electron cloud for a —20eV electron. More
on the bonding region of the dots are inside the bonding region,
with the result the protons are more
tightly bound.

b) Electron cloud for a —10eV electron. d) Electron cloud for a You
can see that the lower the electron energy,
the stronger the bonding.

Figure 13
As we decrease the electron’s total energy, the electron spends more time in the bonding region, with the result that
the protons are more tightly bound. Thus we see that the lower the electron energy, the stronger the binding.
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! HYDROGEN MOLECULE ION

| eeomeeee Plotting window
! (x axis = 1.5 times y axis)
SET WINDOW -3,6,-3,3

e Experimental constants in Atomic Units
LETK =14.40 |Electric force constant

LET Kr =K/3 IFicticious repulsive force

LET Qe =1 ICharge on electron (magnitude)
LETQp=1 ICharge on Proton

LET Me =1 IElectron mass

LET Mp = 1836.1 IProton mass
LET Rbohr =.5292  IBohr radius
LET Dion = 1.07 IProton separation

[ Position of proton #2
LET Zx = Dion
LETZy=0
LET Z = SQR(Zx*Zx + Zy*Zy)

| emmoneees Plot crosses at protons
LETRx=0
LETRy=0
CALL BigCROSS
LET Rx = Zx
LET Ry = Zy
CALL BigCROSS

| e Initial conditions
LETRx=1.5
LETRy=1.6
LET R = SQR(Rx*Rx + Ry*Ry)

LET Sx = Rx - Zx Vector equation (S =R - Z)
LET Sy =Ry - Zy
LET S = SQR(Sx*Sx + Sy*Sy)

LET Vx = -1
LET Vy =0
LET V' = SQR(VX*Vx + Vy*Vy)

LETT =0
LETi =0

| emmeneees Print total energy
CALL ENERGY

 E— Computer time step
LET dt =.001

| emmoneees Calculational loop
DO
LET Rx = Rx + Vx*dt
LET RY = Ry + Vy*dt
LET R = SQR(Rx*Rx + Ry*Ry)

LET Sx = Rx - Zx

LET Sy =Ry - Zy
LET S = SQR(Sx*Sx + Sy*Sy)

electron

TV
wy

proton Z\ proton

Figure 14

Computer program for the hydrogen molecule ion.

ICalculate force
LET F1 = K*Qp*Qe/R"2 - Kr*Qe*Qp/R"3  IForce by proton 1
LET F2 = K*Qp*Qe/S"2 - Kr*Qe*Qp/S~3  IForce by proton 2

LET Fix = -(Rx/R)*F1 Ipoints in -R direction
LET F1y = -(Ry/R)*F1

LET F2x = -(Sx/S)*F2 !points in -S direction
LET F2y = -(Sy/S)*F2

LET Fx = F1x + F2x Vector sum of forces
LET Fy = F1y + F2y

INewton's Second law
LET Ax = Fx/Me
LET Ay = Fy/Me

LET Vold = SQR(Vx*Vx + Vy*Vy)
LET Vx = Vx + Ax*dt

LET VY = Vy + Ay*dt

LET Vnew = SQR(VX*Vx + Vy*Vy)
LETV =(Vold + Vnew)/2

LETT =T +dt
LETi =i+1

IF MOD(i,50) = 0 THEN
PLOT Rx,Ry

IF Rx > Zx THEN
IF -F2x > -F1x THEN CALL CROSS
END IF

IF Rx < 0 THEN
IF -F1x < -F2x THEN CALL CROSS
END IF

END IF
LOOP UNTIL T > 100

[ Subroutine ENERGY prints out total energy.
SUB ENERGY
LET Etot = Me*V*V/2 - K*Qe*Qp/R - K*Qe*Qp/S
|Add potential energy of repulsive core
LET Etot = Etot + (1/2)*Kr*Qe*Qp/R"2 + (1/2)*Kr*Qe*Qp/Sr2
PRINT T,Etot
END SUB

[ Subroutine CROSS draws a cross at Rx,Ry.
SUB CROSS

PLOT LINES: Rx-.01,Ry; Rx+.01,Ry

PLOT LINES: Rx,Ry-.01; Rx,Ry+.01
END SUB

[ Subroutine BigCROSS draws a cross at Rx,Ry.
SUB BigCROSS

PLOT LINES: Rx-.04,Ry; Rx+.04,Ry

PLOT LINES: Rx,Ry-.04; Rx,Ry+.04

END

END SUB
electron

N

F
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F
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proton proton



Chapter 20

Nuclear Matter

In the last chapter our focus was on what one might call
electronic matter—the structures that result from the
interaction of the electrons in atoms. Now we look at
nuclear matter, found both in the nuclei of atoms and
in neutron stars. The structures we see result from an
interplay of the basic forces of nature. In the atomic
nucleus, the nuclear, electric, and weak interactions
areinvolved. In neutron stars and black holes, gravity
also plays a major role.
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NUCLEAR FORCE

In 1912 Ernest Rutherford discovered that all the
positive charge of an atom was located in a tiny dense
object at the center of the atom. By the 1930s, it was
known that this object was a ball of positively charged
protons and electrically neutral neutrons packed closely
togetherasillustrated in Figure (19-1) reproduced here.
Protons and neutrons are each about 1.4 x 10~ 13 cm
in diameter, and the size of a nucleus is essentially the
size of a ball of these particles. For example, iron 56,
with its 26 protons and 30 neutrons, has a diameter of
about 4 proton diameters. Uranium 235 is just over 6
proton diameters across. (One can check, forexample,
that a bag containing 235 similar marbles is about six
marble diameters across.)

That the nucleus exists means that there is some force
other than electricity or gravity which holds it together.
The protons are all repelling each other electrically, the
neutrons are electrically neutral, and the attractive
gravitational force between protons is some 10~ 38
times weaker than the electric repulsive force. The
force that holds the nucleus together must be attractive
and even stronger than the electric repulsion. This
attractive force is called the nuclear force.

The nuclear force treats protons and neutrons equally.
In areal sense, the nuclear force cannot tell the differ-
ence between a proton and a neutron. For this reason,

Figure 19-1a
Sketch of an atomic nucleus, showing
it as a ball of protons and neutrons.

we can use the word nucleon to describe either a proton
or neutron, and talk about the nuclear force between
nucleons. Another feature of the nuclear force is that it
ignores electrons. We could say that electrons have no
nuclear charge.

The properties of the nuclear force can be deduced
from the properties of the structures it creates—namely
atomic nuclei. The fact that protons and neutrons
maintain their size while inside a nucleus means that
the nuclear force is both attractive and repulsive. Try
to pull two nucleons apart and the attractive nuclear
force holds them together, next to each other. But try
to squeeze two nucleons into each other and you
encounter a very strong repulsion, giving the nucleons
essentially a solid core.

We have seen this kind of behavior before in the case
of molecular forces. Molecular forces are attractive,
holding atoms together to form molecules, liquids and
crystals. But if you try to push atoms into each other,
try to compress solid matter, the molecular force be-
comes repulsive. Itis the repulsive part of the molecu-
lar force that makes solid matter hard to compress, and
the repulsive part of the nuclear force that makes
nuclear matter nearly incompressible.

Figure 19-1b
Styrofoam model of a Uranium nucleus.
(The dark balls represent protons.)



Range of the Nuclear Force

While the attractive nuclear force must be stronger than
the electric force to hold the protons together in the
nucleus, it is not a long range 1/r2 force like electricity
and gravity. It drops off much more rapidly than 1/r2,
with the result that if two protons are separated by more
than a few proton diameters, the electric repulsion
becomes stronger than the nuclear attraction. The
separation R, at which the electric repulsion becomes
stronger than the nuclear attraction, is about 4 proton
diameters. This distance R, which we will call the
range of the nuclear force, can be determined by
looking at the stability of atomic nuclei.

If we start with a small nucleus, and keep adding
nucleons, for a while the nucleus becomes more stable
if you add the right mix of protons and neutrons. By
more stable, we mean more tightly bound. To be
explicit, the more stable, the more tightly bound a
nucleus, the more energy that is required, per nucleon,
to pull the nucleus apart. This stability, this tight
binding, is caused by the attractive nuclear force be-
tween nucleons.

Iron 56 is the most stable nucleus. It takes more energy
per nucleon to take an Iron 56 nucleus apart than any
other nucleus. If the nucleus gets bigger than Iron 56,
it becomes less stable, less tightly bound. If a nucleus
gets too big, bigger than a Lead 208 or Bismuth 209
nucleus, it becomes unstable and decays by itself.

The stability of Iron 56 results from the fact that an Iron
S56nucleus has adiameteraboutequal to therange of the
nuclear force. In an Iron 56 nucleus every nucleon is
attracting every other nucleon. If we go to a nucleus
larger than Iron 56, then neighboring nucleons still
attract each other, but protons on opposite sides of the
nucleus now repel each other. This repulsion between
distant protons leads to less binding energy per particle,
and instability.

NUCLEAR FISSION

One way the instability of large nu-
clei shows up is in the process of
nuclear fission, a process that is ex-
plained by the liquid drop model of
the nucleus developed by Neils Bohr
and John Wheeler in 1939.

In this model, we picture nuclear
matter as being essentially an incom-
pressible liquid. The nucleons can-
not be pressed into each other, or
pulled apart, but they are free to slide
around each other like the water mol-
ecules in a drop of water. As aresult
of the liquid nature of nuclear matter,
we can learn something about the
behavior of nuclei by studying the
behavior of drops of water.

In our discussion of entropy at the
beginning of Chapter 18, we dis-
cussed a demonstration in which a
stream of wateris broken into a series
of droplets by vibrating the hose lead-
ing to the stream. If you put a strobe
light on the stream, you can stop the
apparent motion of the individual
droplets. The result is a strobe pho-
tograph of the projectile motion of
the droplets.

If you use a closely focused televi-
sion camera, you can follow the mo-
tion of individual drops. Adjust the
strobe so that the drop appears to fall
slowly, and you can watch an indi-
vidual drop oscillate as it falls. As
shown in Figure (1), the oscillation
is from a rounded pancake shape
(images 3 &4)toavertical jelly bean
shape (images 6 & 7). Bohr and
Wheeler proposed that similar oscil-
lations should take place in a large
nucleus like Uranium, particularly if
the nucleus were

_ Figure 1
SFguCkatr)tY Slo nll.fi(OUt Oscillations of
Side particie, likean a liquid drop.

errant neutron.
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Suppose we have an oscillating Uranium nucleus, and
at the present time it has the dumbbell shape shown in
Figure (2a,b). In this shape we have two nascent
spheres (shown by the dotted circles) connected by a
neck of nuclear matter. The nascent spheres are far
enough apart that they are beyond the range R, of the
nuclear force, so that the electrical repulsion is stronger
than the nuclear attraction. The only thing that holds
this nucleus together is the neck of nuclear matter
between the spheres.

If the Uranium nucleus is struck too vigorously, if the
neck is stretched too far, the electric force will cause the
two ends to fly apart, releasing a huge quantity of
electrical potential energy. This process, shown in
Figure (3) is called nuclear fission.

In the fission of Uranium 235, the large Uranium
nucleus breaks up into two moderate sized nuclei, for
example, Cesium 140 and Zirconium 94. Because
larger nuclei have a higher percentage of neutrons than
smaller ones, when Uranium breaks up into smaller,

Figure 2a
Uranium nucleus in a dumbbell shape.

‘
O
I o

Figure 3 \
When the nucleus flies apart, an
enormous amount of electric

potential energy is released.

®)

less neutron rich nuclei, some free neutrons are also
emitted as indicated in Figure (3). These free neutrons
may go out and strike other Uranium nuclei, causing
further fission reactions.

If you have a small block of Uranium, and one of the
Uranium nuclei fissions spontaneously (it happens
once in a while), the extra free neutrons are likely to
pass out through the edges of the block and nothing
happens. If, however, the block is big enough, (if it
exceeds a critical mass of about 13 pounds for a
sphere), then neutrons from one fissioning nucleus are
more likely to strike other Uranium nuclei than to
escape. The result is that several other nuclei fission,
and each of these cause several others to fission.
Quickly you have a large number of fissioning nuclei
inaprocess called achain reaction. This is the process
that occurs in an uncontrolled way in an atomic bomb
and in a controlled way in a nuclear reactor.

The energy we get from nuclear fission, the energy
from all commercial nuclear reactors, is electrical
potential energy released when the two nuclear frag-
ments fly apart. The fragments shown in Figure (3) are
at that point well beyond the range R, of the attractive
nuclear force, and essentially feel only the repulsive
electric force between the protons. These two balls of
positive charge have a large positive electric potential
energy which is converted to kinetic energy as the
fragments fly apart.

Figure 2b
Styrofoam model of a Uranium
nucleus in a dumbbell shape.



To get a feeling for the amount of energy released in a
fission reaction, let us calculate the electric potential
energy of two fragments, say a Cesium and a Zirco-
nium nucleus when separated by a distance 2R, twice
the range of the nuclear force.

In CGS units, the formula for the electric potential
energy of 2 particles with charges Q; and Q, sepa-
rated by a distance R is

electric
potential U oiiric = erQ2 CGS units (1)
energy

For our problem, let Q; be the charge on a Cesium
nucleus (55 protons) and Q, the charge onaZirconium
nucleus (40 protons).

QCesium = 55e
QZirconium = 40e
r = 2R0
and we get
(55¢)x(40¢]
Uelectric = 2—RO
3 e?
- 11x103 & )

Ry

We would like to compare the energy released in
nuclear fission reactions with the energies typically
involved in chemical reactions. Ittakes a fairly violent
chemical reaction to rip the electron completely out of
a hydrogen atom. The amount of energy to do that, to
ionize a hydrogen atom is e2/r,, where r,, is the Bohr
radius of 5x 10-9 cm.

energy to ionize \ _ e_2 3
ahydrOgenatom/ T T 13.6eV 3)

We evaluated the number e?/r,, earlier and found it to
have a numerical value of 13.6 electron volts. This is
alarge amount of energy for a chemical reaction, more
typical chemical reactions, arising from molecular
forces, haveinvolved energiesin the 1to2 electron volt
range.
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To compare the strength of nuclear fission reactions to
chemical reactions, we can compare the electric poten-
tial energies in Equations 2 and 3. If we take the range
R, of the nuclear force to be 4 proton diameters then

Ry = 4x(1.4x 10" % em) = 5.6x 103 em

Since the Bohr radius is 5 x 10~° cm, we see that R
is essentially 10~ * R, or ten thousand times smaller
than the Bohr radius.

Ry = 107 %1y, 4)
Substituting Equation 4 into 2 gives
ye’
Uclectric = 1.1 %10 R_O
o2
= 1.1x10° ———
(10‘4rb)

2
=1.1x 107(6—)
Iy

Using the fact that e?/r, has a magnitude of 13.6
electron volts, we get

Usjeeic = 1.1x107 X 13.6 eV

150 x 10% eV (5)
= 150 MeV

where 1MeV is one million electron volts. From Equa-
tion 5, we see that, per particle, some ten million times
more electric potential energy is released in a nuclear
fission reaction than in a violent chemical reaction.
Many millions of electron volts are involved in nuclear
reactions as compared to the few electron volts in
chemical reactions. You can also see that a major
reason for the huge amounts of energy in a nuclear
reaction is the small size of the nucleus (the fact that
Ry <<ry).



20-6 Nuclear Matter

NEUTRONS AND
THE WEAK INTERACTION

The stability of the iron nucleus and the instability of
nuclei larger than Uranium results primarily from the
fact that the attractive part of the nuclear force has a
short range R, over which it dominates the repulsive
electric force between protons. The range Ry is about
4 proton diameters, the diameter of an iron nucleus. In
larger nuclei, not all nucleons attract each other, and
this leads to the kind of instability we see in a fissioning
Uranium nucleus.

The range of the nuclear force is not the only important
factorin determining the stability of nuclei. Thereisno
electric repulsion between neutrons, neutrons are at-
tracted equally to neutrons and protons. Adding neu-
trons to a nucleus increases the attractive nuclear force
without enhancing the electric repulsion. This is why
the most stable large nuclei have an excess of neutrons
over protons. The neutron excess acts as anuclear glue,
diluting the repulsion of the protons.

If adding a few extra neutrons increases the stability of
anucleus, why doesn’tadding more neutrons give even
more stable nuclei? Why is it that nuclei with too many
excess neutrons are in fact unstable? Why can’t we
make nuclei out of pure neutrons and avoid the proton
repulsion altogether?

The answer lies in the fact that, because of the weak
interaction, and because of a small excess mass of a
neutron, a neutron can decay into a proton and release
energy. This is the beta decay reaction we discussed
earlier, and is described by the equation

n® —pt+e +v0 5)

The neutral neutron (n°) decays into a positive proton
(p*), a negative electron (e~), and a neutral
antineutrino (v°), thus electric charge is conserved in
the process. It is called a beta () decay reaction
because the electrons that come out were originally
called beta rays before their identity as electrons was
determined.

If you have an isolated free neutron, the () decay of
Equation 5 occurs with a half life of 15 minutes. Such
areaction can occur only if energy can be conserved in
the process. But the neutron is sufficiently massive to
decay into a proton and an electron and still have some
energy left over. Expressing rest mass or rest energy in
units of millions of electron volts (MeV), we have for
the particles in the neutron decay reaction (5),

neutron rest mass m, = 939.6 MeV
938.3 MeV
0.511 MeV

proton rest mass m,

electron rest mass mg

neutrino rest mass m,, = 0

where
1MeV = 10%eV = 1.6 x 1076 ergs

You can see that the neutron rest mass is 1.3 MeV
greater than that of a proton, and .8 MeV greater than
the combined rest masses of the proton, electron and
neutrino. Thus when a neutron (3) decays, there is an
excess of .8 MeV of energy that is released in the form
of kinetic energy of the reaction products.

As we have mentioned, when the 3 decay process was
first studied in the 1920s, the neutrino was unknown.
What was observed was thatin fdecays, the proton and
the electron carried out different amounts of energy,
sometimes all of the available energy, but usually just
part of it. To explain the missing energy, Wolfgang
Pauli proposed the existence of an almost undetectable,
uncharged, zero rest mass particle which Fermi named
the little neutral one or neutrino. As bizarre as Pauli’s
hypothesis seemed at the time, it turned out to be
correct. When a neutron decays, it decays into 3
particles, and the .8 MeV available for kinetic energy
can be shared in various ways among the 3 particles.
Because the neutrino has no rest mass, it is possible for
the proton and electron to get all .8 MeV of kinetic
energy. At other times the neutrino gets much of the
kinetic energy, so that if you did not know about the
neutrino, you would think energy was lost.



NUCLEAR STRUCTURE

Free neutrons decay in fifteen minutes, but neutrons
inside a nucleus seem to live forever. Why don’t they
decay? The answer to this question is an energy
balance. Like a rock dropped into a well, an atomic
nucleus will fall down to the lowest energy state
available. The neutron will decay if the resultis alower
energy, less massive nucleus. Otherwise the neutron
will be stable.

We have seen that an isolated neutron can decay into
the less massive proton and release energy. Now
consider a neutron in a nucleus. Take the simplest
nucleus with a neutron in it, namely Deuterium . If that
neutron decayed we would end up with a helium
nucleus consisting of two protons only, plus an elec-
tron and a neutrino. We can write this reaction as

2H N 2He te 4V deuterium decay %)

whichdoes not happen

o — w+g_+wv\/\,>

If the neutron in deuterium turns into a proton, the
neutron sheds rest mass, but the resulting two proton
nucleus has positive electric potential energy. We can
estimate the amount of electric potential energy U,
created by using the formula

electric potential e2
energyofa2 Upp = TR CGS units (8)
proton nucleus Tp

wherer s the protonradius and 2r ,=2 x 10~ 13 is the
separation of the proton centers. The protons each have
a charge + e. Putting numbers into Equation 8 gives
2
e

pp
2rp

U

2
(4.8 x 10~ 10)
T ok 08
)
1.15x 107 ergs

.12 MeV
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Our simple calculation shows that for the neutron to
decay into a proton in deuterium, the neutron would
have to create nearly as much electrical potential
energy (.72MeV)as the available .8 MeV neutron mass
energy. A more complete analysis shows that the
available .8 Mev is not adequate for the neutron ()
decay, with the result the neutron in deuteriumis stable.

We can now see the competing processes involved in
the formation of nuclei. To construct stable nuclei you
want to add neutrons to give more attractive nuclear
forces and dilute the repulsive electric forces between
protons. However, the rest mass of a neutron is greater
than the rest mass of a proton and an electron, and the
weak interaction allows the neutron to decay into these
particles. Thus neutrons can shed mass, and therefore
energy, by decaying.

But when a neutron inside of a nucleus decays into a
proton, it increases the electric potential energy of the
nucleus. If the increase in the electric potential energy
is greater than the mass energy released, as we nearly
saw in the case of deuterium, then the neutron cannot
decay.

The weak interaction is democratic, it allows a proton
todecay into aneutron as well as aneutron to decay into
a proton. The proton decay process is

pt = n0+et+v0  inverse Bdecay (10)

where &* is the positively charged antielectron
(positron). This inverse B decay, as it is sometimes
called, does not occur for a free proton because energy
is not conserved. The proton rest mass is less than that
of a neutron, let alone that of a neutron and a positron

combined.

However, if you construct a nucleus with too many
protons, with too much electric potential energy, then
the nucleus can get rid of some of its electric potential
energy by converting a proton into aneutron. This may
happenifenough electric potential energy isreleased to
supply the extra rest mass of the neutron as well as the
.5 MeV rest mass of the positron.
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We can now see the competing processes in an atomic
nucleus. The weak interaction allows neutrons to turn
into protons or protons into neutrons. But these B
decay processes will occur only if energy can be
released. Nuclei with too many neutrons have too
much neutron mass energy, and can get rid of some of
the mass energy by turning a neutron into a proton.
Nuclei with too many protons have too much electrical
potential energy, and can get rid of some of the electri-
cal potential energy by turning a proton into a neutron.
A stable nucleus is one that has neither an excess of
mass energy nor electrical potential energy, a nucleus
that cannot release energy either by turning protons
into neutrons or vice versa.

To predict precisely which nuclei are stable and which
are not requires a more detailed knowledge of the
nuclear force than we have discussed here. But from
what we have said, you can understand the general
trend. For the light nuclei, the most stable are the ones
with roughly equal numbers of protons and neutrons,
nuclei with neither too much neutron mass energy or
too much proton electrical potential energy. However,
when nuclei become larger than the range of the
attractive nuclear force, electric potential energy be-
comes more important . Excess neutrons, with the
additional attractive nuclear binding force they pro-
vide, are needed to make the nucleus stable.

o (Alpha) Particles

In 1898 Ernest Rutherford, a young research student in
Cambridge University, England, discovered that ra-
dioactive substances emitted two different kinds of
rays which he named a rays and f rays after the first
two letters of the Greek alphabet. The negatively
charged B rays turned out to be beams of electrons, and
the positive o, rays were found to be beams of Helium
4 nuclei. Helium 4 nuclei, consisting of 2 protons and
2 neutrons, are thus also called o particles. (Later
Rutherford observed a third kind of radiation he called
7 rays, which turned out to be high energy photons.)
We have seen that B rays or electrons are emitted when
a neutron sheds mass by decaying into a proton in a 3
decay reaction. But where do the o particles come
from?

A nucleus with an excess of electric potential energy
can lose energy by converting one of its protons into a
neutron in aninverse B decay reaction. This, however,
is arelatively rare event. More commonly, the number
of protonsisreduced by ejecting an o particle. Why the
nucleus emits an entire o particle or Helium 4 nucleus,
instead of simply kicking out a single proton, is a
consequence of an anomaly in the nuclear force. It
turns out that a Helium 4 nucleus, with 2 neutrons and
2 protons, is an exceptionally stable, tightly bound
object. If protons are to be ejected, they come out in
pairs in this stable configuration rather than
individually.



NUCLEAR BINDING ENERGIES

The best way to see the competition between the
attractive nuclear force and the electric repulsive force
inside atomic nuclei is to look at nuclear binding
energies. Explicitly, we will look atthe binding energy
per nucleon for the most stable nuclei of each element.
The binding energy per nucleon (proton or neutron)
represents how much energy we would have to supply
to pull the nucleus apart into separate free nucleons.
The nuclear force tries to hold the nucleus together—
make it more tightly bound—and therefore increases
the binding energy. The electric force, which pushes
the protons apart, decreases the binding energy.

You calculate the binding energy of a nucleus by
subtracting the rest energy of the nucleus from the sum
of the rest energies of the protons and neutrons that
make up the nucleus. If you then divide by the number
of nucleons, you get the binding energy per nucleon.
We will go through an example of this calculation, and
give you an opportunity to work out some yourself.
Then we will look at a plot of these binding energies to
see what the plot tells us.

Example 1

Given thataproton, aneutron, and adeuterium nucleus
have the following rest energies, what is the binding
energy per particle for the deuterium nucleus?

m,c2 = 938.3 MeV  proton rest energy

p
m,c2 = 939.6 MeV  neutron rest energy
mgyc? = 1875.1 MeV  deuterium nucleus
rest energy
(20)
Solution

Separately the proton and neutron in a deuterium
nucleus have a total rest energy of

rest energy
a separate
proton and
neutron

938.3 MeV +939.6 MeV

1877.9 MeV

e2y)
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Thus the total binding energy of the deuterium nucleus,
the energy required to pull the particles apart is

total binding \
energyof the \ _ 1877.9MeV _ 1875.1 MeV
deuterium separate deuterium
nucleus particles nucleus
= 2.8 MeV
(22)

Finally the binding energy per nucleon, there being 2
nucleons, is

binding energy \ _ 2.8MeV
per nucleon / ~ 2 nucleons

_ MeV
=14 nucleon (23)

Exercise 1
Given that the masses of the Helium 4 (2 protons, 2
neutrons), the Iron 56 (26 protons, 30 neutrons), and the
Uranium 238 (92 protons, 146 neutrons) nuclei are
MHeIium402 = 372595|\/|8V
Mions6C2 = 52068.77 MeV (24)
findin each case, the binding energy per nucleon. Your
results should be
7.46MeV (Helium4))

bmdmgenergy} = 9.20MeV (Iron56)

pernucleon
8.02MeV (Uranium238)
(25)
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Figure (4) is a plot of the binding energy, per nucleon,
of the most stable nuclei for each element. We have
plotted increasing binding energy downward so that
the plot would look like a well. The deeper down in the
well a nucleus is, the more energy per particle that is
required to pull the nucleus out of the well—to pull it
apart. The deepest part of the well is at the Iron 56
nucleus, no other nucleus is more tightly bound.

1 -

2H
2 p—
3 — SHe
4 — fusion

release of nuclear
force potential
energy

Binding energy (in MeV)
(6)]
|

Moving down into the well represents a release of
nuclear energy. There are two ways to do this. We can
start with light nuclei and put them together (in a
process called nuclear fusion), to form heavier nuclei,
moving in and down from the left side in Figure (4). Or
we can split apart heavy nuclei (In the process of
nuclear fission), moving in and down from the right
side. Fusion represents the release of nuclear force
potential energy, while fission represents the release of
electric force potential energy. When we get to the
bottom, at Iron 56, there is no energy to be released
either by fusion or fission.

fission

release of electric
force potential
energy

\bottom of the well at iron 56

I I I I I
0 20 40 60 80 100

I I I I I I I
120 140 160 180 200 220 240

Number of nucleons (neutrons or protons) in nucleus

Figure 4

The nuclear energy well. The graph shows the
amount of energy, per nucleon, required to pull the
nucleus apart into separate neutrons and protons.



ThereasonIron56is atthe bottom of the well isbecause
the diameter of an iron nucleus is about equal to the
range of the nuclear force. As you build up to Iron 56,
adding more nucleons increases the number of attrac-
tive forces between particles, and therefore increases
the strength of the binding. At Iron 56, you have the
largest nucleus in which every particle attracts every
other particle. The diameter of the Iron 56 nucleusis the
distance over which the attractive nuclear force is
stronger than the repulsive electric force.

When you build nuclei larger than Iron 56, the protons
on opposite sides of the nucleus are far enough apart
that the electric force is stronger and the particles repel.
Now, adding more particles reduces the binding energy
per particle and produces less stable nuclei. When a
nucleus become as large as uranium, the impact of a
single neutron can cause the nucleus to split apart into
two smaller, more stable nuclei in the nuclear fission
process.

There are some bumps in the graph of nuclear binding
energies, bumps representing details in the structure of
the nuclear force. The most striking anomaly is the
Helium 4 nucleus which is far more tightly bound than
neighboring nuclei. This tight binding of Helium 4 is
the reason, as we mentioned, that o particles (Helium
4 nuclei) rather than individual protons are emitted in
radioactive decays. But overlooking the bumps, we
have the general feature that nuclear binding energies
increase up to Iron 56 and then decrease thereafter.
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The importance of knowing the nuclear binding energy
per nucleon is that it tells us whether energy will be
released in a particular nuclear reaction. If the some-
what weakly bound uranium nucleus (7.41 MeV/
nucleon) splits into two more tightly bound nuclei like
cesium (8.16 MeV/nucleon) and zirconium (8.41 MeV/
nucleon), energy is released. At the other end of the
graph, if we combine two weakly bound deuterium
nuclei (2.8 MeV/nucleon) to form a more tightly bound
Helium 4 nucleus (7.1 MeV/nucleon), energy is also
released. Any reaction that moves us toward the Iron
56 nucleus releases energy. On the small nucleus side
we get a release of energy by combining small nuclei
to form bigger nuclei. But once past Iron 56, we get a
release of energy by splitting nuclei apart for form
smaller ones.



20-12 Nuclear Matter

NUCLEAR FUSION

The process of combining small nuclei to form larger
ones is called nuclear fusion. From our graph of
nuclear binding energies in Figure (4), we see that
nuclear fusion releases energy if the resulting nucleus
is smaller than Iron 56, but costs energy if the resulting
nucleus is larger. This fact has enormous significance
in the life of stars and the formation of the elements.

Most stars are created froma gas cloudrichinhydrogen
gas. When the cloud condenses, gravitational potential
energy is released and the gas heats up. If the condens-
ing cloud is massive enough, if the temperature be-
comes hot enough, the hydrogen nuclei begin to fuse.
After several reactions they produce Helium 4 nuclei,
releasing energy in each reaction. The fusion of
hydrogen to form helium becomes the source of energy
for the star for many years to come.

Unlike fission, fusion requires high temperatures in
order to take place. Consider the reaction in which two
hydrogen nuclei (protons) fuse to produce a deuterium
nucleus plus a positron and a neutrino. (When the two
protons fuse, the resulting nucleus immediately gets rid
of its electrical potential energy by having one proton
turn into a neutron in an inverse 3 decay process.)

The fusion of the two protons will take place if the
protons get closer together than the range of the nuclear
force about—4 proton diameters. Before they get that
close they repel electrically. Only if the protons were
initially moving fastenough, were hotenough, can they
get close enough to get past the electrical repulsion in
order to feel the nuclear attraction.

A good way to picture the situation is to think of
yourself as sitting on one of the protons, and draw a
graph of the potential energy of the approaching pro-
ton, as shown in Figure (5). When the proton separa-
tion r is greater than the range R, of the nuclear force,
the protons repel and the incoming proton has to climb
apotential energy hill. AtR = R, the net force turns
attractive and the potential energy begins to decrease,
forming a deep well when the particles are near to

touching. Energy is released when the incoming
proton falls into the well, but the incoming proton must
have enough kinetic energy to get over the electrical
potential energy barrier before the fusion can take
place.

Using our formula QQ,/r for electric potential en-
ergy, we can make a rough estimate of the kinetic
energy and the temperature required for fusion. Con-
sider the fusion of two protons where Q; =Q, =e.
For the protons to get within a distance Ry, the incom-
ing proton must climb a barrier of height

electric potential 1
energy of 2 protons = R-
a distance R, apart / 0

e2

(4.8x10- 10)2

T axlaxio-B3 (20

= 4.1xX 10_7ergs

Thisnumber, ez/RO = 41x1077 ergs ,istheamount
of kinetic energy an incoming proton must originally
have in order to get within a distance of approximately
R, of another proton. Only when it gets within this
distance can the nuclear force take over and fusion take
place.

approaching proton
meets electric

potential energy
barrier

—

potential energy of
approaching proton

fixed
proton ' proton separation r
RO
AN nuclear potential
energy well
Figure 5

When you shove two protons together, you
first have to overcome the electric repulsion
before the nuclear attraction dominates.



Inourearlier discussion of temperature, we saw that the
average kinetic energy of a particle in a gas of tempera-
ture T was 3/2 kT. If we had a gas of hydrogen so hot
that the average proton could enter into a fusion reac-
tion, the average kinetic energy of the protons would
have to be 4.1x107’ ergs. The temperature T; at
which this would happen is found by equating
4.1%x1077 ergs to 3/2 kT to give

%kT = 4.1x10 " ergs
T =2 4.1><10_7ergs
3 1.38x10—16%%§n
(27)
T = 2x10%elvin 2 billion
egrees

This temperature, two billion degrees kelvin, is a huge
overestimate. At this temperature, the average proton
in the gas would enter into a fusion reaction. If we
heated a container of hydrogen to this temperature, the
entire collection of protons would fuse after only a few
collisions, and the fusion energy would be released
almostinstantaneously. We would have whatisknown
as a hydrogen bomb.

In a star, the fusion of hydrogen takes place at the much
lower temperatures of about 20 million degrees. At20
million degrees, only a small fraction of the protons
have enough Kkinetic energy to enter into a fusion
reaction. At these temperatures the hydrogen is con-
sumed at a slow steady rate in what is known as a
controlled fusion reaction.
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STELLAR EVOLUTION

The story of the evolution of stars provides an ideal
setting to illustrate the interplay of the four basic
interactions. In this chapter so far we have been
focusing on the basic consequences of the interplay of
the nuclear, electric, and weak interactions at the level
of atomic nucleus. Add gravity and you have the story
of stellar evolution.

A star is born from a cloud of gas, typically rich in
hydrogen, that begins to collapse gravitationally. As
the cloud collapses, gravitational potential energy is
released which heats the gas. If the temperature does
not get hot enough to start the fusion of the hydrogen
nuclei, that’s more or less the end of the story and you
have a proto star, something around the size of the
planet Jupiter or smaller.

If there is more mass in the collapsing gas cloud, more
gravitational potential energy will be released, and the
temperature will rise enough to start the fusion of
hydrogen. How hot the center of the star becomes
depends on the mass of the star. In a star, like our sun
for example, there is a balance between the gravita-
tional attraction and the thermal pressure. The greater
the mass, the greater the gravitational attraction, and
the stronger the thermal pressure must be.

In our discussion of pressure in chapter 17, we saw that
when a balloon was cooled by liquid nitrogen, remov-
ing the thermal energy and pressure of the airmolecules
inside, the balloon collapsed. ( Figures 17-19.) Similar
processes occur in a star, except that the confining force
of the rubber is replaced by the confining force of
gravity. The sun is a ball of hot gas. Gravity is trying
to squeeze the gas inward, and the thermal pressure of
the gas prevents it from doing so. There is a precise
balance between the thermal pressure and gravity.

Figure 17-19
Balloon collapsing
in liquid nitrogen.
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From the earth the sun looks more like a solid object
than a ball of gas. The sun has a definite edge, an
obvious surface with spots and speckles on it. The
appearance of a sharp surface is the result of the change
in temperature of the gas with height. The hottest part
of the sun or any staris the center. Here the gasis sohot,
the thermal collisions are so violent, that the electrons
are knocked out of the hydrogen atoms and all the
hydrogenisionized. The gasis whatis called aplasma.
An ionized gas or plasma is opaque, light is absorbed
by the separate charged particles.

As you go out from the center of the star, the tempera-
ture drops. When you go out far enough, when the
temperature drops to about 3000 kelvins, the electrons
recombine with the nuclei, you get neutral atoms, and
the gas becomes transparent. This transition from an
opaque to transparent gas occurs rather abruptly, giv-
ing us what we think of as the surface of the sun.

Returning to the balance of gravitational attraction and
thermal pressure, you can see that the more mass in the
star the stronger gravity is, and the greater the thermal
pressure required to balance gravity. To increase the
thermal pressure, you have to increase the temperature.
Thus the more massive a star, the hotter it has to be.

The proton fusion reaction we have discussed is well
suited for supplying any required temperature. We
have seen that the rate at which fusion takes place
depends very much on the temperature. At 20 million
degrees, only a small fraction of the protons have
enough thermal kinetic energy to fuse. At 2 billion
degrees, the average proton has enough energy to fuse,
and any hydrogen at this temperature would burn
immediately.

There is a range of burning rates between these two
extremes. As aresult, with increasing temperature the
fusion reaction goes faster, supplies energy at a greater
rate, and maintains the higher temperature. Thus when
a new star forms it collapses until there is a balance
between the gravitational force and thermal pressure.
Whatever thermal pressure is required is supplied by
the heat generated by the fusion reaction. The more
thermal pressure needed, the higher the temperature
required and the faster the hydrogen burns.

One often refers to the region near the center of the star
where the fusion reaction is taking place as the core of
the star. Our sun, with a temperature in the core of 20
million degrees, is burning hydrogen at such a rate that
the hydrogen supply willlast 10 billion years. Since the
sun is 5 billion years old, about half the available
hydrogen in the core is used up.

A more massive star, like the star that blew up to give
us the 1987 supernova event, burns its hydrogen at a
much shorter time. That star was about 18 times as
massive as the sun, about 40,000 times as bright, and
burned its hydrogen inits core so fast that the hydrogen
lasted only about 10 million years.

The difference between different mass stars shows up
most dramatically after the hydrogen fuel is used up.
What will happen to our sun is relatively calm. When
our sun uses up the hydrogen, the core will start to cool
and collapse. But the collapse releases large amounts
of gravitational potential energy that heats the core to
higher temperatures than before. This hotter core
becomes very bright, so bright that the light from the
core, when it works its way out to the surface, exerts a
strong radiation pressure on the gas at the surface. This
radiation pressure will cause the surface of the sun to
expand until the diameter of the sunis aboutequal to the
diameter of the earth’s orbit. At this point the sun will
have become what is called a red giant star, with the
earth orbiting slightly inside. Itis not a very pleasant
picture for the earth, but it will not happen for another
five billion years.



Once the sun, as a red giant star, radiates the energy it
got from the gravitational collapse, it will gradually
cool and collapse until the atoms push against each
other. It will be the electric force between the atomic
electrons that will halt the gravitational collapse of the
sun. At that point the sun will become a ball of highly
compressed atomic matter about the size of the earth.
Initially it will be quite bright, an object called a white
dwarf star, but eventually it will cool and darken.

The story was very different for the star that gave rise
to the supernova explosion. That star, with its mass of
about 18 times that of the sun, burned its hydrogen in
10 million years. Atthatpoint the starhad a core, about
30 per cent of the star, consisting mostly of Helium 4,
the tightly bound nucleus that is the end result of
hydrogen fusion. Computer simulations tell us that for
the next tens of thousands of years, the helium core was
compressed from a density of 6 to 1,100 grams per
cubic centimeter, and the temperature rose from 40
million to 190 million degrees kelvin.

The temperature of 190 million degrees is high enough
to cause helium nuclei to fuse, forming carbon and
oxygen. Higher temperatures are required to fuse
helium nuclei, because each helium nucleus has two
protons and a charge + 2e. Thus the electric potential
barrier Q;Q,/R, is four times as high asitis for proton
fusion, and the helium nuclei need four times as much
kinetic energy to fuse.

At these higher temperatures the core radiated more
light, causing the outer layers of the star, mostly
unburned hydrogen, to expand to about twice the size
of the earth’s orbit. It had become a red supergiant.

The helium in the core lasted less than a million years,
leaving behind a collapsing core of carbon and oxygen.
The temperature rose to about 740 million degrees
where the carbon ignited to form neon, magnesium and
sodium. When the carbon was used up in about 12,000
years, further collapse raised the temperature to 1.6
billion degrees where neon ignited.
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In successively shorter times at successively higher
temperatures the more massive elements were created
and burned. After neon, there was carbon, then oxygen
at 2.1 billion degrees, and finally silicon and sulfur at
3.4 billion degrees. The neon burned in about 12 years,
the oxygen in 4 years, and the silicon in just a week.

One of the reasons for the accelerated pace of burning
at the end is that, at temperatures over half a billion
degrees, the star has a more efficient way of getting rid
of energy than emitting light. At these temperatures
some of the photons are energetic enough to create
electron-positron pairs which usually annihilated back
into photons but sometimes into neutrinos. Whereas
photons take thousands of years to carry energy from
the core of a star to the surface, neutrinos escape
immediately. Thus when the star reached half a billion
degrees, it sprung a neutrino heat leak, and the collapse
and burning went much faster.

The successive stages of burning took place in smaller
and smaller cores, leaving shells of unburned elements.
Unburned hydrogen filled the outer volume of the star.
Inside was a shell of unburned helium and inside that
successive shells of unburned carbon, oxygen, then a
mixture of neon, silicon and sulfur, and a shell of silicon
and sulfur.

In the center was iron. Iron was what resulted when the
silicon and sulfur burned. And iron is the end of the
road. As we have seen in Figure (4) iron is the most
stable atomic nucleus. Energy is released when you
fuse nuclei to form a nucleus smaller than iron, but it
costs energy to create nuclei larger than iron. The iron
core of the star was dead ash not a fuel.



20-16 Nuclear Matter

By the time the star had an iron core, it was rapidly
radiating energy in the form of neutrinos, but had run
outof fuel. Atthis pointtheiron core, which had amass
of about 1.4 times the mass of the sun, began to collapse
due to the lack of support by thermal pressure. When
the sun runs out of energy, its collapse will be halted by
the electric repulsion between atomic electrons. Inthe
1987 supernova star, the gravitational forces were so
great that the electrons were essentially crammed back
into the nuclei, the protons converted to neutrons, and
the core collapsed into a ball of neutrons about 100
miles in diameter.

This collapse took a few tenths of a second, and created
a shock wave that rapidly spread to the outer layers of
the star. Vastquantities of neutrinos were created in the
collapse, and escaped over the next 10 or so seconds.
The shock wave reached the surface of the star 3 hours
later, blowing off the surface of the star and starting a
burst of light 3 hours behind the burst of neutrinos. The
light and neutrinos raced each other for 180,000 years,
and the neutrinos were still at least 2 hours ahead when
they got to the earth.

When a supernova explodes, the outer shells of hydro-
gen, helium, carbon, neon, magnesium, sodium, sili-
con, sulfur and iron are blown out to form a new dust
cloud. Such a dust cloud—the Crab Nebula, produced
by the 1054 supernova explosion—is shown in Figure
(6). From this cloud new stars and planets will form,
stars and planets rich in the heavier elements created in
the star and recycled into space by the supernova
explosion.

Elements heavier than iron are also in the supernova
remnants. So much energy isreleased in the collapsing
core of the supernova that elements heavier than iron
are created by fusion, even though this fusion costs
energy. All the silver and gold in your watchband and
ring, the iodine in your medicine cabinet, the mercury
in your thermometer, and lead in your fishing sinker,
all of these elements which lie beyond iron, were
created in the flash of a supernova explosion. Without
supernova explosions, the only raw materials for the
formation of stars and planets would be hydrogen,
some deuterium, and a trace of other light elements left
over from the Big Bang that created the universe.

How elements are formed in stars has been a fascinat-
ing detective story carried out over the past 40 years.
The pioneering work, carried out by William Fowler,
Fred Hoyle, and others, involved a careful study of
nuclear reactions in the laboratory and then a modeling
of how stars should evolve based on the known reac-
tions. On one occasion a nuclear reaction was pre-
dicted to exist because it had to be there for stars to
evolve. The reaction was then found in the laboratory,
exactly as predicted.

The modeling of stellar evolution, using experimental
data on nuclear reactions, and large computer pro-
grams, has quite successfully predicted the relative
abundance of the various elements , as well as many
features of stellar evolution such as the expansion of a
star into a red giant when the hydrogen fuel in its core
is used up. The success of these models leads us to
believe that the details we described about what hap-
pened in the very core of a star about to explode,
actually happened as described. An exciting conse-
quence of the 1987 supernova explosion was that we
got a glimpse into the core of the exploding star, a
glimpse provided by the neutrinos that took 10 sec-
onds, as predicted, to escape from the core. The

neutrinos also arrived three hours before the photons,
as predicted by the computer models.

Figure 6a

The Crab Nebula. The arrow points to the pulsar that
created the nebula. (Above photo Hale Observatories. 6b:
1950 Photograph by Walter Baade, 1964 by Giiigo Munch,
composite by Munch and Virginia Trimble.)



NEUTRON STARS

One of the great predictions of astronomy based on the
physical properties of matter was made by a young
physicist/astronomer S. Chandrasekhar in the 1930s.
With some relatively straightforward calculations,
Chandrasekhar predicted that if a cooling, collapsing
star had a mass greater than 1.4 times the mass of the
sun, the force of gravity would be strong enough to
cram the atomic electrons down into the nuclei, con-
verting the protons to neutrons, leaving behind a ball of
neutrons about 10 miles in diameter.

Chandrasekhar talked about this idea with his sponsor
Sir Arthur Eddington, who was, at the time, one of the
most famous astronomers in the world. In private,
Eddington agreed with Chandrasekhar’s calculations,
but when asked about them in the 1932 meeting of the
Royal Astronomical Society, Eddington replied thathe
didnotbelieve that such aprocess could possibly occur.
Chandrasekhar’s ideas were dismissed by the astro-
nomical community, and adiscouraged Chandrasekhar
left astronomy and went into the field of hydrodynam-
ics and plasma physics where he made significant
contributions.

Figure 6b
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In 1967, the graduate student Jocelyn Bell, using
equipment devised by Antony Hewish, observed an
object emitting extremely sharp radio pulses that were
1.337 seconds apart. By the end of the year, up to ten
such pulsing objects were detected, one with pulses
only 89 milliseconds apart. After eliminating the pos-
sibility that the radio pulse was communication froman
advanced civilization, it was determined that the sig-
nals were most likely from an objects rotating at high
speeds. A star cannot rotate that fast unless it is very
compact, less than 100 miles in diameter. The only
candidate for such an object was Chandresekhar’s
neutron star.

Many other pulsing stars—pulsars—have been dis-
covered. The closest sits at the center of the explosion
that created the Crab Nebula seen in Figure (6a). A
superposition of photographs taken in 1950 and 1964,
Figure (6b), shows that the gas in the Crab Nebula is
expanding away from the star marked with an arrow.
Taking a high speed moving picture of this star, some-
thing that one does not usually do when photographing
stars, shows that this star turns on and off 33 times a
second as seenin Figure (7). This s the neutron star left
behind when the supernova exploded.

.
*
A
pulsar

Figure 7

Neutron star in Crab Nebula, turns on and off 33
times/sec. (Exposure from the Lick Observatory.)

Expansion of the Crab Nebula. Two photographs, taken
14 years apart, the first printed in white, the second
dark, show the expansion centered on the pulsar.
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We have now been able to study many pulsars, and
know that the typical neutron star is a ball of neutrons
about 10 miles in diameter, rotating at rates up to nearly
1000 revolutions per second! We can detect neutron
stars because they have a bright spot that emits a beam
of radiation. We see the pulses of radiation when the
beam sweeps over us much as the captain of a ship sees
the bright flash from a lighthouse when the beam
sweeps past.

Computer models suggest that the bright spot is created
by the magnetic field of the star, a field that was tied to
the material in the core of the star and was strengthened
as the core collapsed. Charged particles in the ‘atmo-
sphere’ of the neutron star spiral around the magnetic
field lines striking the star at the magnetic poles. Onthe
earth, charged particles spiraling around the earth’s
magnetic field lines strike the earth’s atmosphere at the
magnetic poles, creating the aurora borealis and aurora
australis, the northern and southern lights that light up
extreme northern and southern night skies. On a
neutron star, the aurora is much brighter, also the
atmosphere much thinner, only a few centimeters
thick. (In Chapter 28 on Magnetism, we will talk about
the motion of charged particles in a magnetic field.)

NEUTRON STARS
AND BLACK HOLES

As predicted by Chandrasekhar, when a cooling star is
more than 1.4 times as massive as the sun, the gravita-
tional attraction becomes strong enough to overcome
the electronic structure of matter, shoving the electrons
into the nuclei and leaving behind a ball of neutrons. A
neutron star is essentially a gigantic nucleus in which
the attractive gravitational force which holds the ball
together, is balanced by the repulsive component of the
nuclear force which keeps the neutrons from squeezing
into each other.

In our discussion of atomic nuclei, it was the attractive
component of the nuclear force that was of the most
interest. It was the attractive part that overcame the
electric repulsion between protons. Now in the neutron
star, gravity is doing the attracting and the nuclear force
is doing the repelling.

Einstein’s special theory of relativity sets a limit on
how strong the repulsive part of the nuclear force can
be. We can see why with the following qualitative
arguments.

The harder it is to shove two nucleons into each other,
the stronger the repulsive part of the nuclear force, the
more incompressible nuclear matter is. Now in our
beginning discussions of the principle of relativity in
Chapter 1, we saw that the speed of a sound wave
depended upon the compressibility of the material
through which the sound was moving. We used a
stretched Slinky for our initial demonstrations of wave
motion because a stretched Slinky is very easy to
compress, with the result that Slinky waves move very
slowly, about 1 foot per second.

Air is much more incompressible than a Slinky (try
blowing air into a Coke bottle), with the result that
sound waves in air travel about 1000 times faster than
slinky waves. Water is more incompressible yet, and
sound travels through water 5 times faster than in air.
Because steel is even more incompressible than water,
sound travels even faster in steel, about 4 times faster
than in water.



The most incompressible substance known is nuclear
matter. It is so incompressible, the repulsive force
between nucleons is so great that the calculated speed
of sound in nuclear matter approaches the speed of
light. And that’s the limit. Nothing can be so rigid or
incompressible that the speed of sound in the substance
exceeds the speed of light. This fact alone tells us that
there is a limit to how rigid matter can be, how strong
repulsive forces can become. The repulsive part of the
nuclear force approaches that limit.

There is, however, no limit to the strength of attractive
forces. The attractive gravitational force in a neutron
star simply depends upon the amount of mass in the
star. The more mass, the stronger the force.

From this we can conclude that we are in serious
trouble if the neutron star gets too big. It is estimated
that in a neutron star with a mass 4 to 6 times the mass
of the sun, the attractive gravitational force will exceed
the repulsive component of the nuclear force, and the
neutrons will begin to collapse into each other.

As the star starts to collapse, gravity gets still stronger.
But gravity has just crushed the strongest known
repulsive force. At some point during the collapse,
gravity will become strong enough to crush any pos-
siblerepulsive force. According to the laws of physics,
as we know them, nothing can stop the further collapse
of the star, perhaps down to a mathematical point, or at
least down to a size so small that new laws of physics
take over.

The problem with finding black holes is that, as their
name suggests, they donotemitlight. The only way we
have of detecting black holes is by their gravitational
effect on other objects.

It turns out that a good fraction of the stars in the
universe come in binary pairs. Having a pair of stars
form is an effective way of taking up the angular
momentum of a collapsing gas cloud that was initially
rotating. If Jupiter had been just a bit bigger, igniting
its own nuclear reactions, then the earth would have
been located in a binary star system.
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If one of a pair of binary stars is a black hole, two
detectable effects can occur. If the stars are in close
orbit, the black hole will suck off the outer layers of gas
from the visible companion, as indicated in the artist’s
conception, Figure (12). According to computer mod-
els, the gas that is drawn off from the companion star
goes into orbit around the black hole, forming what is
called anaccretion disk around the black hole. The gas
in the accretion disk is moving very rapidly, at speeds
approaching the speed of light. As a result of the high
speeds, and turbulence in the flow, the particles in the
accretion disk emit vast quantities of X rays as they
spiral down toward the black hole. Strong X ray
emission is thus a signature that an object may be a
binary star system with one of the stars being a black
hole.

Figure 8

Painting of the gas from a blue giant star being
sucked into a black hole. (From the May, 1974
National Geographic, Artist Victor J. Kelley.)
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Since X rays can be emitted in other ways, a further
check is needed to be sure that a black hole is involved.
By studying the orbit of the visible companion, one can
determine the mass of the invisible one (essentially
using Kepler’s third law, in a slightly modified form).
The test of whether the invisible companion is a black
hole is whether its mass is over 6 solar masses. Ifitis,
then no dark object could withstand the gravitational
forcesinvolved. The first candidate for an object fitting
this description is the X ray source in the constellation
of Cygnus, an object known as Cygnus X1.

Rather than being scarce, hard—to—find objects, black
holes may play a significant role in the structure of the
universe. There is good evidence, from the study of the
motions of stars, that a gigantic black hole, with a mass
of millions of solar masses, may lie at the heart of our
galaxy and other galaxies as well. And recent studies
have indicated that there may be a black hole at the
center of globular clusters. Wherever black holes may
be, whatever their role in our universe, one fact stands
out—gravity, a force too weak even to be detected on
an atomic scale, can under the right circumstances
become the strongest force of all, strong enough to
crush matter out of existence.
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Chapter 23

Fluid Dynamics

Since the earth is covered by two fluids, air and water,
much of our life is spent dealing with the dynamic
behavior of fluids. This is particularly true of the
atmosphere where the weather patterns are governed
by the interaction of large and small vortex systems,
that sometime strengthen into fierce systems like torna-
dos and hurricanes. On asmaller scale our knowledge
of some basic principles of fluid dynamics allows us to
build airplanes that fly and sailboats that sail into the
wind.

In this chapter we will discuss only a few of the basic
concepts of fluid dynamics, the concept of the velocity
field, of streamlines, Bernoulli’s equation, and the
basic structure of a well-formed vortex. While these
topics are interesting in their own right, the subject is
being discussed here to lay the foundation for many of
the concepts that we will use in our discussion of
electric and magnetic phenomena. This chapter is
fairly easy reading, but it contains essential material
for our later work. It is not optional.

The Current State of Fluid Dynamics

The ideas that we will discuss here were discovered
well over a century ago. They are simple ideas that
provide very good predictions in certain restricted
circumstances. In general, fluid flows canbecome very
complicated with the appearance of turbulent motion.
Only in the twentieth century have we begun to gain
confidence that we have the correct equations to ex-
plain fluid motion. Solving these equations is another
matter and one of the most active research topics in
modern science. Fluid theory has been the test bed of
the capability of modern super computers as well as the
focus of attention of many theorists. Only a few years
ago, from the work of Lorenz it was discovered that it
was not possible, even in principle, to make accurate
long-range forecasts of the behavior of fluid systems,
that when you try to predict too far into the future, the
chaotic behavior of the system destroys the accuracy of
the prediction.

Relative to the current work on fluid behavior, we will
justbarely touch the edges of the theory. Buteven there
we find important basic concepts such as a vector field,
streamlines, and voltage, that will be important through-
out the remainder of the course. We are introducing
these concepts in the context of fluid motion because it
is much easier to visualize the behavior of a fluid than
some of the more exotic fields we will discuss later.
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THE VELOCITY FIELD

Imagine that you are standing on a bridge over a river
looking down at the water flowing underneath you. If
itis a shallow stream the flow may be around boulders
and logs, and be marked by the motion of fallen leaves
and specks of foam. In a deep, wide river, the flow
could be quite smooth, marked only by the eddies that
trail off from the bridge abutments or the whipping
back and forth of small buoys.

Although the motion of the fluid is often hard to see
directly, the moving leaves and eddies tell you that the
motion is there, and you know that if you stepped into
the river, you would be carried along with the water.

Our first step in constructing a theory of fluid motion is
to describe the motion. At every point in the fluid, we
can think of a small “particle” of fluid moving with a
velocity v. We have to be a bit careful here. If we
picture too small a “particle of fluid”, we begin to see
individual atoms and the random motion between
atoms. Thisis too small. On the other hand, if we think
of too big a “particle”, it may have small fluid eddies
inside it and we can’t decide which way this little piece
of fluid is moving. Here we introduce a not completely
justified assumption, namely that there is a scale of
distance, a size of our particle of fluid, where atomic
motions are too small to be seen and any eddies in the
fluid are big enough to carry the entire particle with it.
With this idealization, we will say that the velocity v of
the fluid at some point is equal to the velocity of the
particle of fluid that is located at that point.

We have just introduced a new concept which we will
call the “velocity field”. At every point in a fluid we
define a vector v whichs the velocity vector of the fluid
particle at that point. To formalize the notation a bit,
consider the point labeled by the coordinates (x, y, z).
Then the velocity of the fluid at that point is given by
the vector V (x,y, z), where V (X, y, z) changes as we
go from one point to another, from one fluid particle to
another.

As an example of what we will call a velocity field,
consider the bathtub vortex shownin Figure (1a). From
the top view the water is going in a nearly circular
motion around the vortex core as it spirals down the
funnel. We have chosen Points A, B, C and D, and at
each of the points drawn a velocity vector to represent
the velocity of the fluid particle at that point. The
velocity vectors are tangent to the circular path of the
fluid and vary in size depending on the speed of the
fluid. In a typical vortex the fluid near the core of the
vortex moves faster than the fluid out near the edge.
This is represented in Figure (1b) by the fact that the
vector at Point D, in near the core, is much longer than
the one at Point A, out near the edge.

vortex with
hollow core

N

funnel

Figure 1a

The ""bathtub' vortex is easily seen by filling
a glass funnel with water, stirring the water,
and letting the water flow out of the bottom.

hollow
vortex
core

Figure 1b
Looking down from the top, we see the water moving
around in a circular path, with the water near the core
moving faster. The velocity vectors, drawn at four
different points, get longer as we approach the core.



The Vector Field

The velocity field, illustrated in Figure (1) is our first
example of amore general concept called avector field.
The 1dea of a vector field is simply that at every point
in space there is a vector with an explicit direction and
magnitude. In the case of the velocity field, the vector
is the velocity vector of the fluid particle at that point.
The vector V (X, y, z) points in the direction of motion
of the fluid, and has a magnitude equal to the speed of
the fluid.

It is not hard to construct other examples of vector
fields. Suppose you took a 1 kg mass hung on the end
of aspring, and carried it around to different parts of the
earth. Atevery pointon the surface where you stopped
and measured the gravitational force F = mg = g (for
m = 1) you would obtain a force vector that points
nearly toward the center of the earth, and has a magni-
tude of about 9.8 m/sec? as illustrated in Figure (2). If
you were ambitious and went down into tunnels, or up
on very tall buildings, the vectors would still point
toward the center of the earth, but the magnitude would

gravitational
force on a
one kilogram
mass

Figure 2

We can begin to draw a picture of the earth's
gravitational field by carrying a one kilogram
mass around to various points on the surface of
the earth and drawing the vector g representing
the force on that unit mass (m = 1) object.
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vary a bit depending how far down or up you went.
(Theoretically the magnitude of g would drop to zero
atthe center of the earth, and drop off as 1/ as we went
out away from the earth). This quantity g has a
magnitude and direction at every point, and therefore
qualifies as a vector field. This particular vector field
is called the gravitational field of the earth.

It is easy to describe how to construct the gravitational
field g at every point. Just measure the magnitude and
direction of the gravitational force on anon-accelerated
1 kg mass at every point. What is not so easy is to
picture the result. One problem is drawing all these
vectors. In Figure (2) we drew only about five g
vectors. What would we do if we had several million
measurements?

The gravitational field is a fairly abstract concept—the
result of a series of specific measurements. You have
never seen a gravitational field, and at this point you
have very little intuition about how gravitational fields
behave (do they “behave”? do they do things?). Later
we will see that they do.

In contrast you have seen fluid motion all your life, and
you have already acquired an extensive intuition about
the behavior of the velocity field of a fluid. We wish to
build on this intuition and develop some of the math-
ematical tools that are effective in describing fluid
motion. Once you see how these mathematical tools
apply to an easily visualized vector field like the
velocity field of a fluid, we will apply these tools to
more abstract concepts like the gravitational field we
just mentioned, or more importantly to the electric
field, which is the subject of the next nine chapters.



234 Fluid Dynamics

water ink
object —_|’
between
glass narrow gap
sheets between sheets
of glass
\
glass
sheets

(a) Edge-view of the so called Hele-Shaw cell

\ \\nl 1l

(b) Flow around a circular object.

\/

\Hh 111/

(c) Flow around airplane wing shapes.

Figure 3

In a Hele-Shaw cell, bands of water and ink flow
down through a narrow gap between sheets of
glass. With this you can observe the flow around
different shaped objects placed in the gap. The
alternate black and clear bands of water and ink
mark the streamlines of the flow.

Streamlines

We have already mentioned one problem with vector
fields—how do you draw or represent so many vec-
tors? A partial answer is through the concept of
streamlines illustrated in Figure (3). In that figure we
have two plates of glass separated by a narrow gap with
water flowing down through the gap. Inorderto see the
path taken by the flowing water, there are two fluid
reservoirs at the top, one containing ink and the other
clear water. The ink and water are fed into the gap in
alternate bands producing the streaks that we see.
Inside the gap are aplastic cut-out of both acylinder and
a cross section of an airplane wing, so that we can
visualize how the fluid flows past these obstacles.

Thelines drawn by the alternate bands of clear and dark
water are called streamlines. Each band forms a
separate stream, the clear water staying in clear streams
and the inky water in dark streams. What these streams
or streamlines tell us is the direction of motion of the
fluid. Because the streams donot cross and because the
dark fluid does not mix with the light fluid, we know
that the fluid is moving along the streamlines, not
perpendicular to them. In Figure (4) we have sketched
apair of streamlines and drawn the velocity vectors v ,
v,, V, and Vv, at four points along one of the streams.
Whatis obviousis that the velocity vector at some point
must be parallel to the streamline at that point, for that
is the way the fluid is flowing. The streamlines give us
amap of the directions of the fluid flow at the various
points in the fluid.

Figure 4

Velocity vectors in a
streamline. Since
the fluid is flowing
along the stream, the
velocity vectors are
parallel to the
streamlines. Where
the streamlines are
close together and
the stream becomes

Streamlines ——\

narrow, the fluid =
must flow faster and V4
the velocity vectors

are longer.



Continuity Equation

Whenwehave aset of streamlines such as thatin Figure
(4), we have a good idea of the directions of flow. We
can draw the direction of the velocity vector at any
point by constructing a vector parallel to the streamline
passing through that point. If the streamline we have
drawn or photographed does not pass exactly through
thatpoint, then we can do afairly good job of estimating
the direction from the neighboring streamlines.

But what about the speed of the fluid? Every vector has
both a magnitude and a direction. So far, the stream-
lines have told us only the directions of the velocity
vectors. Can we determine or estimate the fluid speed
ateach point so that we can complete our description of
the velocity field?

When there is construction on an interstate highway
and the road is narrowed from two lanes to one, the
traffic tends to go slowly through the construction.
This makes sense for traffic safety, but it is just the
wrong way to handle an efficient fluid flow. The traffic
should go faster through the construction to make up
for thereduced width of the road. (Can youimagine the
person with an orange vest holding a sign that says
“Fast”?) Water, when it flows down a tube with a
constriction, travels faster through the constriction than

streamline

Figure 5

During the time At, water entering the small section
of pipe travels a distance v;At, while water leaving
the large section goes a distance v, At. Since the
same amount of water must enter as leave, the
entrance volume A ; Ax ; must equal the exit volume
A, Ax,. This gives A ;v;At = A,v,At, or the result
A yv; = A,v, which is one form of the continuity
equation.
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in the wide sections. This way, the same volume of
water per second gets past the constriction as passes per
second past a wide section of the channel. Applying
this idea to Figure (4), we see why the velocity vectors
are longer, the fluid speed higher, in the narrow sec-
tions of the streamline channels than in the wide
sections.

Itisnottoo hard to go from the qualitative idea that fluid
must flow faster in the narrow sections of a channel, to
a quantitative result that allows us to calculate how
much faster. In Figure (5), we are considering a section
of streamline or flow tube which has an entrance area
A, and exit area A, as shown. In a short time At, the
fluid at the entrance travels adistance Ax | =v,At, while
at the exit the fluid goes a distance Ax, = v,At.

The volume of water that entered the stream during the
time At is the shaded volume at the left side of the
diagram, and is equal to the area A times the distance
Ax that the fluid has moved

Vol f wat
entering in At /

The volume of water leaving the same amount of time
is

1 f
Vo 1'1me 0 Water \ = AJAX, = Av,At (2)
leaving during At /

If the water does not get squeezed up or compressed
inside the stream between A and A,, if we have an
incompressible fluid, which is quite true for water and
inmany cases even true for air, then the volume of fluid
entering and the volume of the fluid leaving during the
time At must be equal. Equating Equations (1) and (2)

and cancelling the At gives

AIVI = A2V2 continuity equation (3)

Equation (3) is known as the continuity equation for
incompressible fluids. It is a statement that we do not
squeeze up or lose any fluid in the stream. It also tells
us that the velocity of the fluid is inversely proportional



23-6 Fluid Dynamics

to the cross sectional area of the stream at that point. If
the cross sectional area in a constriction has been cut in
half, then the speed of the water must double in order
to get the fluid through the constriction.

If we have a map of the streamlines, and know the
entrance speed v; of the fluid, then we can determine
the magnitude and direction of the fluid velocity v, at
any point downstream. The direction of V; is parallel
to the streamline at Point (2), and the magnitude is
given by v, =vj (A1/A3). Thus a careful map of the
fluid streamlines, combined with the continuity equa-
tion, give us almost a complete picture of the fluid
motion. The only additional information we needis the
entrance speed.

2
point source
of water

Figure 6

Point source of water. Imagine that water
molecules are created inside the small sphere
and flow radially out through its surface at a
speed v;. The same molecules will eventually
flow out through the larger sphere at a lesser
speed v,. If no water molecules are created or
destroyed outside the small sphere, then the
continuity equation A ;v; = A,v, requires
that (471'r12 j]vl = (47l'r2 fvz.

Velocity Field of a Point Source

This is an artificial example that shows us how to apply
the continuity equation in a somewhat unexpected
way, and leads to some ideas that will be very important
in our later discussion of electric fields.

For this example, imagine a small magic sphere that
creates water molecules inside and lets the water
molecules flow out through the surface of the sphere.
(Or there may be an unseen hose that supplies the water
that flows out through the surface of the sphere.)

Let the small sphere have a radius r,area 4T r12 and
assume that the water is emerging radially out through
the small sphere at a speed v, as shown in Figure (6).
Also let us picture that the small sphere is at the center
of ahuge swimming pool full of water, that the sides of
the pool are so far away that the water continues to flow
radially outward at least for several meters. Now
conceptually construct a second sphere of radius
r, >r1; centered on the small sphere as in Figure (6).

During one second, the volume of water flowing out of
the small sphere is v, A , corresponding to At= 1 sec in
Equation (1). By the continuity equation, the volume
of water flowing out through the second sphere in one
second, v, A,, must be the same in order that no water
piles up between the spheres. Using the fact that
A, =4nr2and A, =471, we get

continuity

ViAL = VA, equation

V14'TCI'12 = V24TCI'22

1 2
vV, = —|vr 4da
2 rzz( 11 ) (4a)
Equation 4a tells us that as we go out from the "magic
sphere", as the distance r, increases, the velocity v,
drops off as the inverse square of 1,, as 1/r,2. We can
write this relationship in the form

1 The symbol
Vy o - o< means (4b)
Iy "proportional to"

A small spherical source like that shown in Figure (6)
is often called a point source. We see that a point
source of water produces a 12 velocity field.



Velocity Field of a Line Source

One more example which we will often use later is the
line source. This is much easier to construct than the
point source where we had to create water molecules.
Good models for a line source of water are the sprin-
kling hoses used to water gardens. These hoses have a
series of small holes that let the water flow radially
outward.

For this example, imagine that we have along sprinkler
hose running down the center of an immense swim-
ming pool. In Figure (7) we are looking at a cross
section of the hose and see aradial flow thatlooks very
much like Figure (6). The side view, however, is
different. Here we see that we are dealing with a line
rather than a point source of water.

Consider a section of the hose and fluid of length L.
The volume of water flowing in one second out through
this section of hose is viA; where A| =L times (the
circumference of the hose) = L(27r)).

Volume of
water/ sec
from a section
L of hose

If the swimming pool is big enough so that this water
continues to flow radially out through acylindrical area
A, concentric with and surrounding the hose, then the
volume of water per second (we will call this the “flux”
of water) out through A, is

Volume of \

water/ secout ; = VA, = V2( 21tr2L)

through A, /
Using the continuity equation to equate these volumes
of water per second gives

\‘ = VI[\1 = V11427tr1

ViAL = VA,
V1L27T,I‘1 = V2L275r2; V] I‘l = V2r2
)
Vy = oc —
1) L (5)

We see that the velocity field of a line source drops off
as 1/r rather than 1/r2 which we got from a point source.
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line source Vo
of water

<V

Y
M~ —1
—
=
oM
S
<l

b) Side view of line source

Figure 7

Line source of water. In a line source, the
water flows radially outward through a
cylindrical area whose length we choose as
L and whose circumference is 27r .
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FLUX

Sometimes simply changing the name of a quantity
leads us to new ways of thinking about it. In this case
we are going to use the word flux to describe the
amount of water flowing per second out of some
volume. From the examples we have considered, the
flux of water out through volumes V and V, are given
by the formulas

Flux of \ f Volurrflle of

water = water flowing = v, Al
per second

out of V| f \ outof V; f

Flux of

water = VA,

out of V, /

The continuity equation can be restated by saying that
the flux of water out of V| must equal the flux out of V,
if the water does not get lost or compressed as it flows
from the inner to the outer surface.

So far we have chosen simple surfaces, a sphere and a
cylinder, and for these surfaces the flux of water is
simply the fluid speed v times the area out through
whichitis flowing. Note that forourcylindrical surface
shown in Figure (8), no wateris flowing out through the
ends of the cylinder, thus only the outside area (27trL)
counted in our calculation of flux. A more general way
of stating how we calculate flux is to say that it is the
fluid speed v times the perpendicular area A | through
which the fluid is flowing. For the cylinder, the

perpendicular area A | is the outside area (27rL); the
ends of the cylinder are parallel to the flow and there-
fore do not count.

no water
flows out

\ through
— the end

Figure 8

With a line source, all the water flows through the
cylindrical surface surrounding the source and none
through the ends. Thus A ,, the perpendicular area
through which the water flows is (27tr)XL.

The concept of flux can be generalized to irregular
flows and irregularly shaped surfaces. To handle that
case, break the flow up into abunch of small flow tubes
separated by streamlines, construct a perpendicular
area for each flow tube as shown in Figure (9), and then
calculate the total flux by adding up the fluxes from
each flow tube.

Total Flux = vjA; + V,Ay + VA, +...
= ZViAJi_
1
In the really messy cases, the sum over flow tubes

becomes an integral as we take the limit of a large
number of infinitesimal flow tubes.

(6)

For this text, we have gone too far. We will not work
with very complicated flows. We canlearn all we want
from the simple ones like the flow out of a sphere or a
cylinder. In those cases the perpendicular area is
obvious and the flux easy tocalculate. Forthe spherical
flow of Figure (6), we see that the velocity field
dropped off as 1/r2 as we went out from the center of the
sphere. For the cylinder in Figure (7) the velocity field
dropped off less rapidly, as 1/r.

Figure 9

To calculate the flux of water in an arbitrarily
shaped flow break up the flow into many small flux
tubes where the fluid velocity is essentially uniform
across the small tube as shown. The flux through
the i-th tube is simply v;A ;, and the total flux is the
sum of the fluxes X;v;,A ; through each tube.

<L



BERNOULLPS EQUATION

Our discussion of flux was fairly lengthy, not so much
for the results we got, but to establish concepts that we
willuse extensively later onin our discussion of electric
fields. Another topic, Bernoulli’s law, has a much
more direct application to the understanding of fluid
flows. Italso has some rather surprising consequences
which help explain why airplanes can fly and how a
sailboat can sail up into the wind.

Bernoulli’s law involves an energy relationship be-
tween the pressure, the height, and the velocity of a
fluid. The theorem assumes that we have a constant
density fluid moving with a steady flow, and that
viscous effects are negligible, as they often are for
fluids such as air and water.

flow tube
bounded by
streamlines

|
| —1

A TR T

AN

|F1|= P A; volume of
water entering
during time At

Figure 10
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Consider a small tube of flow bounded by streamlines
as shown in Figure (10). In a short time At a small
volume of fluid enters on the left and an equal volume
exits on the right. If the exiting volume has more
energy than the entering volume, the extra energy had
to come from the work done by pressure forces acting
on the fluid in the flow tube. Equating the work done
by the pressure forces to the increase in energy gives us
Bernoulli's equation.

Tohelp visualize the situation, imagine that the stream-
line boundaries of the flow tube are replaced by fric-
tionless, rigid walls. This would have no effect on the
flow of the fluid, but focuses our attention on the ends
of the tube where the fluid is flowing in on the left, at
what we will call Point (1), and out on the right at Point

2).

AXo=VoAt
4 \ /
1 \ 7
1 V1 AN
—_— A2| 2|| F2
\ 1 |A|
1\ ‘\ /I ! F2 = 2A2
volume of

water exiting
during time at

Derivation of Bernoulli's equation. Select a flow tube bounded by streamlines. For the steady
flow of an incompressible fluid, during a time At the same volume of fluid must enter on the
left as leave on the right. If the exiting fluid has more energy than the entering fluid, the
increase must be a result of the net work done by the pressure forces acting on the fluid.
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As a further aid to visualization, imagine that a small
frictionless cylinder is temporarily inserted into the
entrance of the tube as shown in Figure (11a), and at the
exit as shown in Figure (11b). Such cylinders have no
effect on the flow but help us picture the pressure
forces.

At the entrance, if the fluid pressure is P; and the area
of the cylinderis A |, then the external fluid exerts a net
force of magnitude

|131 | = PlA (7a)

directed perpendicular to the surface of the cylinder as
shown. We can think of this force 13] as the pressure
force that the outside fluid exerts on the fluid inside the
flow tube. At the exit, the external fluid exerts a
pressure force 132 of magnitude

| 132 | = BA, (7b)

directed perpendicular to the piston, i.e., back toward
the fluid inside the tube.

entrance to

flow tube
N = ) ;
a) R —C=] é internal fluid
P =
A
exit from
flow tube
RN
3
N N
b) internal fluid |S=1<—F,
| R
I
A,

Figure 11
The flow would be unchanged if we temporarily
inserted frictionless pistons at the entrance and exit.

Thus the fluid inside the flow tube is subject to external
pressure forces, F, in from the left and F, in from the
right. During a time At, the fluid at the entrance moves
adistance Ax | = v At as shown in Figure (10). While
moving this distance, the entering fluid is subject to the
pressure force 131 , thus the work AW, done by the
pressure force at the entrance is

AW, = F-A%; = (P/A, (v At) (8a)

At the exit, the fluid moves out a distance Ax, = v,At,
while the external force pushes back in with a pressure
force F,. Thus the pressure forces do negative work on
the inside fluid, with the result

AW, = By A%, = —(PA, |(v,At) (8b)
The net work AW done during a time At by external
pressure forces on fluid inside the flow tube is therefore

AW

A\M + AWZ

)
= P AvAL - Py Apv,At )

Equation (9) can be simplified by noting that
A v|At=A Ax, is the volume AV, of the entering
fluid. Likewise A ,v,At = A,AX, is the volume AV,
of the exiting fluid. But during At, the same volume
AV of fluid enters and leaves, thus AV, = AV, = AV
and we can write Equation (9) as

work done
by external
pressure
forces

on fluid
inside flow
tube

AW = AV(P, - B)) (10)

The next step is to calculate the change in energy of the
entering and exiting volumes of fluid. The energy AE
of the entering fluid is its kinetic energy 1/ 2( Am )V12
plusits gravitational potential energy ( Am ) gh,,where
Am is the mass of the entering fluid. If the fluid has a
density p, then Am = pAV and we get



AE,

%( pAV )vl2 + ( pAV )ghl
(11a)

AV( %pvl2 + pghl)

At the exit, the same mass and volume of fluid leave in
time At, and the energy of the exiting fluid is

AE, = AV(1pv3 +pgh,) (11b)

The change AE in the energy in going from the
entrance to the exit is therefore

AE = AEZ_AEI
= AV(dpv2+pgh, - Lpv2 - pgh
= FPV2 +pghy — 5pvi—pghy | (12)

Equating the work done, Equation (10) to the change in
energy, Equation (12) gives

AV(P, - P,)
= AV(3pv3 +peh, - Spvi—pehy)  (13)
5 PVa + pehy — 5pVi — pgh
Not only can we cancel the AVs in Equation (13), but

we can rearrange the terms to make the result easier to
remember. We get

(14)

P+ %PVl2 +pgh; =P+ %PV22 + pgh,

23-11

In this form, an interpretation of Bernoulli’s equation
begins to emerge. We see that the quantity
(P + pgh + 1pvthas the same numerical value at the
entrance, Point (1), as at the exit, Point (2). Since we
can move the starting and ending points anywhere
along the flow tube, we have the more general result

f constant anywhere
(P +pgh + %pvz) = { along a flow tube
\ or streamline

(15)

Equation (15) is our final statement of Bernoulli’s
equation. In words it says that for the steady flow of an
incompressible, non viscous, fluid, the quantity
(ﬂ P + pgh + 1/2pV23 has a constant value along a
streamline.

The restriction that Q,P +pgh +1/2 pvz) is constant
along a streamline has to be taken seriously. Our
derivation applied energy conservation to a plug mov-
ing along a small flow tube whose boundaries are
streamlines. We did not consider plugs of fluid moving
indifferent flow tubes, i.e., along different streamlines.
For some special flows, the quantity
(lf+ pgh + 1/2pv2 | has the same value throughout
the entire fluid. But for most flows,

P + pgh + 1/2pv?2 | has different values on different
streamlines. Since we haven’ttold you whatthe special
flows are, play it safe and assume that the numerical
value of | P + pgh + 1/2 pvzs) can change when you
hop from one streamline to another.
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APPLICATIONS OF
BERNOULLPS EQUATION

Bernoulli’s equation is a rather remarkable result that
some quantity | P + pgh + 1/2pv2 ) has a value that
doesn’tchange as you go along a streamline. The terms
inside, except for the P term, look like the energy of a
unit volume of fluid. The P term came from the work
part of the energy conservation theorem, and cannot
strictly be interpreted as some kind of pressure energy.
Astempting as itis to try to give an interpretation to the
terms in Bernoulli’s equation, we will put that off for a
while until we have worked out some practical applica-
tions of the formula. Once you see how much the
equation can do, you will have a greater incentive to
develop an interpretation.

Hydrostatics

Letus start with the simplest application of Bernoulli’s
equation, namely the case where the fluid is atrest. In
a sense, all the fluid is on the same streamline, and we
have

constant
throughout

the fluid

P+pgh = (16)

Suppose we have a tank of water shown in Figure (12).
Let the pressure be atmospheric pressure at the surface,
and set h = 0 at the surface. Therefore at the surface

~ P, ~

water y

Figure 12
Hydrostatic pressure at a depth y is
atmospheric pressure plus pgy.

P,.+ pg(0) = constant

and the constant is Pa¢. For any depth y =-h, we have

P —pgy = constant = P,

(17)

P = P, +pgy

We see that the increase in pressure at a depth y is pgy,
a well-known result from hydrostatics.

Exercise 1

The density of water is p = 10°Kg/m® and atmospheric
pressure is P, = 1.0 x10°N/m?. At what depth does a
scuba diver breath air at a pressure of 2 atmospheres?
(At what depth does pgy =P,; ?) (Your answer should
be 10.2m or 33 ft.)

Exercise 2

What is the pressure, in atmospheres, at the deepest
part of the ocean? (At a depth of 8 kilometers.)

Leaky Tank

For a slightly more challenging example, suppose we
have a tank filled with water as shown in Figure (13).
A distance hbelow the surface of the tank we drill ahole
and the water runs out of the hole at a speed v. Use
Bernoulli’s equation to determine the speed v of the
exiting water.

Pat (1)
N !
water '.
1
h /
\
streamline \\\ P
. V.
h2 —_— S-— —a-t 2;
] @
Figure 13

Water squirting out through a hole in a leaky tank. A
streamline connects the leak at Point (2) with some
Point (1) on the surface. Bernoulli's equation tells us
that the water squirts out at the same speed it would
have if it had fallen a height h.



Solution: Somewhere there will be a streamline
connecting the free surface of the water (1) to a Point
(2) in the exiting stream. Applying Bernoulli's equa-
tion to Points (1) and (2) gives

Py +pgh; + %PV% = P, +pgh, + %PV%

Now P; =P, =Py, so the Ps cancel. The water level
in the tank is dropping very slowly, so that we can set
v =0. Finally h; —hy =h, and we get

3v3 = pe(h; —hy) = pgh (18)
The result is that the water coming out of the hole is
movingjustas fastasit wouldifithad fallen freely from
the top surface to the hole we drilled.

Airplane Wing

In the example of a leaky tank, Bernoulli’s equation
gives a reasonable, not too exciting result. You might
have guessed the answer by saying energy should be
conserved. Now we will consider some examples that
are more surprising than intuitive. The first explains
how an airplane can stay up in the air.

Figure (14) shows the cross section of a typical airplane
wing and some streamlines for a typical flow of fluid
around the wing. (We copied the streamlines from our
demonstration in Figure 3).

The wing is purposely designed so that the fluid has to
flow farther to get over the top of the wing than it does
to flow across the bottom. To travel this greater
distance, the fluid has to move faster on the top of the
wing (at Point 1), than at the bottom (at Point 2).

=——— —
(2-)_£ —_—

Figure 14

Streamline flow around an airplane wing. The wing is
shaped so that the fluid flows faster over the top of the
wing, Point (1) than underneath, Point (2). As a result
the pressure is higher beneath Point (2) than above
Point (1).
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Arguing that the fluid at Point (1) on the top and Point
(2) on the bottom started out on essentially the same
streamline (Point 0), we can apply Bernoulli’s equa-
tion to Points (1) and (2) with the result

1 1
P+ 5pvi+pghf| = P+ 5pvi + pghy

We have crossed out the pgh terms because the differ-
ence in hydrostatic pressure pgh across the wing is
negligible for a light fluid like air.

Hereis the importantobservation. Since the fluid speed
v, atthe top of the wing is higher than the speed v, at the
bottom, the pressure P, at the bottom must be greater
than P, at the top in order that the sum of the two terms
( P+1/2 pv2) be the same. The extra pressure on the
bottom of the wing is what provides the lift that keeps
the airplane up in the air.

There are two obvious criticisms of the above explana-
tion of how airplanes get lift. What about stunt pilots
who fly upside down? And how do balsa wood gliders
with flat wings fly? The answer lies in the fact that the
shape of the wing cross-section is only one of several
important factors determining the flow pattern around
a wing.

Figure (15) is a sketch of the flow pattern around a flat
wing flying with a small angle of attack 6. By having
anangle of attack, the wing creates a flow pattern where
the streamlines around the top of the wing are longer
than those under the bottom. The resultis that the fluid
flows faster over the top, therefore the pressure mustbe
lower at the top (higher at the bottom) and we still get
lift. The stunt pilot flying upside down must fly with a
great enough angle of attack to overcome any down-
ward lift designed into the wing.

== —
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Figure 15

A balsa wood model plane gets lift by having the wing
move forward with an upward tilt, or angle of attack.
The flow pattern around the tilted wing gives rise to a
faster flow and therefore reduced pressure over the top.
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Sailboats

Sailboats rely on Bernoulli’s principle not only to
supply the “lift” force that allows the boat to sail into the
wind, but also to create the “wing” itself. Figure (16)
is a sketch of a sailboat heading at an angle © off from
the wind. If the sail has the shape shown, it looks like
the airplane wing of Figure (14), the air will be moving
faster over the outside curve of the sail (Position 1) than
the inside (Position 2), and we get a higher pressure on
the inside of the sail. This higher pressure on the inside
both pushes the sail cloth out to give the sail an airplane
wing shape, and creates the lift force shown in the
diagram. This lift force has two components. One pulls
the boat forward. The other component , however,
tends to drag the boat sideways. To prevent the boat
from slipping sideways, sailboats are equipped with a
centerboard or a keel.

forward
component
of lift

/

Figure 16

A properly designed sail takes on the shape of an
airplane wing with the wind traveling faster,
creating a lower pressure on the outside of the
sail (Point 1). This low pressure on the outside
both sucks the canvas out to maintain the shape
of the sail and provides the lift force. The
Jorward component of the lift force moves the
boat forward and the sideways component is
offset by the water acting on the keel.

The operation of asailboatis easily demonstrated using
an air cart, glider and fan. Mount a small sail on top of
the air cart glider (the light plastic shopping bags make
excellent sail material) and elevate one end of the cart
as shown in Figure (17) so that the cart rests at the low
end. Thenmountafan so thatthe wind blows down and
across as shown. With a little adjustment of the angle
of the fan and the tilt of the air cart, you can observe the
cart sail up the track, into the wind.

If you get the opportunity to sail a boat, remember that
it is the Bernoulli effect that both shapes the sail and
propels the boat. Try to adjust the sail so that it has a
good airplane wing shape, and remember that the
higher speed wind on the outside of the sail creates a
low pressure that sucks the sailboat forward. You’ll go
faster if you keep these principles in mind.

light plastic
/ sail
tilted air track
air cart
~

post

q/ sail

N string

Figure 17

Sailboat demonstration. It is easy to rig a mast on an
air cart, and use a small piece of a light plastic bag for
a sail. Place the cart on a tilted air track so that the
cart will naturally fall backward. Then turn on a fan
as shown, and the cart sails up the track into the wind.



The Venturi Meter
Another example, often advertised as a simple applica-
tion of Bernoulli’s equation, is the Venturi meter
shown in Figure (18). We have a tube with a constric-
tion, so that its cross-sectional area A at the entrance
and the exit, is reduced to A, at the constriction. By the
continuity equation (3), we have
ViA|

A,
As expected, the fluid travels faster through the con-
striction since A > Aj.

VIAL = VoA Vp =

Now apply Bernoulli’s equation to Points (1) and (2).
Since these points are at the same height, the pgh terms
cancel and Bernoulli’s equation becomes

1 1
Py +5pvi = Py+5pv3
Since v,>v,, the pressure P, in the constriction must be

less than the pressure P in the main part of the tube.
Using v, = v{A /A, , we get

Pressure \
dropin = (Pl - Pz)
constriction /

p(vZ-vP)

p[vial/a3-v?) (o)

= = N

= Lov(A}/A3 -1

To observe the pressure drop, we can mount small
tubes (A) and (B) as shown in Figure (18), to act as
barometers. The lower pressure in the constriction will

(B)

Figure 18

Venturi meter. Since the water flows faster through
the constriction, the pressure is lower there. By using
vertical tubes to measure the pressure drop, and using
Bernoulli's equation and the continuity equation, you
can determine the flow speeds v{ and V,.
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cause the fluid level in barometer (B) to be lower than
in the barometer over the slowly moving, high pressure
stream. The height difference h means that there is a
pressure difference

Pressure ) = (P,-P,) = pgh (20)

difference
If we combine Equations (19) and (20), p cancels and
we can solve for the speed v, of the fluid in the tube in
terms of the quantities g, h, A; and A,. The result is

2gh

|A3/A3 - 1] b

V1=

Because we can determine the speed v; of the main
flow by measuring the height difference h of the two
columns of fluid, the setup in Figure (18) forms the
basis of an often used meter to measure fluid flows. A
meter based on this principle is called a Venturi meter.

Exercise 3

Show that all the terms in Bernoulli's equation have the
same dimensions. (Use MKS units.)

Exercise 4

In a classroom demonstration of a venturi meter shown
in Figure (18a), the inlet and outlet pipes had diameters
of 2 cm and the constriction a diameter of 1 cm. For a
certain flow, we noted that the height difference h in the
barometer tubes was 7 cm. How fast, in meters/sec,
was the fluid flowing in the inlet pipe?

Figure 18a
Venturi demonstration. We see about a 7cm drop in
the height of the barometer tubes at the constriction.



23-16 Fluid Dynamics

The Aspirator

In Figure (18), the faster we move the fluid through the
constriction (the greater vi and therefore v,), the greater
the height difference h in the two barometer columns.
If we turn v up high enough, the fluid is moving so fast
through section 2 that the pressure becomes negative
and we get suction in barometer 2. For even higher
speed flows, the suction at the constriction becomes
quite strong and we have effectively created a crude
vacuum pump called an aspirator. Typically aspira-
tors like that shown in Figure (19) are mounted on cold
water faucets in chemistry labs and are used for sucking
up various kinds of fluids.

suction
%
AN AN
V4 Vo
e
pressure
Figure 19a
If the water flows through the constriction
fast enough, you get a negative pressure
and suction in the attached tube.
water
faucet
Sl aspirator
<~~~ suction

Figure 19b

If the constriction is placed on the end of a water faucet
as shown, you have a device called an aspirator that is
often used in chemistry labs for sucking up fluids.

Care in Applying Bernoulli’s Equation
Although the Venturi meter and aspirator are often
used as simple examples of Bernoulli’s equation, con-
siderable care must be used in applying Bernoulli’s
equation in these examples. To illustrate the trouble
you can getinto, suppose you tried to apply Bernoulli’s
equation to Points (3) and (4) of Figure (20). You
would write

Py +pgh; + %PV% = Py+pghy+ %PV%
(22)

Now P3 =P, =P,nosphere because Points (3) and (4)
are at the liquid surface. In addition the fluid is at rest
in tubes (3) and (4), therefore v, =v, = 0. Therefore
Bernoulli’s equation predicts that

pgh; = pghy
or that hs =hy and there should be no height difference!

What went wrong? The mistake results from the fact
that no streamlines go from position (3) to position (4),
and therefore Bernoulli’s equation does not have to
apply. As shown in Figure (21) the streamlines flow
across the bottom of the barometer tubes but do not go
up into them. It turns out that we cannot apply
Bernoulli’s equation across this break in the stream-
lines. It requires some experience or a more advanced
knowledge of hydrodynamic theory to know that you
can treat the little tubes as barometers and get the

Figure 20

If you try to apply Bernoulli's equation to Points (3)
and (4), you predict, incorrectly, that Points (3) and
(4) should be at the same height. The error is that
Points (3) and (4) do not lie on the same streamline,
and therefore you cannot apply Bernoulli's equation
to them.
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barometer tube — fluid at rest

moving fluid

streamlines

Figure 21

The water flows past the bottom of the barometer tube,
not up into the tube. Thus Point (3) is not connected to
any of the streamlines in the flow. The vertical tube
acts essentially as a barometer, measuring the pressure
of the fluid flowing beneath it.

correct answer. Most texts ignore this complication,
but there are always some students who are clever
enough to try to apply Bernoulli’s equation across the
break in the flow at the bottom of the small tubes and
then wonder why they do not get reasonable answers.

There is a remarkable fluid called superfluid helium
which under certain circumstances will not have a
break in the flow at the base of the barometer tubes.
(Superfluid helium is liquefied helium gas cooled to a
temperature below 2.17 ° K). As shown in Figure (22)
the streamlines actually go up into the barometer tubes,
Points (3) and (4) are connected by a streamline,
Bernoulli’s equation should apply and we should get
no height difference. This experiment was performed
in 1965 by Robert Meservey and the heights in the two
barometer tubes were just the same!

=0 0
S

streamlines

go up
into tubes

Figure 22

In superfluid helium, the streamlines actually go
up into the barometer tubes and Bernoulli's
equation can be applied to Points (3) and (4).
The result is that the heights of the fluid are the
same as predicted. (Experiment by R. Meservey,
see Physics Of Fluids, July 1965.)
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Hydrodynamic Voltage

When we studied the motion of a projectile, we found
that the quantity (1/2 mv2 + mgh) did not change as the
ball moved along its parabolic trajectory. When physi-
cists discover a quantity like (1/2 mv2 + mgh) that does
not change, they give that quantity a name, in this case
“the ball’s total energy”, and then say that they have
discovered a new law, namely “the ball’s total energy
is conserved as the ball moves along its trajectory”.

With Bernoulli’s equation we have a quantity
(P + pgh + 1/2pv2) which is constant along a stream-
line when we have the steady flow of an incompress-
ible, non viscous fluid. Here we have a quantity
(P + pgh + 1/2pv2) that is conserved under special
circumstances; perhaps we should give this quantity a
name also.

The term pgh is the gravitational potential energy of a
unit volume of the fluid, and 1/2pvZ2is the same
volume’s kinetic energy. Thus our Bernoulli term has
the dimensions and characteristics of the energy of a
unit volume of fluid. But the pressure term, which
came from the work part of the derivation of Bernoulli’s
equation, is notareal energy term. Thereis no pressure
energy P stored in an incompressible fluid, and
Bernoulli’s equation is not truly a statement of energy
conservation for a unit volume of fluid.

However, as we have seen, the Bernoulli term is a
useful concept, and deserves a name. Once we name
it, we can say that “” is conserved along a streamline
under the right circumstances. Surprisingly there is not
an extensive tradition for giving the Bernoulli term a
name so that we have to concoct a name here. At this
point our choice of name will seem a bit peculiar, but
itis chosen with later discussions in mind. We will call
the Bernoulli term hydrodynamic voltage

Hydrodynamic _

= Loy2
Voltage = (P + pgh + > PV ) (23)

and Bernoulli’s equation states thatthe hydrodynamic
voltage of an incompressible, non viscous fluid is
constant along a streamline when the flow is steady.
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We obviously did not invent the word voltage; the
name is commonly used in discussing electrical de-
vices like high voltage wires and low voltage batteries.
It turns out that there is a precise analogy between the
concept of voltage used in electricity theory, and the
Bernoulli term we have been discussing. To empha-
size the analogy, we are naming the Bernoulli term
hydrodynamic voltage. The word “hydrodynamic” is
included to remind us that we are missing some of the
electrical terms in a more general definition of voltage.
We are discussing hydrodynamic voltage before elec-
trical voltage because hydrodynamic voltage involves
fluid concepts that are more familiar, easier to visualize
and study, than the corresponding electrical concepts.

Town Water Supply

One of the familiar sights in towns where there are no
nearby hills is the water tank somewhat crudely illus-
trated in Figure (23). Water is pumped from the
reservoir into the tank to fill the tank up to a height h
as shown.

For now let us assume that all the pipes attached to the
tanks are relatively large and frictionless so that we can
neglect viscous effects and apply Bernoulli’s equation
to the water at the various points along the water
system. At Point (1), the pressure is simply atmo-
spheric pressure P,;, the water is essentially not flow-
ing, and the hydrodynamic voltage consists mainly of
P, plus the gravitational term gh;

Hydrodynamic)| _
Voltage 1~ P+ ghy

By placing the tank high up in the air, the gh; term can
be made quite large. We can say that the tank gives us
“high voltage” water.

water
water tank spraying
SRS ) S T @/ up
hy
1 (2_) (3) (ﬁ)
| [ [ [ ]
hole in pipe
Figure 23

The pressure in the town water supply may be
maintained by pumping water into a water tank as
shown. If the pipes are big enough we can neglect the
viscous effect and apply Bernoulli's equation
throughout the system, including the break in the water
pipe at Point (3), and the top of the fountain, Point (4).



Bernoulli’s equation tells us that the hydrodynamic
voltage of the water is the same at all the points along
the water system. The purpose of the water tank is to
ensure that we have high voltage water throughout the
town. For example, at Point (2) at one of the closed
faucets in the second house, there is no height left
(h, =0) and the water is not flowing. Thus all the
voltage shows up as high pressure at the faucet.

Hydrodynamic| _ P
Voltage [~ 2

At Point (3) we have a break in the pipe and water is
squirting up. Just above the break the pressure has
dropped to atmospheric pressure and there is still no
height. At this point the voltage appears mainly in the
form of kinetic energy.

Hydrodynamic 1
Voltage } = Pty pv?

Finally at Point (4) the water from the break reaches its
maximum height and comes to rest before falling down
again. Here ithas no kinetic energy, the pressure is still
atmospheric, and the hydrodynamic voltage is back in
the form of gravitational potential energy. If no voltage
has been lost, if Bernoulli’s equation still holds, then
the water at Point (4) must rise to the same height as the
water at the surface in the town water tank.

In some sense, the town water tank serves as a huge
“battery” to supply the hydrodynamic voltage for the
town water system.

Figure 18a repeated
Venturi demonstration.
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Viscous Effects

We said that the hydrodynamic analogy of voltage
involves familiar concepts. Sometimes the concepts
aretoo familiar. Has your shower suddenly turned cold
when someone in the kitchen drew hot water for
washing dishes; or turned hot when the toilet was
flushed? Orbeen reduced to a trickle when the laundry
was being washed? In all of these cases there was a
pressure drop atthe shower head of either the hot water,
the cold water, or both. A pressure drop means that you
are getting lower voltage water at the shower head than
was supplied by the town water tank (or by your home
pressure tank).

The hydrodynamic voltage drop results from the fact
that you are trying to draw too much water through
small pipes, viscous forces become important, and
Bernoulli’s equation no longer applies. Viscous forces
always cause adrop in the hydrodynamic voltage. This
voltage drop can be seen in a classroom demonstration,
Figure (24), where we have inserted a series of small
barometer tubes in a relatively small flow tube. If we
run arelatively high speed stream of water through the
flow tube, viscous effects become observable and the
pressure drops as the water flows down the tube. The
pressure drop is made clear by the decreasing heights
of the water in the barometer tubes as we go down-
stream.

Heights in barometer tubes
dropping due to viscosity

TN

—_—>\

Figure 24

If we have a fairly fast flow in a fairly small tube,
viscosity causes a pressure drop, or as we are
calling it, a ""hydrodynamic voltage'' drop down the
tube. This voltage drop is seen in the decreasing
heights of the water in the barometer tubes.

(In our Venturi demonstration of Figure (18a), the
heights are lower on the exit side than the entrance
side due to viscosity acting in the constriction.)
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VORTICES

The flows we have been considering, water in a pipe,
air past a sailboat sail, are tame compared to a striking
phenomena seen naturally in the form of hurricanes
and tornados. These are examples of a fluid motion
called a vortex. They are an extension, to an atmo-
spheric scale, of the common bathtub vortex like the
one we created in the funnel seen in Figure (25).

Vortices have a fairly well-defined structure which is
seen most dramatically in the case of the tornado (see
Figures 29 and 30). At the center of the vortex is the
core. The core of a bathtub vortex is the hollow tube of
air that goes down the drain. In a tornado or water
spout, the core is the rapidly rotating air. For a
hurricane it is the eye, seen in Figures (27) and (28),
which can be amazingly calm and serene considering
the vicious winds and rain just outside the eye.

Figure 25
Bathtub vortex in a funnel. We stirred
the water before letting it drain out.
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Figure 26

Vortices tend to have a circular velocity field about
the core, a velocity field vy whose strength tends to
drop off as 1/r as you go out from the core.

Outside the core, the fluid goes around in a circular
pattern, the speed decreasing as the distance from the
center increases. It turns out that viscous effects are
minimized if the fluid speed drops off as 1/r where ris
the radial distance from the center of the core as shown
in Figure (26). At some distance from the center, the
speed drops to below the speed of other local distur-
bances and we no longer see the organized motion.

The tendency of a fluid to try to maintain a 1/r velocity
field explains why vortices have to have a core. You
cannot maintain a 1/r velocity field down to r = 0, for
then you would have infinite velocities at the center. To
avoid this problem, the vortex either throws the fluid
out of the core, as in the case of the hollow bathtub
vortex, or has the fluid in the core move as a solid
rotating object (vy = r ®) in the case of a tornado, or
has a calm fluid when the core is large (i.e., viscous
effects of the land are important) as in the case of a
hurricane.

While the tornado is a very well organized example of
a vortex, it has been difficult to do precise measure-
ments of the wind speeds in a tornado. One of the best
measurements verifying the 1/r velocity field was
when a tornado hit a lumber yard, and a television
station using a helicopter recorded the motion of sheets
of 4' by 8' plywood that were scattered by the tornado.
(Using doppler radar, a wind speed of 318 miles per
hour was recorded in a tornado that struck Oklahoma
city on May 3, 1999--a world wind speed record!)

Figure 27
Eye of hurricane Allen viewed from a satellite.
(Photograph courtesy of A. F. Haasler.)
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Figure 29 Figure 30
Tornado in Kansas. A tornado over water is called a water spout.

—

Figure 28
Hurricane
approaching
the east
coast of
the U.S.
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Quantized Vortices in Superfluids

For precision, nothing beats the “quantized” vortex in
superfluid helium. We have already mentioned that
superfluid helium flows up and down the little barom-
eter tubes in a Venturi meter, giving no height differ-
ence and nullifying the effectiveness of the device as a
velocity meter. This happened because superfluid
helium has NO viscosity (absolutely none as far as we
can tell) and can therefore flow into tiny places where
other fluids cannot move.

More surprising yet is the structure of a vortex in
superfluid helium. The vortex has a core that is about
one atomic diameter across (you can’t get much smaller
than that), and a precise 1/r velocity field outside the
core. Even more peculiar is the fact that the velocity
field outside the core is given by the formula

h
- _K =
T ome © T my %)

where x, called the “circulation of the vortex”, has the
precisely known value h/my;, , where my,, is the mass
of ahelium atom, and h is an atomic constant known as
Planck’s constant. The remarkable point is that the
strength of a helium vortex has a precise value deter-
mined by atomic scale constants. (This is why we say
that vortices in superfluid helium are quantized.) When
we get to the study of atoms, and particularly the Bohr
theory of hydrogen, we can begin to explain why
helium vortices have precisely the strengthk = h/my,.
For now, we are mentioning vortices in superfluid
helium as examples of an ideal vortex with a well-
defined core and a precise 1/r velocity field outside.

Quantized vortices of a more complicated structure
also occur in superconductors and play an important
role in the practical behavior of a superconducting
material. The superconductors that carry the greatest
currents, and are the most useful in practical applica-
tions, have quantized vortices that are pinned down and
cannot move around. One of the problems in develop-
ing practical applications for the new high temperature
superconductors is that the quantized vortices tend to
move and cause energy losses. Pinning these vortices
down is one of the main goals of current engineering
research.

Exercise 5

This was an experiment, performed in the 1970s to
study how platelets form plaque in arteries. The idea
was that platelets deposit out of the blood if the flow of
blood is too slow. The purpose of the experiment was
to design a flow where one could easily see where the
plague began to form and also know what the velocity
of the flow was there.

The apparatus is shown in Figure (31). Blood flows
down through a small tube and then through a hole in a
circular plate that is suspended a small distance d
above a glass plate. When the blood gets to the glass
it flows radially outward as indicated in Figure (31c). As
the blood flowed radially outward, its velocity decreases.
At a certain radius, call it r,, platelets began to deposit
on the glass. The flow was photographed by a video
camera looking up through the glass.

For this problem, assume that the tube radius was
r =.4mm, andthatthe separation d betweenthe circular
plate andthe glasswas d =.5mm. If blood were flowing
down the inlet tube at a rate of half a cubic centimeter
per second, what is the average speed of the blood

a) inside the inlet tube?

b) at a radius r, = 2cm out from the hole in the circular
plate?

(By average speed, we mean neglect fluid friction at
walls, and assume that the flow is uniform across the
radius of the inlet pipe and across the gap as indicated
in Figure (31d).

Exercise 6

A good review of both the continuity equation and
Bernoulli’'s equation, is to derive on your own, without
looking back at the text, the formula

/ 2gh
vy = —— 21
1 A12/A22—1 ( )

for the flow speed in a venturi meter. The various
quantities vy, h, A; and A, are defined in Figure (18)
reproduced on the opposite page. (If you have trouble
with the derivation, review it in the text, and then a day
or so later, try the derivation again on your own.




23-23

blood flowing

in through tube blood flowing

radially outward

a)
Circular metal plate
glass plate
£
. tube of inner
radius fube  gap thickness d

radius at which
platelets form

C
) I / blood flow ftube

Figure 31 a,b,c
Experiment to measure the blood flow velocity at which platelets stick
to a glass plate. This is an application of the continuity equation.

blood flow

Figure 31d

Neglect fluid friction at walls, and assume

that th.e Sflow .is uniform across the radius Figure 18

of the inlet pipe and across the gap Venturi meter. Since the water flows faster through

the constriction, the pressure is lower there. By using
vertical tubes to measure the pressure drop, and using
Bernoulli's equation and the continuity equation, you
can determine the flow speeds vy and V,.
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Coulomb's Law
and Gauss' Law

In our discussion of the four basic interactions we saw
that the electric and gravitational interaction had very
similar 1/r2 force laws, but produced very different
kinds of structures. The gravitationally bound struc-
tures include planets, solar systems, star clusters,
galaxies, and clusters of galaxies. Typical electrically
bound structures are atoms, molecules, people, and
redwood trees. Although the force laws are similar in
form, the differences in the structures they create result
from two important differences in the forces. Gravity
is weaker, far weaker, than electricity. On an atomic
scale gravity is so weak that its effects have not been
seen. But electricity has both attractive and repulsive
forces. On alarge scale, the electric forces cancel so
completely that the weak but non-cancelling gravity
dominates astronomical structures.

COULOMB'S LAW

In Chapter 18 we briefly discussed Coulomb’s electric
force law, primarily to compare it with gravitational
force law. We wrote Coulomb’s law in the form

Pl - X4

B Coulomb,s (1)

I.2 Law

where Q; and Q, are two charges separated by a
distance r as shown in Figure (1). If the charges Q,and
Q,are of the same sign, the force isrepulsive, if they are
of the opposite sign it is attractive. The strength of the
electric force decreases as 1/r2 just like the gravita-
tional force between two masses.

Q, Q,
o o
e r >
Figure 1

Two particles of charge Q, and Q,,
separated by a distance r.
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CGS Units

In the CGS system of units, the constant K in Equation
(1) is taken to have the numerical value 1, so that
Coulomb’s law becomes

R, | = 22 @)

Equation (2) can be used as an experimental definition
of charge. Let Q, be some accepted standard charge.
Then any other charge Q,can be determined in terms
of the standard Q by measuring the force on Q, when
the separation isr. In our discussion in Chapter 18, we
took the standard Q, as the charge on an electron.

This process of defining a standard charge Q ; and using
Equation (1) to determine other charges, is easy in
principle but almost impossible in practice. These so-
called electrostatic measurements are subject to all
sorts of experimental problems such as charge leaking
away due to a humid atmosphere, redistribution of
charge, static charge on the experimenter, etc. Charles
Coulomb worked hard just to show that the electric
force between two charges did indeed drop as 1/r2. As
a practical matter, Equation (2) is not used to define
electric charge. As we will see, the more easily
controlled magnetic forces are used instead.

MKS Units

When you buy a 100 watt bulb at the store for use in
your home, you will see that it is rated for use at 110—
120 volts if you live in the United States or Canada, or
220-240 volts most elsewhere. The circuit breakers in
your house may allow each circuit to carry up to 15 or
20 amperes of current in each circuit. The familiar
quantities volts, amperes, watts are all MKS units. The
corresponding quantities in CGS units are the totally
unfamiliar statvolts, statamps, and ergs per second.
Some scientific disciplines, particularly plasma and
solid state physics, are conventionally done in CGS
units but the rest of the world uses MKS units for
describing electrical phenomena.

Although we work with the familiar quantities volts,
amps and watts using MKS units, there is a price we
have to pay for this convenience. In MKS units the
constant K in Coulomb’s law is written in a rather
peculiar way, namely

_ 1
K= 4me
3)
€y = 8.85X% 10~'? farads/meter
and Coulomb’s law is written as
S Q Q,
= 2% < @
TE o1 e r >

where Q; and Q, are the charges measured in cou-
lombs, and r is the separation measured in meters, and
the force ‘ Fe‘ is in newtons.

Before we can use Equation (4), we have to know how
big a unit of charge a coulomb is, and we would
probably like to know why there is a 47 in the formula,
and why the proportionality constant €y (“epsilon
naught ) is in the denominator.

As we saw in Chapter 18, nature has a basic unit of
charge (e) which we call the charge on the electron. A
coulomb of charge is 6.25 X 10'® times larger. Justas
aliter of water is a large convenient collection of water
molecules, 3.34 X 102 of them, the coulomb can be
thought of as a large collection of electron charges,
6.25x 10" of them.

In practice, the coulomb is defined experimentally, not
by counting electrons, and not by the use of Coulomb’s
law, but, as we said, by a magnetic force measurement
tobedescribed later. Fornow, just think of the coulomb
as a convenient unit made up of 6.25 X 108 electron
charges.

Once the size of the unit charge is chosen, the propor-
tionality constant in Equation (4) can be determined by
experiment. If we insist on putting the proportionality
constant in the denominator and including a4, then €,
has the value of 8.85 % 107! 2, which we will often
approximate as 9 X 10712,



Why is the proportionality constant € placed in the
denominator? The kindest answer is to say that this is
a historical choice that we still have with us. And why
include the 4n? There is a better answer to this
question. By putting the 41t now, we get rid of it in
another law that we will discuss shortly, called Gauss’
law. If you work with Gauss’ law, it is convenient to
have the 4nt buried in Coulomb’s law. Butif you work
with Coulomb’s law, you will find the 41 to be a
nuisance.

Checking Units in MKS Calculations
If we write out the units in Equation (4), we get

Q(coul)Q,(coul)

15 newtons) =
( ‘ 4megrX(meter)?

(4a)

In order for the units in Equation (3a) to balance, the
proportionality constant €y must have the dimensions

2
coulombs
g _coulombs” ®)
meter-newton

In earlier work with projectiles, etc., it was often useful
to keep track of your units during a calculation as a
check for errors. In MKS electrical calculations, it is
almost impossible to do so. Units like
coul®/(meter*newton) are bad enough as they are. But
if youlook up €y in a textbook, you will find its units are
listed as farads/meter. In other words the combination
coul?(newton meter) was given the name farad. With
naming like this, you do not stand a chance of keeping
units straight during a calculation. You have to do the
best you can to avoid mistakes without having the
reassurance that your units check.

24-3

Summary

The situation with Coulomb’s law is notreally that bad.
We have a 1/r2 force law like gravity, charge is mea-
sured in coulombs, which is no worse than measuring
massinkilograms, and the proportionality constant just
happens, for historical reasons, to be written as 1/4T€,.

The units are incomprehensible, so do not worry too
much about keeping track of units. After a bit of
practice, Coulomb’s law will become quite natural.

Example 1 Two Charges

Two positive charges, each 1 coulomb in size, are
placed 1 meterapart. Whatis the electric force between
them?

NI Q,=1
e—@ @ —>
l=<— 1 meter ———

el

Solution: The force will be repulsive, and have a
magnitude

|1-:' | _ Q,Q, _ 1
| T ymeg? T 4me
of 0
= ﬁ = 10'Y newtons
41tx9 X 10

From the answer, 10'° newtons, we see that a coulomb
is a huge amount of charge. We would not be able to
assemble two 1 coulomb charges and put them in the
same room. They would tear the room apart.
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Example 2 Hydrogen Atom

In a classical model of a hydrogen atom, we have a
proton at the center of the atom and an electron travel-
ing in a circular orbit around the proton. If the radius
of the electron’s orbit is r=.5 x 10710 meters, how
long does it take the electron to go around the proton
once?

_____e¢lectron
G
/ r \ BN e
I/ \ \\\|Fe|_

Solution: This problem is more conveniently handled
in CGS units, but there is nothing wrong with using
MKS units. The charge on the proton is (+¢), on the
electron (—e), thus the electrical force is attractive and
has a magnitude

|[Fe| = 2= =

With e = 1.6 X 10'? coulombs and r = .5 x 1071%m
we get

(1.6x 10“9)2

i 47t x (9 x 10‘12) x (.5 x 10‘10)2

9 x 10_8 newtons

Since the electron is in a circular orbit, its acceleration
is v2/r pointing toward the center of the circle, and we
get

v2 O |F| e

[ L i
m m
With the electron mass mequal to 9.11x 107! kg ,we
have

iF, (5%1071%)x9x10°8
Vi=m = 31
9.11x107 kg

2
4.9x10"* T2
S

v = 22x10° 1

To goaroundacircle of radiusrataspeed v takes atime

_ _ 2nx.5x107"°

I —_ —_

1.4x10 seconds

In this calculation, we had to deal with a lot of very
small or large numbers, and there was not much of an
extra burden putting the 1/4me in Coulomb's law.
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Exercise 1
Q
2 7 B QR
e 9. .LO_FG.
m
M

(a) Equal numbers of electrons are added to both the
earth and the moon until the repulsive electric force
exactly balances the attractive gravitational force. How
many electrons are added to the earth and what is their
total charge in coulombs?

(b) What is the mass, in kilograms of the electrons
added to the earth in part (a)?

Exercise 2

Calculate the ratio of the electric to the gravitational
force between two electrons. Why does your answer
not depend upon how far apart the electrons are?

Exercise 3
garden peas
stripped of
I_:\ / electrons \ |_:\
@) O—=

Q protons Q protons

Imagine that we could strip all the electrons out of two
garden peas, and then placed the peas one meter
apart. What would be the repulsive force between
them? Express your answer in newtons, and metric
tons. (One metric ton is the weight of 1000 kilograms.)
(Assume the peas each have about one Avogadro's
number, or gram, of protons.)

Exercise 4

EANNNANNNNNNNN

Two styrofoam balls covered by aluminum foil are
suspended by equal length threads from a common
point as shown. They are both charged negatively by
touching them with a rubber rod that has been rubbed
by catfur. They spread apartbyanangle 26 as shown.
Assuming that an equal amount of charge Q has been
placed on each ball, calculate Q if the thread length is
0 =40cm, the mass m of the balls is m=10 gm, and the
angle is 6=5° Use Coulomb's law in the form
|Ife| =Q4Qu/4meqre, and remember that you must use
MKS units for this form of the force law.




24-6 Coulomb's Law and Gauss' Law

FORCE PRODUCED BY A LINE
CHARGE

In our discussion of gravitational forces, we dealt only
with point masses because most practical problems
deal with spherical objects like moons, planets and
stars which can be treated as point masses, or spacecraft
which are essentially points.

The kind of problem we did not consider is the follow-
ing. Suppose an advanced civilization constructed a
rod shaped planet shown in Figure (2) that was 200,000
kilometers long and had a radius of 10,000 km. A
satellite is launched in a circular orbit of radius 20,000
km, what is the period of the satellite’s orbit?

We did not have problems like this because no one has
thought of a good reason for constructing a rod shaped
planet. Our spherical planets, which can be treated as
a point mass, serve well enough.

In studying electrical phenomena, we are not restricted
to spherical or point charges. It is easy to spread an
electric charge along arod, and one might want to know
what force this charged rod exerted on a nearby point
charge. In electricity theory we have to deal with
various distributions of electric charge, not just the
simple point concentrations we saw in gravitational
calculations.

~~rod shaped
planet

—satellite in orbit
about the rod
shaped planet

Figure 2

Imagine that an advanced civilization creates
a rod-shaped planet. The problem, which we
have not encountered earlier, is to calculate
the period of a satellite orbiting the planet.

We will see that there is a powerful theorem, discov-
ered by Frederick Gauss, that considerably simplifies
the calculation of electric forces produced by extended
distribution of charges. But Gauss’s law involves
several new concepts that we will have to develop. To
appreciate this effort, to see why we want to use
Gauss’s law, we will now do a brute force calculation,
using standard calculus steps to calculate the force
between a point charge and a line of charge. It will be
hard work. Later we will use Gauss’s law to do the
same calculation and you will see how much easier it
is.

The setup for our calculation is shown in Figure (3).
Wehave anegative charge Q- located a distance r from
a long charged rod as shown. The rod has a positive
charge density A coulombs per meter spread along it.
We wish to calculate the total force F exerted by the
rod upon our negative test particle Q. For simplicity
we may assume that the ends of the rod are infinitely far
away (at least several feet away on the scale of the
drawing).

To calculate the electric force exerted by the rod, we
will conceptually break the rod into many short seg-
ments of length dx, each containing an amount of
charge dq = Adx. To preserve the left/right symmetry,
we will calculate the force between Q and pairs of dq,
one on the left and one on the right as shown. The left
directional force dF; and the right directed force dF,
add up to produce an upward directional force dF.
Thus, when we add up the forces from pairs of dq, the
dF's are all upward directed and add numerically.

The force dF between Qr and the piece of charge dq
is given by Coulomb’s law as

|| = KQrdq; _ KQrdq,
= Rz 7 x2412
_ KAQdx ©)
x2 + 12

where, for now, we will use K for 1/4megto simplify the
formula. The separation R between Qr and d(il is
given by the Pythagorean theorem as R” = X2+



The component of gﬁl in the upward direction is
dF,cos(0), so that dF has a magnitude

|dF| = 2dF,cos(6)

x2+12 /x24 12

=2

The factor of 2 comes from the fact that we get equal
components from both dF;and dF, .

To get the total force on Q., we add up the forces
produced by all pairs of dq starting from x =0 and going
out to X = oo. The result is the definite integral

ro 2KAQrr
o |

dx
x2 +12)72

|FQT|

) dx 8
(x2+12)72 ®

2K7\,QT T

JO

where r, the distance from the charge to the rod, is a
constant that can be taken outside the integral.

The remaining integral f dx/(x2 +r2)*? is nota com-

mon integral whose result you are likely to have
memorized, nor is it particularly easy to work out.

dg, = Adx

< dx =
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Instead we look it up in a table of integrals with the
result

J"A a2 |

4r2/r2 +x2 |

3
0 (XZ + rz)f

- A _ 9)

2/ 12 + A2

For A>>r (very longrod), we canset v r2 + A% =A
and we get the results

3 2A 2

rA>>T
dx __ A _ L (10)
0 (X2+1’2)§

Using Equation (10) in Equation (8) we get

T _ T
FQT = ZKKQTr—2
(11)
2KAQr
FQT = r

The important point of the calculation is that the force
between a point charge and a line charge drops off as
VUr ratherthan1/r2 ,aslongas Q stays close enough
to the rod that the ends appear to be very far away.

| A coulombs per meter

[ da [ , 4
’ 7

;
cos 0="75 >

Figure 3

Geometry for calculating the electric force between a point charge
Qr a distance r from a line of charge with A coulombs per meter.
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One of the rules of thumb in doing physics is that if you
have a simple result, there is probably an intuitive
derivation or explanation. In deriving the answer in
Equation (11), we did too much busy work to see
anything intuitive. We had to deal with an integral of
(x2+12)732, yet we got the simple answer that the
force dropped off as 1/r rather than the 1/r2. We will
see, when we repeat this derivation using Gauss’s law,
that the change from 1/r2to a 1/r force results from the
change from a three to a two dimensional problem.
This basic connection with geometry is not obvious in
our brute force derivation.

Exercise 5

Backtosciencefiction. Arod shaped planethasamass
density A kilograms per unit length as shown in Figure
(4). Asatellite of mass mis located a distance r from the
rod as shown. Find the magnitude of the gravitational
force Fg exerted on the satellite by the rod shaped
planet. Then find a formula for the period of the satellite
in a circular orbit.

A kilograms/meter

A —— )
| N
very long
r rod shaped
? planet
m ?9 =7?

Figure 4
Rod shaped planet and satellite.




Short Rod

Our brute force calculation does have one advantage,
however. If we change the problem and say that our
charge islocated adistance r from the center of a finite
rod of length 2L as shown in Figure (5), then Equation
(8) of our earlier derivation becomes

rL

d
—X3 (12)

FQT = 2K7\1QTI'
Jo (x2+12)2

The only difference is that the integral stops at L rather
than going out to infinity.

From Equation (9) we have

"L
dx L
= (13)
Jo (x2+ fz)% 22+ L2
And the formula for the force on Q1 becomes
K(2LA)Qy
Fo = —/—— (14)
< Wr2+L2
S N,
|
Q | )
| \ A coulombs/meter
|
f:
Figure 5 QT

A harder problem is to calculate the force F
exerted on Q; by arod of finite length 2 L.
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Equation (14) has the advantage that it can handle both
limiting cases of along rod (L. >>r), a short rod or point
charge (L <<r), or anything in between.

Forexample, if we are far away from a shortrod, so that
L<<r,then /¥ +L* =~r.Usingthe factthat 2L\ = Qg
is the total charge on the rod, Equation (14) becomes

KQgrQ

Fo, = =5 (L<<1) (15b)
which is just Coulomb’s law for point charges. The
more general result, Equation (14), which we obtained
by the brute force calculation, cannot be obtained with
simple arguments using Gauss’s law. This formula

was worth the effort.

Exercise 6

Show that if we are very close totherod, i.e.r << L, then
Equation (14) becomes the formula forthe force exerted
by a line charge.
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THE ELECTRIC FIELD

Our example of the force between a point charge and a
line of charge demonstrates that even for simple distri-
butions of charge, the calculation of electric forces can
become complex. We now begin the introduction of
several new concepts that will allow us to simplify
many of these calculations. The first of these is the
electric field, aconcept which allows us torely more on
maps, pictures and intuition, than upon formal
calculations.

Tointroduce theideaof an electric field, let us start with
the simple distribution of charge shown in Figure (6).
A positive charge of magnitude Q 4 is located at Point
A, and anegative charge of magnitude —Qg is located
at Point B. We will assume that these charges Q , and
Qg are fixed, nailed down. They are our fixed charge
distribution.

We also have a positive test charge of magnitude Q-
that we can move around in the space surrounding the
fixed charges. Q will be used to test the strength of
the electric force at various points, thus the name “test
charge”.

InFigure (6), we see that the test charge is subject to the
repulswe force F ‘a and attractive force FB to glve anet
force F = F, + Fy. The individual forces F, and Fy
are given by Coulomb’s law as

Q -
~F
B
+ —
[ ) [ )
QA QB
Figure 6

Forces exerted by two fixed charges
0, and Qg on the test particle Q.

- KQ1Qp
FA = rA2
(16)
B

where I'A is the distance from Qp to Q, and B is the
distance from Qrto Qg. For now we are writing
1/4ney = K to keep the formulas from looking too
messy.

In Figure (7), we have the same distribution of fixed
charge as in Figure (6), namely Q 5 and Qg, but we are
using a smaller test charge Q’y . For this sketch, Q'
isabouthalf asbig as Qrof Figure (6), and the resulting
force vectors point in the same directions but are about
half as long;

- KQ'tQx
‘ Al = rA2

(17)
‘ =0 KQ'rQp

The only difference between Equations (16) and (17) s
that Qyhas beenreplaced by Q' in the formulas. You
can see that Equations (17) can be obtained from
Equations (16) by multiplying the forces by Q'r/ Q-
Thus if we used a standard size test charge Q to
calculate the forces, i.e. do all the vector additions, etc.,
then we can find the force on a different sized test
charge Q’; by multiplying the net force by the ratio

Q'r/Qp-

P
Qe A
37
R
+ —_—
@ ®
QA C:)B
Figure 7

If we replace the test charge Q by a smaller
test charge Q, everything is the same except
that the force vectors become shorter.



Unit Test Charge

The next step is to decide what size our standard test
charge Qr should be. Physically Q+ should be small
so that it does not disturb the fixed distribution of
charge. After all, Newton’s third law requires that Q.
pull on the fixed charges with forces equal and opposite
to the forces shown acting on Q.

On the other hand a simple mathematical choice is
Qt =1 coulomb, whatwe will calla“unittest charge’.

If Qt =1, then the force on another charge Q' is just
Q' times larger (F=FQ T/QT_FQ 't/1=FQ’p).

The problem is that in practice, a coulomb of charge is
enormous. Two point charges, each of strength +1
coulomb, located one meter apart, repel each other with
a force of magnitude

| l-:.| K x1 coulombx1 coulomb

1 2m2

1
K=— =9x 109 newtons
TE

a7

a result we saw in Example 1. A force of nearly 10
billion newtons is strong enough to destroy any experi-
mental structure you are ever likely to see. In practice
the coulomb is much too big a charge to serve as a
realistic test particle.

The mathematical simplicity of using a unit test charge
istoo greattoignore. Our compromise is the following.
We use aunit test charge, but think of it as a “small unit

test charge”. Conceptually think of using a charge
about the size of the charge of an eleciron, so that the
EA
Q; =1 coulomb
AN
E
AN
Eg
+ —_—
o o
QA QB
Figure 8

When we use a unit test charge Q; = 1 coulomb,
then the forces on it are called "electric field"
vectors, E, , E; and E as shown.
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forces it exerts do not disturb anything, but mathemati-
cally treat the test charge as having a magnitude of 1
coulomb. In addition, we will always use a positive
unit test charge. If we want to know the force on a
negative test charge, simply reverse the direction of the
force vectors.

Figure (8) is the same as our Figures (6) and (7), except
that we are now using a unit test particle equal to 1
coulomb, to observe the electric forces surrounding our
fixed charge distribution of Qa and Qg. The forces
acting on Q1 = 1 coulomb are

KQ A x 1 coulomb

|13A| = 1,2
N KQg x 1 coulomb (18)
Bl = 2

B

To emphasize that these forces are acting on a unit test
charge, we will use the letter E rather than F, and write

L KQ
£l - X
(19
|1_'::B| _ KQg )
rB2

If you wished to know the force F on some charge Q
located where our test particle is, you would write

> K N

Bal = S22 1R, o (1a)
T'a

> K =

Ba] = 2289 |Ey[q @1b)
I'g

P = QF 22)

where E=E,+Eg. Equation (22) is an important
result. Itsays thatthe force on any charge Qis Q times
the force E on a unit test particle.
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ELECTRIC FIELD LINES

The force E on a unit test particle plays such a central
role in the theory of electricity that we give it a special
name — the electric field E.

lectri force on a
clectrie } = { unit test
field E particle

(23)

Once we know the electric field E at some point, then
the force Fq on a charge Q located at that point is

24)

F = QE

If Q is negative, then F points in the direction opposite
toE.

From Equation (24), we see that the electric field Ehas
the dimensions of newtons/coulomb, so that QE comes
out in newtons.

N
E

-

AN AN
o —>F=QE
. Q
Figure 9
Once we know the electric field E at some

point, we find the force F acting on a charge Q
at that point by the simple formulaF = QF .

Mapping the Electric Field

In Figure (10), we started with a simple charge distri-
bution +Q and -Q as shown, placed our unittest particle
at various points in the region surrounding the fixed
charges, and drew the resulting force vectors E at each
point. If we do the diagram carefully, as in Figure (10),
apicture of the electric field begins to emerge. Once we
have a complete picture of the electric field E, once we
know E at every point in space, then we can find the
force on any charge q by using ﬁQ =QE. The problem
we wish to solve, therefore, is how to construct a
complete map or picture of the electric field E .

Exercise 7
InFigure (10), we have labeled 3 points (1), (2), and (3).
Sketch the force vectors F, on :

(a) acharge Q = 1 coulomb at Point (1)

(b) a charge Q = —1 coulomb at Point (2)

(c)acharge Q = 2 coulombs at Point (3)

Figure 10

If we draw the electric field vectors E at various
points around our charge distribution, a picture
or map of the electric field begins to emerge.



In part (c) of Exercise (7), we asked you to sketch the
force on a charge Q = 2 coulombs located at Point (3).
The answeris 133 = QE3 = 2]_3'3 ,but the problem is that
we have not yet calculated the electric field E3 at Point
(3). On the other hand we have calculated E at some
nearby locations. From the shape of the map that is
emerging from the E vectors we have drawn, we can
make a fairly accurate guess as to the magnitude and
direction of Eat Point (3) without doing the calculation.
With amap we can build intuition and make reasonably
accurate estimates without calculating E atevery point.

In Figure (10) we were quite careful about choosing
where to draw the vectors in order to construct the
picture. We placed the points one after another to see
the flow of the field from the positive to the negative
charge. In Figure (11), we have constructed a similar
picture for the electric field surrounding a single posi-
tive charge.

The difficulty in drawing maps or pictures of the
electric fieldis that we have to show both the magnitude
and direction at every point. To do this by drawing a
large number of separate vectors quickly becomes
cumbersome and time consuming. We need a better
way to draw these maps, and in so doing will adopt
many of the conventions developed by map makers.

L3 A

-« <« = (]

Figure 11 4 N
Electric field of a point charge.
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Field Lines

As a first step in simplifying the mapping process, let
us concentrate on showing the direction of the electric
force in the space surrounding our charge distribution.
This can be done by connecting the arrows in Figures
(10) and (11) to produce the line drawings of Figures
(12a) and (12b) respectively. The lines in these draw-
ings are called field lines.

In our earlier discussion of fluid flow we saw diagrams
that looked very much like the Figures (12a and 12b).
There we were drawing stream lines for various flow
patterns. Now we are drawing electric field lines. As
illustrated in Figure (13), a streamline and an electric
field line are similar concepts. At every point on a
streamline, the velocity field v is parallel to the stream-
line, while at every point on an electric field line, the
electric field E is parallel to the electric field line.

Figure 12a
We connected the arrows of Figure 10 to
create a set of field lines for 2 point charges.

myY

;

Figure 12b
Here we connected the arrows in Figure 11
to draw the field lines for a point charge.
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Continuity Equation for Electric Fields
Figure (14) is our old diagram (23-6) for the velocity
field of a point source of fluid (a small sphere that
created water molecules). We applied the continuity
equation to the flow outside the source and saw that the
velocity field of a point source of fluid drops off as 1/r2.

Figure (15) is more or less a repeat of Figure (12b) for
the electric field of a point charge. By Coulomb’s law,
the strength of the electric field drops off as 1/r2 as we
go out from the point charge. We have the same field
structure for a point source of an incompressible fluid
and the electric field of a point charge. Is this pure
coincidence, or is there something we can learn from
the similarity of these two fields?

The crucial feature of the velocity field that gave us a
1/r2 flow was the continuity equation. Basically the
idea is that all of the water that is created in the small
sphere must eventually flow out through any larger
sphere surrounding the source. Since the area of a
sphere, 41tr2, increases as 12, the speed of the water has
to decrease as 1/r2 so that the same volume of water per
second flows through a big sphere as through a small
one. -

vy E,
AN
V> Ez
E
AN
Vy 3
AN N
Vy E,
streamline for field line for
velocity field electric field

Figure 13
Comparison of the streamline for the velocity field
and the field line for an electric field. Both are
constructed in the same way by connecting successive
vectors. The streamline is easier to visualize because
it is the actual path followed by particles in the fluid.

If we think of the electric field as some kind of an
incompressible fluid, and think of a point charge as a
source of this fluid, then the continuity equation ap-
plied to this electric field gives us the correct 1/r2
dependence of the field. In a sense we can replace
Coulomb’s law by a continuity equation. Explicitly,
we will use streamlines or field lines to map the
direction of the field, and use the continuity equation to
calculate the magnitude of the field. Thisis our general
plan for constructing electric field maps; we now have

to fill in the details. T
7 - g = s ~
7 N
e AN
/ \
/ \
/ \
~— (SN
1 \ V.
I —Z \ 2
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\ 1
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\ /
N 7
e
/\ /\
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Figure 14

This is our old Figure 23-6 for the velocity field
of a point source of water. The continuity
equation v A, =v,A,, requires that the velocity
field v drops off as 1/r* because the area
through which the water flows increases as mr*.

7 N
7 N
/ AN
’ \
/ \
\/ \('A
- E
l’ \// \\/K ‘I 2
1
! Qe S
\ /7 ]
\ ~— h
\ /
\ Aq /
\ /
\ /
N 4
N 7
/\\\ ’//\
A2
Figure 15

From Coulomb's law, | E | = KQ/r*, we see that the
electric field of a point source drops off in exactly the
same way as the velocity field of a point source. Thus
the electric field must obey the same continuity
equation E\A, = E,A, as does the velocity field.




Flux

To see how the continuity equation can be applied to
electric fields, let us review the calculation of the 1/r2
velocity field of a point source of fluid, and follow the
same steps to calculate the electric field of a point
charge.

In Figure (16) we have a small sphere of area A | in
which the water is created. The volume of water
created each second, which we called the flux of the
water and will now designate by the greek letter @, is
given by

volume of water \
created per second / = O, = vjA; (25)

in the small sphere

The flux of water out through alarger sphere of area A,
is

volume of water
flowing per second
out through a
larger sphere

Figure 16

The total flux ®, of water out of the small sphere is
@, =v,A,,, where A, is the perpendicular area
through which the water flows. The flux through
the larger sphere is ®,=v,A,,. Noting that no water
is lost as it flows from the inner to outer sphere, i.e.,
equating ®, and ®, , gives us the result that the
velocity field drops off as 1/v* because the
perpendicular area increases as r*.
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The continuity equation vi{A; = vAjrequires these
fluxes be equal

continuity
equation

Using Equations (26) and (27), we can express the
velocity field v, out at the larger sphere in terms of the
flux of water @ created inside the small sphere

() ()
== = — 28
Vo A2 47‘51‘22 ( )

Let us now follow precisely the same steps for the
electric field of apoint charge. Constructasmall sphere
of area A, and a large sphere A, concentrically sur-
rounding the point charge as shown in Figure (17). At
the small sphere the electric field has a strength E ,
which has dropped to a strength E, out at A..

Let us define E A as the flux of our electric fluid
flowing out of the smaller sphere, and E, A 5 as the flux

flowing out through the larger sphere

Figure 17

The total flux ®, of the electric field out of the
small sphere is ®,=E,A,,, where A, is the
perpendicular area through which the electric
field flows. The flux through the larger sphere is
®,=E,A,,. Noting that no flux is lost as it flows
Jrom the inner to outer sphere, i.e., equating ®,
and @, , gives us the result that the electric field
drops off as 1/v* because the perpendicular area
increases as r*.
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Applying the continuity equation E;A | = E;A, to
this electric fluid, we get

Again we canexpress the field at A , in terms of the flux
) )
E, =+ = 32
2= A, T g 2

Since A , can be any sphere outside, but centered on the
point charge, we can drop the subscript 2 and write

()
E =
® 4mr?

(33)

In Equation (33), we got the correct 1/r% dependence
for the electric field, but what is the appropriate value
for @ ? How much electric flux @ flows out of a point
charge?

To find out, start with a fixed charge Q as shown in
Figure (18), place our unit test charge adistance raway,
and use Coulomb's law to calculate the electric force E
on our unit test charge. The result is

’ T
O=EA, \III \\/7
\
Q ) ! \
= (— X 47'[r2 ! 1
2
4e .‘ Q.\ !
_Q ! .
80 ‘\ //
/e
Figure 18

Using Coulomb's law for the electric field of
a point charge Q, we calculate that the total
flux out through any centered sphere
surrounding the point charge is ® = Q/&,.

Coulomb's
Law

| = -2 (34)

" dmey2

where now we are explicitly putting in 1/47e for the
proportionality constant K.

Comparing Equations (33) and (34), we see that if we
choose

Flux emerging

from a charge Q (35)

then the continuity equation (33) and Coulomb's law
(34) give the same answer. Equation (35) isthe key that
allows us to apply the continuity equation to the electric
field. If we say that a point charge Q creates an electric
flux ® = Q/g,, , then applying the continuity equation
gives the same results as Coulomb's law. (Youcannow
see that by putting the 41 into Coulomb's law, there is
no 47 in our formula (35) for flux.)

Negative Charge

If we have a negative charge —Q, then our unit test
particle Q7 will be attracted to it as shown in Figure
(19). From a hydrodynamic point of view, the electric
fluid is flowing into the charge —Q and being destroyed
there. Therefore a generalization of our rule about
electric flux is that a positive charge creates a positive,
outward flux of magnitude Q/e,, while a negative
charge destroys the electric flux, it has a negative flux
— Q/¢, that flows into the charge and disappears.

|

-
\/
/.\

| / N

The electric field of a negative charge flows
into the charge. Just as positive charge
creates flux, negative charge destroys it.



Flux Tubes

In our first pictures of fluid flows like Figure (23-5)
reproduced here, we saw that the streamlines were little
tubes of flow. The continuity equation, applied to a
streamline was @ = v;A; = v,A, . This is simply the
statement that the flux of a fluid along a streamline is
constant. We can think of the streamlines as small
tubes of flux. By analogy we will think of our electric
field lines as small tubes of electric flux.

Conserved Field Lines

When we think of the field line as a small flux tube, the
continuity equation gives us a very powerful result,
namely the flux tubes must be continuous, must main-
tain their strength in any region where the fluid is
neither being created nor destroyed. For the electric
fluid, the flux tubes or field lines are created by, start at,
positive charge. And they are destroyed by, or stop at,
negative charge. But in between the electric fluid is
conserved and the field lines are continuous. We will
see that this continuity of the electric field linesis a very
powerful tool for mapping electric fields.

_’|sz|‘—
‘N
1

streamline

AXy=Vont

Figure 23-5
Flux tube in the flow of water.
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A Mapping Convention

If an electric field line represents a small flux tube, the
question remains as to how much flux is in the tube?
Just as we standardized on a unit test charge Q= 1
coulomb forthe definition of the electric field E, we will
standardize on a unit flux tube as the amount of flux
represented by one electric field line. With this conven-
tion, we should therefore draw ® = Q/g, field lines
or unit flux tubes coming out of a positive charge +Q,
or stopping on a negative charge —Q. Let us try a few
examples to see what a powerful mapping convention
this is.

InFigure (20) we have a positive charge Q/g, = +5,and
a negative charge Q/e, = -3, located as shown. By
our new mapping convention we should draw 5 unit
flux tubes or field lines out of the positive charge, and
we should show 3 of them stopping on the negative
charge. Close to the positive charge, the negative
charge is too far away to have any effect and the field
lines must go radially out as shown. Close to the
negative charge, the lines must go radially in because
the positive charge is too far away.

Figure 20

We begin a sketch of the electric field by
drawing the field lines in close to the charges,
where the lines go either straight in or straight
out. Here we have drawn 3 lines into the
charge -3¢, and 5 lines out of the charge
+5¢,. To make a symmetric looking picture,
we oriented the lines so that one will go straight
across from the positive to the negative charge.
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Now we get to the interesting part; what happens to the
field lines out from the charges? The basic rule is that
the lines can start on positive charge, stop on negative
charge, but must be continuous in between. A good
guessis that 3 of the lines starting on the positive charge
go over to the negative charge in roughly the way we
have drawn by dotted lines in Figure (21). There is no
more room on the minus charge for the other two lines,
so that all these two lines can do is to continue on out
to infinity.

Let us take Figure (21), but step far back, so that the +
and the —charge look close together as shown in Figure
(22). Between the charges we still have the same heart-
shaped pattern, but we now get a better view of the two
lines that had nowhere to go in Figure (21). To get a
better understanding for Figure (22) draw a sphere
around the charges as shown. The netcharge inside this
sphere is

Q) ysi3os

€ Jinside sphere_

Thus by our mapping convention, two field lines
should emerge from this sphere, and they do. Faraway

Qle,=5

Figure 21

Once the in close field lines have been drawn, we
can sketch in the connecting part of the lines as
shown above. Three of the lines starting from the
positive charge must end on the negative one.

The other must go out to infinity. Using
symmetry and a bit of artistic skill, you will
become quite good at drawing these sketches.

where we cannot see the space between the point
charges, it looks like we have a single positive charge
of magnitude Q/g, = 2.

Summary

When we started this chapter with the brute force
calculus calculation of the electric field of aline charge,
you may have thought that the important point of this
chapter was how to do messy calculations. Actually,
exactly the opposite is true! We want to learn how to
avoid doing messy calculations. The sketches shown
in Figures (21) and (22) are an important step in this
process. From what we are trying to get out of this
chapter, it is far more important that you learn how to
do sketches like Figures (21) and (22), than calcula-
tions illustrated by Figure (1).

With alittle experience, most students get quite good at
sketching field patterns. The basic constraints are that
Q/e, lines start on positive charges, or stop on negative
charges. Between charges the lines are unbroken and
should be smooth, and any lines left over must either go
to or come from infinity as they did in Figure (22).

Figure 22

Distant view of our charge distribution. If we step
way back from the charge distribution of Figure (21),
we see a small object whose net charge is
-3&)+5€y=+2¢€,. Thus 2 lines must finally emerge
Jrom this distribution as shown.



A Computer Plot

Figure (23) is a computer plot of the electric field lines
for the +5, -3 charge distribution of Figures (21) and
(22). The first thing we noted is that the computer drew
alotmore lines than we did. Did it violate our mapping
convention that the lines represent unit flux tubes, with
Q/e, lines starting or stopping onacharge Q? Yes. The
computer drew a whole bunch of lines so that we could
get a better feeling for the shape of the electric field.
Notice, however, that the ratio of the number of lines
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starting from the positive charge to the number ending
on the negative charge is still 5/3. One of the standard
tricks in map making is to change your scale to make
the map look as good as possible. Here the computer
drew 10 lines per unit flux tube rather than 1. We will
see that the only time we really have to be careful with
the number of lines we draw is when we are using a
count of the number of lines to estimate the strength of
the electric field.

Figure 23

Computer plot of the field lines of a -3 and +5 charge distribution. Rather than drawing
Q/g,, out of a positive charge or into a negative charge, the computer is programmed to
draw enough lines to make the shape of the electric field as clear as possible.
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GAUSS’ LAW

The idea of using the continuity equation to map field
lines was invented by Frederick Gauss and is known as
Gauss’ law. A basic statement of the law is as follows.
Conceptually construct a closed surface (often called a
Gaussian surface) around a group of sources or sinks,
as shown in Figure (24). In that figure we have drawn
the Gaussian surface around three sources and one
sink. Then calculate the total flux ®,,;, coming from
these sources. For Figure (24), we have

Dy = O+ Dy + D3+ Dy (36)

where @, happens to be negative. Then if the fluid is
incompressible, or we have an electric field, the total
flux flowing out through the Gaussian surface must be
equal to the amount of flux ®,; being created inside.

Gauss' law applies to any closed surface surrounding
our sources and sinks. But the law is useful for
calculations when the Gaussian surface is simpleenough
inshape that we can easily write the formula for the flux
flowing through the surface. To illustrate the way we
use Gauss' law, let us, one more time, calculate the
electric field of a point charge.

- R —

/7

/ source X @,
\

\ : sink
|
l
> |
surrounding several \

closed surface

sources or sinks
(this is called a ~ /
Gaussian surface)

Figure 24

If these were sources and sinks in a fluid, it would be
obvious that the total flux of fluid out through the closed
surface is equal to the net amount of fluid created inside.
The same concept applies to electric flux. The net flux
D, out through the Gaussian surface is the sum of the

fluxes @;+ D, + D3 + D created inside.

In Figure (25), we have a point charge Q, and have
drawn a spherical Gaussian surface around the charge.
The flux produced by the point charge is

flux produced
by the point
charge

@ (37)

tot — 8_0

At the Gaussian surface there is an electric field E
(which we wish to calculate), and the surface has an
area A = 4mr2. Therefore the electric flux flowing
out through the sphere is

o . = EA
out (38)
flux flowing
= Ex4nr? out through
the sphere

Equating the flux created inside (Equation 37) to the
flux flowing out (Equation 38) gives

E x 4nr? = 82
(0]
(39
Q old result
E=—— obtained
471:801"2 new way
A
Gaussian
\/surface
\ A = 4-1'EI’2

Figure 25

Calculating the electric field of a point charge by
equating the flux Q/&€, created by the point charge to
the flux @ = EA | flowing through the Gaussian
surface. This gives

Q/&,=E x4mr?
E =Q/ 4meyr?

as we expect.



Electric Field of a Line Charge

As areal test of Gauss’ law, let us calculate the electric
field of a line charge and compare the result with our
brute force calculus calculation. In the calculus deriva-
tion, we found that the force on a test charge Qr a
distance r from our line charge was (from Equation

(1D)

o 2KAQp  2AQq
F = =
r 4me r

where A is the charge density on the rod as shown in
Figure (26). Setting Qr =1 coulomb, F becomes the
force E on a unit test charge:

calculusderived

| E | _ A formula for the
= _21t80r electric field of (40)
a linecharge

To apply Gauss’ law we first construct a cylindrical
Gaussian surface that surrounds a length L of the
charge as shown in Figure (27). Since the charge

density is A, the total charge Q;,, , inside our Gaussian
surface is
Qin = }\«L
This amount of charge creates an amount of flux
o = in _ AL
inside €, €, 41)

Now we can see from Figure (27) that because the
electric field lines go radially outward from the line
charge, they only flow out through the curved outer
surface of our Gaussian cylinder and not through the
flat ends. This cylindrical surface has an area
A = (2nr)L (circumference X length), and the elec-
tric field out at a distance r is E(r). Thus the flux out

through the Gaussian cylinder is
@, = E(r)2nr L (42)

A coulombs per meter
N + + + + + + 4

|
¢ e

Figure 26 E
The force E on a unit test charge near a line charge.

=1 coulomb
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Equating the flux created inside (Equation 41) to the
flux flowing out through the cylindrical surface (Equa-
tion 42) gives

E(r) 2L = AL
(0]

The L's cancel and we get

__A
Elr) = 2me

(43)

Voila! We get the same result. Compare the calculus
derivation with its integral of (x2+r2)>'? to the
simple steps of Equations (41) and (42). We noted that
in physics, a simple answer, like the 1/r dependence of
the electric field of a line charge, should have an easy
derivation. The easy derivation is Gauss’ law. The
simple idea is that for a line charge the flux is flowing
outthrough acylindrical rather than a spherical surface.
The area of a cylindrical surface increases as r, rather
than as r’*for a sphere, therefore the electric field drops
off as 1/r rather than as 1/*as it did for a point charge.

4
/ F\ \  Acoulombs
I p ) \
h :’ \ ‘/per meter
1 ]
N+ T+ + + + + + 4
T
\

1
I
1

Figure 27

Using Gauss' law to calculate the electric field of
a line charge. Draw the Gaussian surface
around a section of the rod. The flux all flows
out through the cylindrical surface.
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Flux Calculations

In our calculations of the flux through a Gaussian
surface, Equation (38) for a spherical surface and
Equation (42) for a cylindrical surface, we multiplied
the strength of the electric field times the area A
through which the field was flowing. In both cases we
were careful to construct the area perpendicular to the
field lines, for flux is equal to the strength of the field
times cross sectional or perpendicular area through
whichitis flowing. It would be more accurate to write
the formula for flux as

(44)

®=EA,

where the 1 signreminds usthat A | is the perpendicular
area.

Area as a Vector

A more formal way to present the formula for flux is to
turnthe area A intoa vector. Toillustrate the procedure,
consider the small flow tube shown in Figure (28). We
have sliced the tube with a plane, and the intersection
of the tube and the plane gives us an area A as shown.
We turn A into the vector A by drawing an arrow
perpendicular to the plane, and of length A.

To show why we bothered turning A into a vector, in
Figure (29) we have constructed a cross-sectional area
A 1 as well as the area A of Figure (28). The cross-
sectional area is the smallest area we can construct

plane slicing
/ the flow tube

p %

flow tube

A

—
—_—
\_.-——

Figure 28

Definition of the area as a vector. Slice a flow
tube by a plane. The area A is the area of the
region in the plane bounded by the flow tube.
We define the direction of A as pointing
perpendicular to the plane as shown.

across the tube. The other areas are bigger by a factor
1/cos () where 6 is the angle between A and A . Le.,

A = Acos() (45)

Now the flux in the flow tube is the fluid speed v times
the cross-sectional area A |

D =vA| (46)
Using Equation (45) for A | in Equation (46) gives
D =vA| = VACOS(G)

But vAcos (8) is just the vector dot product of the
velocity vector v (which points in the direction A ;) and
A, thus we have the more general formula

®=vA, = VA (47a)

By analogy, the electric flux through an area Alis

® =EA, =EA (47b)

In extreme cases where the Gaussian surface is not
smooth, you may have to break up the surface into
small pieces, calculate the flux d®; = = E. dA foreach
piece dA and then add up all the contnbutlons from
each piece to get the total flux @, . Theresultis called

out *

asurfaceintegral which we will discuss later. Fornow
we will make sure that our Gaussian surfaces are
smooth and perpendicular to the field, so that we can
use the simple form of Equation (47).

>

0
T, flow tube

Figure 29
The cross-sectional area, which we have been calling
A |, is the smallest area that crosses the entire tube.
The tilted area is larger than A | by a factor of
1/ cos(o), where 0 is the angle between A and A .
As a result we can write

A=A cos(6)

@=vA =vAcos(6) = i-A



GAUSS' LAW FOR THE
GRAVITATIONAL FIELD

In our earliest work with gravitational force problems,
such as calculating the motion of the moon or artificial
earth satellites, we got the correct answer by replacing
the extended spherical earth by a pointmass M . located
at the center of the earth. It is surprising that the
gravitational force exerted on you by every rock,
mountain, body of water, the earth's iron core, etc. all
adds up to be equivalent to the force that would be
exerted by a point mass M, located 6,000 km beneath
you. A simplified version of history is that Isaac
Newton delayed his publication of the theory of gravity
20 years, and invented calculus, in order to show that
the gravitational force of the entire earth was equivalent
to the force exerted by a point mass located at the center.

One can do a brute force calculus derivation to prove
the above result, or one can get the result almost
immediately from Gauss'law. With Gauss'law, we can
also find out, almost by inspection, how the gravita-
tional force decreases as we go down inside the earth.

Since gravity and electricity are both 1/r2 forces,
Gauss' law also applies to gravity, and we can get the
formulas for the gravitational version by comparing the
constants that appear in the force laws. Defining the
gravitational field g as the force on aunitmass (note that
this is also the acceleration due to gravity), we have for
a point charge and a point mass

é)évﬁ‘ (48)

M @«—3g (49)

electric § — Q
fkhi 4n8&2

gravitational . _ GM
field & = 2

Aside from the fact that gravitational forces are always
attractive (therefore the field lines always go into a
mass m) the only other difference is that 1/4me  is
replaced by G

1 (50)

Ge 4me,

For the electric forces, a point charge Q produces an
amount of flux
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(DE = Sg = 1

€ 4n80X4nQ

(S
Replacing 1/4m e, by G and Q by M, we expect that
a mass M destroys (rather than creates) an amount of
flux @ given by

®; = G@nM) = 4nGM (52)

Gravitational Field of a Point Mass

Letus check if we have the correct flux formula by first
calculating the gravitational field of a point mass. In
Figure (30) we have a point mass M surrounded by a
Gaussian spherical surface of radius r. The flux flow-
ing into the point mass is given by Equation (52) as
4nGM. The flux flowing in through the Gaussian
surface is

flux in

through | _ gg =gA, = g(47t1‘2)

G | Gaussian
surface

(53)

where the area of the sphere is 4mr2. Equating the flux
in through the sphere (53) to the flux into M (52) gives

g(4mr?) = 4nGM

GM
g= "5
r

(54)

which is the gravitational force exerted on a unit mass.

/// \\
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S _~7>mapping
T surface
Figure 30

Calculating the gravitational field g
of a point mass using Gauss' law.



24-24 Coulomb's Law and Gauss' Law

Gravitational Field
of a Spherical Mass

Now let us model the earth as a uniform sphere of mass
asshowninFigure (31). By symmetry the gravitational
field lines must flow radially inward toward the center
of the sphere. If we draw a Gaussian surface of radius
r outside the earth, we have a total flux flowing in
through the sphere given by

D, =8 A=gA

55
= g4nr? (53)

Now the total amount of mass inside the sphere is M, ,
so that the total amount of flux that must stop some-
where inside the Gaussian surface is

@ = 41GM, (56)

Since Equations (56) and (55) are identical to Equa-
tions (52) and (53) for a point mass, we must get the
same answer. Therefore the gravitational field outside
a spherically symmetric mass M, is the same as the
field of a point mass M, located at the center of the
sphere.

//_-—\~.
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N .7 >mapping
S~ surface

Figure 31

Since 4w GM, lines of flux go in through
the mapping surface in both Figures 30 and
31, the field at the mapping surface must be
the same for both. This is why, when we are
above the surface of the earth, we can treat
the earth as a point mass located at the
center of the earth.

Gravitational Field Inside the Earth
The gravitational field outside a spherical mass is so
easy to calculate using Gauss’ law, that you might
suspect that we really haven’t done anything. The
calculation becomes more interesting when we go
down inside the earth and the field is no longer that of
a point mass M,. By determining how the field de-
creases as we go inside the earth, we can gain some
confidence in the calculational capabilities of Gauss’
law.

In Figure (32), we are representing the earth by a
uniform sphere of matter of mass M, and radius Re.
Inside the earth we have drawn a Gaussian surface of
radius r, and assume that the gravitational field has a
strength g(r) at this radius. Thus the total flux in
through the Gaussian surface @, is given by

= 8r) A =gr)A;
= g(r)4nr2

O

(7

Now the amount of mass inside our Gaussian surface
isnolonger M., butonly the fraction of M, lying below
the radius r. That amount is equal to M, times the ratio

mapping
surface

Figure 32

To calculate the gravitational field inside the earth,
we draw a mapping surface inside, at a radius r less
than the earth radius R,. The amount of mass M;,
inside the mapping surface is equal to the earth mass
M, times the ratio of the volume of the mapping
sphere to the volume of the earth.



of the volume of a sphere of radius r to the volume of
the entire earth.

mass \ _ Y33
Mr(bEIOWV) - Me 4/37CR 3
e
3
T
_w, T (58)
R,

The amount of flux that the mass M, absorbs is given
by Equation (52) as

3
®; = 4nGM, = 4nGMe# (59)

(&
Equating the flux flowing in through the Gaussian
surface (Equation (57) to the flux absorbed by M,
(Equation 59) gives

3
T
g(r)4nr2 = 4TCGM6F
e
or

g(r) — GMeL Gravitational field (60)

R3 inside the earth

This result, which can be obtained by a much more
difficult calculus calculation, shows the earth’s gravi-
tational field dropping linearly (proportional to r),
going to zero as r goes to 0 at the center of the earth.

Figure (32) gives an even more general picture of how
the earth’s gravitational field changes as we go down
inside. The flux going in past our Gaussian surface is
determined entirely by the mass inside the surface. The
mass in the spherical shell outside the Gaussian
surface has no effect at all! 1f we are down inside the
earth, a distance R, from the center, we can accurately
determine the gravitational force on us by assuming
that all the mass below us (r <R;) is located at a point
at the center of the earth, and all the mass above (r>R;)
does not exist.
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Exercise 8

As shown in Figure (33) a plastic ball of radius R has a
total charge Q uniformly distributed throughout it. Use
Gauss’ law to:

a) Calculate the electric field E(r) outside the sphere
(r > R). How does this compare with the electric field of
a point charge?

b) Calculate the electric field inside the plastic sphere
(r<R).

(Try to do this now. The solution is on the next page as
an example.)

charge Q uniformly
/ spread throughout
the sphere

Figure 33

Diagram for exercises 8&10. A plastic sphere of radius
R has a charge Q spread uniformly throughout. The
problem is to calculate the electric field inside and
outside.
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Solving Gauss' Law Problems

Using Gauss' law to solve for electric fields can be
handled in a relatively straightforward way using the
following steps:

1) Carefully sketch the problem.

2) Draw a mapping surface that passes through the
point where you want to solve for the field. Con-
struct the surface so that any field lines going
through the surface are perpendicular to the surface.
This way you can immediately spot the perpendicu-
lar area A .

3) Identify Q;,, the amount of electric charge inside
your mapping surface.

4) Solve for E using the Equation ® = EA | = Q, /¢,.

5) Check that your answer is reasonable.

Asanexample, letus follow these steps to solve part (b)
of Exercise 8, i.e., find the electric field E inside a
uniform ball of charge.

1) Sketch the problem. The sphere has aradius R, and
total charge +Q. By symmetry the electric field
must go radially outward for a positive charge (or
radially inward for a negative charge).

mapping
surface

2) Since we want the field inside the charged sphere,
we will use a spherical mapping surface of radius
r < R. Because the electric field is everywhere
perpendicular to the mapping surface, the area of the
mapping surface is A | = 47r2.

3) The simplest way to calculate the amount of charge
Q;,, inside our mapping surface is to note that since the
charge is uniformly spread throughout the sphere, Q;,
is equal to the total charge Q times the ratio of the
volume inside the mapping surface to the total volume
of the charged sphere; i.e.,

(43)mr3 Q3

Qn = Qx (43mR>  R?

4) Now use Gauss' law to calculate E:

@:EAL:%
)

3
E><41tr2 = Q—r3
oR

Qr

" 4me RO

5) Check to see if the answer is reasonable. At r=0,
we get E=0. That is good, because at the center of
the sphere, there is no unique direction for E to
point. At r = R, our formula for E reduces to
E=Q/ (471:80R2) ,whichis the field of apointcharge
Q when we are a distance R away. This agrees with
the idea that once we are outside a spherical charge,
the electric field is the same as if all the charge were
at a point at the center of the sphere.
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Exercise 9

As shown in Figure (34), the inside of the plastic sphere
has been hollowed out. The total charge on the sphere
is Q. Use Gauss’ law to

a) Determinethe strength ofthe electric fieldinside the
hollow cavity.

b) Calculate the strength of the electric field inside the
plastic.

c) Calculate the strength of the electric field outside
the plastic.

__-charge Q spread
throughout the
spherical shell

R

Figure 34
Diagram for Exercises 9 & 11. The charge is now
spread throughout a spherical shell.

Exercise 10

Repeat Exercise 8, assuming that Figure (33) repre-
sents the end view of a very long charged plastic rod
with a charge of A coulombs per meter. (A section of
length L will thus have a charge Q = A L.)

Exercise 11

Repeat Exercise 9, assuming that Figure (34) repre-
sents the end view of a charged hollow plastic rod with
a charge of A coulombs per meter.

Exercise 12

A hydrogen atom ( H atom) consists of a proton with an
electronmoving aboutit. The classical pictureisthatthe
electron orbits about the proton much like the earth
orbits the sun. A model that has its origins in quantum
mechanics and is more useful to chemists, is to picture
the electron as being smeared out, forming a ball of
negative charge surrounding the proton. This ball of
negative charge is called an "electron cloud ".

For this problem, assume that the electron cloud is a
uniform sphere of negative charge, a sphere of radius
R centered on the proton as shown in Figure (35). The
total negative charge (—e) in the electron cloud just
balances the positive charge (+¢e) on the proton, so that
the net charge on the H atom is zero.

a) Sketch the electric field for this model of the H atom.
Show the electric field both inside and outside the
electron cloud.

b) Calculate the magnitude of the electric field for both
r < R (inside the cloud) and r > R (outside the cloud).

Electron
cloud

‘/R%

Proton

Figure 35

Picture a hydrogen atom as a proton (of charge +e),
surrounded by an electron cloud. Think of the cloud as
a uniform ball of negative charge, with a net charge -e.
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Exercise 13

A butterfly net with a circular opening of radius R, is in
a uniform electric field of magnitude E as shown in
Figure (36). The opening is perpendicular to the field.
Calculate the net flux of the electric field through the net
itself. (The amount of flux through each hole in the net is
E-dA where dA is the area of the hole.) (This is one of
our favorite problems from Halliday and Resnick.)

YYYYYYYYYYYYYYYYY

Figure 36

Butterfly net in a uniform electric field. With
Gauss' law, you can easily calculate the flux of
the electric field through the net itself.

Exercise 14
Electric fields exist in the earth's atmosphere. (You get
lightning if they get too strong.)

On a particular day, it is observed that at an altitude of
300 meters, there is a downward directed electric field
of magnitude

E(300m) = 70 newton
~ "7 coulomb

Down at an altitude of 200 meters, the electric field still
points down, but the magnitude has increased to

E(200m) = 100 ewton.
B coulomb

How much electric charge is contained in a cube 100
meters on a side in this region of the atmosphere?

s-HHHH -

Electric field at two different altitudes.



PROBLEM SOLVING

One can devise a number of Gauss’ law problems
where one plugs various numerical values into the
formulas we have derived. But that is not the point of
this chapter. Here we are interested, not so much in the
answers, as in the concepts and techniques used to
derive them.

In this chapter we have introduced two new concepts.
Oneiselectricflux @ = EA |, and the other is that the
total flux out through a closed surface is equal to
Qiuside/€0 - Thesetwo concepts allow us to easily solve
for the electric field in certain special cases. Those
cases are where A | is a sphere, a cylinder, or a plane.

What you need to get from this discussion is the
beginning of an intuitive picture of electric flux, how it
is related to the flow of an incompressible fluid, and
how this concept can be used to handle the few but
important examples where A is either a sphere,
cylinder, or plane. Numerical applications can come
later, now is the time to develop intuition.

Most students have some difficulty handling Gauss’s
law problems the first time they see them because the
concepts involved are new and unfamiliar. Then when
the problems are solved in a homework session, a
common reaction is, “Oh, those are not so hard after
all”. One gets the feeling that by just watching the
problem solved, and seeing that it is fairly easy after all,
they understand it. The rude shock comes at an exam
where suddenly the problem that looked so easy, has
become unsolvable again.

There is a way to study to avoid this rude shock. Pick
one of the problems you could not solve on your own,
a problem you saw solved in class or on an answer
sheet. A problem that looked so easy after you saw it
solved.

Wait a day or two after you saw the solution, clean off
your desk, take out a blank sheet of paper, and try
solving the problem.

Something awful may happen. That problem that
looked so easy in the homework review session is now
impossible again. You can’t see how to do it, and it
looked so easy two days ago. You feel really bad—but
don’t, it happens to everyone.
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Instead, if you cannot get it, just peek at the solution to
see what point you missed, then put the solution away
and solve it on your own. You may have to peek a
couple of times, but that is OK.

If you had to peek at the solution, then wait another day
or so, clean off your desk, and try again. Soon you will
getthe solution withoutlooking, and you will not forget
how tosolve that problem. You will getmore out of this
technique than solving 15 numerical examples.

When you are studying a new topic with new, unfamil-
iar concepts, the best way to learn the subject is to
thoroughly learn a few, well chosen worked out ex-
amples. By learn, we mean problems you can work on
a blank sheet of paper without looking at a solution.

Pick examples that are relatively simple but clearly
illustrate the concepts involved. For this chapter, one
could pick the example of calculating the electric field
inside and outside a uniform ball of charge. If you can
do that problem on a clean desk, you can probably do
most of the other problems in this chapter without too
much difficulty.

Why learn a sample problem for each new topic? The
reasonis thatif you know one worked example you will
find it easy to remember the entire topic. That worked
example reminds you immediately how that concept
works, how it functions.

In this text, Chapters 24-32 on electric and magnetic
fields involve many new concepts. Concepts you will
nothave seen unless you have already taken the course.
As we go along, we will suggest sample problems,
what we call “clean desk problems”, which serve as a
good example of the way the new conceptisused. You
may wish to choose different sample problems, but the
best way to learn this topic is to develop a repertory of
selected sample problems you understand cold.

At this point, go back to some of the problems in this
chapter, particularly Exercises 9 through 14 and see if
you can solve them on a clean desk. If you can, you are
ready for the next chapter.



Chapter 25
Field Plots and

Electric Potential

Calculating the electric field of any but the simplest
distribution of charges can be a challenging task.
Gauss’ law works well where there is considerable
symmetry, as in the case of spheres or infinite lines of
charge. Atthe beginning of Chapter (24), we were able
to use a brute force calculus calculation to determine
the electric field of a short charged rod. But to handle
more complex charge distributions we will find it
helpful to apply the techniques developed by map
makers todescribe complexterrains onaflatmap. This
is the technique of the contour map which works
equally well for mapping electric fields and mountain
ranges. Using the contour map ideas, we will be lead
to the concept of a potential and equipotential lines or
surfaces, which is the main topic of this chapter.

Figure 1

Contour map of a small island with a beach on the
south shore, two hills, and a cliff on the northwest
side. The slope of the island is gradual where the
lines are far apart, and steep where the lines are
close together. If you were standing at the point
labeled (A) and the surface were slippery, you
would start to slide in the direction of the arrow.

THE CONTOUR MAP

Figure (1) is a contour map of a small island. The
contour lines, labeled 0, 10, 20, 30 and 40 are lines of
equal height. Anywhere along the line marked 10 the
land is 10 meters above sea level. (You have to look at
some note on the map that tells you that height is
measured in meters, rather than feet or yards.)

You can get a reasonable understanding of the terrain
just by looking at the contour lines. On the south side
of the island where the contour lines are far apart, the
land slopes gradually upward. This is probably where
the beach is located. On the north side where the
contour lines are close together, the land drops off
sharply. We would expect to see a cliff on this side of
the island.
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Although we would rather picture this island as being
in the south seas, imagine that it is in the North Atlantic
and a storm has just covered it with a sheet of ice. You
are standing at the point labeled A in Figure (1), and
start to slip. If the surface is smooth, which way would
you start to slip?

A contour line runs through Point A which we have
shown in an enlargement in Figure (2). You would not
start to slide along the contour line because all the
points along the contour line are at the same height.
Instead, you would start to slide in the steepest down-
hill direction, whichis perpendicular to the contour line
as shown by the arrow.

If you do not believe that the direction of steepest
descentis perpendicular to the contour line, choose any
smooth surface like the top of a rock, mark a horizontal
line (an equal height line) for a contour line, and
carefully look for the directions that are most steeply
sloped down. You will see that all along the contour
line the steepest slope is, in fact, perpendicular to the
contour line.

direction of steepest

descent contour lines

Figure 2

Along a contour line the land is level. The
direction of steepest slope or descent is
perpendicular to the contour line.

Skiers are familiar with this concept. When you want
to stop and rest and the slope is icy, you plant your skis
along a contour line so that they will not slide either
forward orbackward. The direction of steepest descent
is now perpendicular to your skis, in a direction that ski
instructors call the fall line. The fall line is the direction
you will start to slide if the edges of your skis fail to
hold.

In Figure (3), we have redrawn our contour map of the
island, but have added a set of perpendicular lines to
show the directions of steepest descent, the direction of
the net force on you if you were sitting on a slippery
surface. These lines of steepest descent, are also called
lines of force. They can be sketched by hand, using the
rule that the lines of force must always be perpendicular
to the contour lines.

Figure 3

You can sketch in the lines of steepest descent
by drawing a set of lines that are always
perpendicular to the contour lines. These
lines indicate the direction a ball would start
to roll if placed at a point on the line.



InFigure (4) we have the same island, butexcept for the
zero height contour outlining the island, we show only
the lines of force. The exercise here, which you should
do now, is sketch in the contour lines. Just use the rule
that the contour lines must be drawn perpendicular to
the lines of force. The point is that you can go either
way. Given the contour lines you can sketch the lines
of force, or given the lines of force you can sketch the
contour lines. This turns out to be a powerful technique
in the mapping of any complex physical or mathemati-
cal terrain.

Figure 4

Here we have removed the contour lines leaving
only the lines of steepest descent and the outline
of the island. By drawing a set of lines
perpendicular to the lines of steepest descent,
you can more or less reconstruct the contour
lines. The idea is that you can go back and forth
Jrom one set of lines to the other.
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Figure 6
The gravitational potential energy of two masses
separated by a distance r is - GMm/r.

25-3

EQUIPOTENTIAL LINES

On a contour map of an island, the contour lines are
lines of equal height. If you walk along a contour line,
your height h, and therefore your gravitational poten-
tial energy mgh, remains constant. As aresult, we can
call these the lines of constant or equal potential energy,
equipotential energy lines for short.

Let us apply these mapping concepts to the simpler
situation of a spherical mass M shown in Figure (5). As
in Chapter 24, we have drawn the gravitational field
lines, which point radially inward toward the center of
M. We determined these field lines by placing a test
particle of mass m in the vicinity of M as shown in
Figure (6). The potential energy of this test mass m is
given by our old formula (see Equation 10-50a)

iveforces
GMm attractive
PE = — have negative (1)
r potentialenergy

Inour discussion of electric and gravitational fields, we
defined the fields as the force on a unit test particle.
Setting m = 1 for a unit test mass, we get as the formula
for the potential energy of our unit test mass

Potential energy of \ . GM
a unit test mass / - r

2)

PN ~ 5/ gravitational
7 \ field lines

/ > equipotential
N 7 lines

Figure 5

The gravitational field lines for a spherical mass
point radially inward. The lines of constant
potential energy are circles of equal height above
the mass. The equipotential lines are everywhere
perpendicular to the field lines, just as, in the map
of the island, the contour lines were everywhere
perpendicular to the lines of steepest descent.
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From Equation (2) we see that if we stay a constant
distance r out from M, if we are one of the concentric
circles in Figure (5), then the potential energy of the
unit test mass remains constant. These circles, drawn
perpendicular to the lines of force, are again equal
potential energy lines.

There is a convention in physics to use the word
potential when talking about the potential energy of a
unit mass or unit charge. With this convention, then
— GM/r in Equation (2) is the formula for the gravita-
tional potential of a mass M, and the constant radius
circles in Figure (5) are lines of constant potential.
Thus the name equipotential lines for these circles is
fitting.

Negative and Positive

Potential Energy

In Figure (7) we have drawn the electric field lines of
apoint charge Q and drawn the set of concentric circles
perpendicular to the field lines as shown. From the
close analogy between the electric and gravitational
force, we expect that these circles represent lines of
constant electric potential energy, that they are the
electric equipotential lines.

- - — electric
~ field lines
N
AN M
\

-~ o——
\ Y, y
— , ~equipotential
7 lines
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Figure 7

The electric potential is the potential energy of a
positive unit test charge ¢, =+ 1 coulomb.
Because a positive charge + Q and a positive test
charge repel this potential energy is positive.

But there is one important difference between Figures
(5) and (7). In Figure (5) the gravitational force on our
unit test mass is attractive, in toward the mass M. In
Figure (7), the force on our unit positive test particle is
out, away from Q if Q is positive. When we have an
attractive force as in Figure (5), the potential energy
is negative as in Equation (1). But when the force is
repulsive, as in Figure (7), the potential energy is
positive. Let us briefly review the physical origin for
this difference in the sign of the potential energy.

In any discussion of potential energy, it is necessary to
define the zero of potential energy, i.e. to say where the
flooris. In the case of satellite motion, we defined the
satellite’s potential energy as being zero when the
satellite was infinitely far away from the planet. If we
release a satellite atrest a great distance from the planet,
it will start falling toward the planet. Asitfalls, it gains
kinetic energy, which it must get at the expense of
gravitational potential energy. Since the satellite started
with zero gravitational potential energy when far out
and loses potential energy as it falls in, it must end up
with negative potential energy when it is near the
planet. This is the physical origin of the minus sign in
Equation (1). Using the convention that potential
energy is zero at infinity, then attractive forces lead to
negative potential energies.

If the force is repulsive as in Figure (7), then we have
todo work on our test particle in order to bring itin from
infinity. The work we do against the repulsive force is
stored up as positive potential energy which could be
released if we let go of the test particle (and the test
particle goes flying out). Thus the convention that
potential energy is zero at infinity leads to positive
potential energies for repulsive forces like that shown
in Figure (7).



ELECTRIC POTENTIAL
OF A POINT CHARGE

Using the fact that we can go from the gravitational
force law to Coulomb’s law by replacing GMm by
Qq/ 4re (see Exercise 1), we expect that the formula
for the electric potential energy of a charge q a distance
r from Q is

electric potential energy \ — Qq
of a charge q O Amegr

3)

The + sign in Equation (3) indicates that for positive Q
and q we have a repulsive force and positive potential
energy. (If Q is negative, but q still positive, the force
is attractive and the potential energy must be negative.)

To determine the potential energy of a unit test charge,
we set q = 1 in Equation (3) to get

electric potential \
energy of a unit = (

electric ) _ Qq
test charge

potential 4meyr

“

Following the same convention we used for gravity, we
will use the name electric potential for the potential
energy of a unit test charge. Thus Equation (4) is the
formula for the electric potential in the region sur-
rounding the charge Q. As expected, the lines of equal
potential, the equipotential lines are the circles of
constant radius seen in Figure (7).

Exercise 1

Start with Newton's gravitational force law, replace
GMm by Qq/4ne,, and show that you end up with
Coulomb's electrical force law.

25-5

CONSERVATIVE FORCES

(This is a formal aside to introduce a point that we will
treat in much more detail later.)

Suppose we have a fixed charge Q and a small test
particle q as shown in Figure (8). The potential energy
of qisdefined as zero when itis infinitely faraway from
Q. If we carry q in from infinity to a distance r, we do
an amount of work on the particle

Work wedo/ = fF .dx )

If we apply just enough force to overcome the electric
repulsive force, if F qE then the work we do
should all be stored as electnc potential energy, and
Equation (5), with 13us = —ql:f should give us the
correct electric potential energy of the charge q.

But an interesting question arises. Suppose we bring
the charge q in along two different paths, paths (1) and
(2) shown in Figure (8). Do we do the same amount of
work, store the same potential energy for the two
different paths?
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Figure 8

If we bring a test particle q in from infinity to
a distance r from the charge Q, the electric
potential energy equals Qq/4re,r. But this
potential energy is the work we do in bringing
q in from infinity:

r

J‘ FP-ai = 2

4dreyr

o

This answer does not depend upon the path we
take bringing q in.
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If we lift an eraser off the floor up to a height h, and
hold it still, then it does not matter what path we took,
the net amount of work we did was mgh and this is
stored as gravitational potential energy. When the
work we do against a force depends only on the initial
and final points, and not on the path we take, we say that
the force is conservative.

In contrast, if we move the eraser over ahorizontal table
from one point to another, the amount of work we do
against friction depends very much on the path. The
longer the path the more work we do. As a result we
cannot define a friction potential energy because it
has no unique value. Friction is a non-conservative
force, and non-conservative forces do not have unique
potential energies.

The gravitational fields of stationary masses and the
electric fields of stationary charges all produce conser-
vative forces, and therefore have unique potential
energies. We will see however that moving charges
can produce electric fields that are not conservative!
When that happens, we will have to take a very careful
look at our picture of electric potential energy. Butin
dealing with the electric fields of static charges, as we
will for a few chapters, we will have unique electric
potential energies, and maps of equipotential lines will
have an unambiguous meaning.

ELECTRIC VOLTAGE

In our discussion of Bernoulli’s equation, we gave the
collection of terms (P + pgh + 1/2pv2) the name hy-
drodynamic voltage. The content of Bernoulli’s equa-
tion is that this hydrodynamic voltage is constant along
a stream line when the fluid is incompressible and
viscous forces can be neglected. Two of the three
terms, Pgh and 1/2pv? represent the energy of a unit
volume of the fluid, thus we see that our hydrodynamic
voltage has the dimensions of energy per unit volume.

Electric voltage is a quantity with the dimensions of
energy per unit charge that in different situations is
represented by a series of terms like the terms in
Bernoulli’s hydrodynamic voltage. There is the poten-
tial energy of an electric field, the chemical energy
supplied by a battery, even a kinetic energy term, seen
in careful studies of superconductors, that is strictly
analogous to the 1/2pv? term in Bernoulli’s equation.
In other words, electric voltage is a complex concept,
butit has one simplifying feature. Electric voltages are
measured by a common experimental device called a
voltmeter. In fact we will take as the definition of
electric voltage, that quantity which we measure using
a voltmeter.

This sounds like anebulous definition. Without telling
you how a voltmeter works, how are you to know what
the meter is measuring? To overcome this objection,
we will build up our understanding of what a voltmeter
measures by considering the various possible sources
of voltage one at a time. Bernoulli’s equation gave us
all the hydrodynamic voltage terms at once. For
electric voltage we will have to dig them out as we find
them.

Our first example of an electric voltage term is the
electric potential energy of aunit test charge. Thishas
the dimensions of energy per unit charge which in the
MKS system is joules/coulomb and called volts.

joule

m = 1 volt (6)




In Figure (9), which is a repeat of Figure (8) showing
the electric field lines and equipotential lines for a point
charge Q, we see from Equation (4) that a unit test
particle at Point (1) has apotential energy, or voltage V|
given by

Q electricpotential or

Vl - voltage at Point(1)

47‘:801‘1

AtPoint (2), the electric potential or voltage V,is given
by

Q electricpotential or
voltage at Point(2)

\/2 =
4T580r2
Voltmeters have the property that they only measure
the difference in voltage between two points. Thus if
we put one lead of a voltmeter at Point (1), and the other
at Point (2) as shown, then we get a voltage reading V
given by
voltmeter Q ( 1 1 )

reading V=W-V = L 1

47‘[80

If we put the two voltmeter leads at points equal
distances from Q, i.e.if 1 = r,, then the voltmeter
would read zero. Since the voltage difference between
any two points on an equipotential line is zero, the
voltmeter reading must also be zero when the leads are
attached to any two points on an equipotential line.

Figure 9
A voltmeter measures the difference in electrical
voltage between two points.
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This observation suggests an experimental way to map
equipotential lines or surfaces. Attach one lead of the
voltmeter to some particular point, call it Point (A).
Then move the other lead around. Whenever you get
a zero reading on the voltmeter, the second lead must
be at another point of the same equipotential line as
Point (A). By marking all the points where the meter
reads zero, you get a picture of the equipotential line.

The discussion we have just given for finding the
equipotential lines surrounding a point charge Q is not
practical. This involves electrostatic measurements
that are extremely difficult to carry out. Just the damp
air from your breath would affect the voltages sur-
rounding a point charge, and typical voltmeters found
in the lab cannot make electrostatic measurements.
Sophisticated meters in carefully controlled environ-
ments are required for this work.

But the idea of potential plotting can be illustrated
nicely by the simple laboratory apparatus illustrated in
Figure (10). In that apparatus we have a tray of water
(slightly salty or dirty, so that it is somewhat conduc-
tive), and two metal cylinders attached by wire leads to
a battery as shown. There are also two probes consist-
ing of a bent, stiff wire attached to a block of wood and
adjusted so that the tips of the wires stick down in the
water. The other end of the probes are attached to a
voltmeter so we can read the voltage difference be-
tween the two points (A) and (B), where the probes
touch the water.
battery
probes

AT .3 volt
meter
/

“brass B( -]

; cylinders

tap water pyrex dish

Figure 10

Simple setup for plotting fields. You plot
equipotentials by placing one probe (A) at a given
position and moving the other (B) around.
Whenever the voltage V on the voltmeter reads
zero, the probes are at points of equipotential.
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Figure 11

Plot of the equipotential lines from a student project by
B. J. Grattan. Instead of a tray of water, Grattan used a
sheet of conductive paper, painting two circles with
aluminum paint to replace the brass cylinders. (The
conductive paper and the tray of water give similar
results.) We used the Adobe Illustrator program to
draw the lines through Grattan's data points.

If we keep Probe (A) fixed and move Probe (B) around,
whenever the voltmeterreads zero, Probe (B) will be on
the equipotential line that goes through Point (A).
Without too much effort, one can get acomplete plot of
the equipotential line. Each time we move Probe (A)
we can plot a new equipotential line. A plot of a series
of equipotential lines is shown in Figure (11).

Once we have the equipotential lines shown in Figure
(11), we can sketch the lines of force by drawing a set
of lines perpendicular to the equipotential as we did in
Figure (12). With alittle practice you can sketch fairly
accurate plots, and the beauty of the process is that you
did not have to do any calculations!

Figure 12

It does not take too much practice to sketch in the field lines. Draw smooth lines, always
perpendicular to the equipotential lines, and maintain any symmetry that should be there.



Exercise 2

The equipotential plot of Figure (11) and the field lines
of Figure (12) were taken from a student project. The
field lines look like the field of two point charges +Q and
-Q separated by a distance r. But who knows what is
happening in the shallow tank of water (or a sheet of
conducting paper)? Perhaps the field lines more nearly
represent the field of two line charges +A and -A
separated by a distance r.

Thefield ofapointcharge dropsoffas 1/r2while the field
ofaline charge dropsoffas 1/r. The pointof the exercise
is to decide whether the field lines in Figure (12) (or your
own field plot if you have constructed one in the lab)
more closely represent the field of a point or a line
charge.
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Figure 13

Knowing the direction of the electric field at Point (A)
allows us to determine the relative magnitude of the
fields E, and E, produced by charges 1 and 2 alone.
At Point (A), construct a vector E of convenient length
parallel to the field line through (A). Then decompose
E into component vectors E; and E,, where E, lies
along the line from charge 1 to Point (A), and E,
along the line toward charge 2. Then adjust the
lengths of E; and E, so that their vector sum is E.
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Hint—Look at the electric field at Point A in Figure (12),
enlargedinFigure (13). We know that the field E at Point
Aismade up oftwo components, £ directed away from
the left hand cylinder, and E; directed toward the right
hand cylinder, and the netfield E is the vector sumofthe
two components. Ifthe field is the field of point charges
then E; dropsoffas 12 and E, as 1/r2. Butifthe field
is that of line charges, |E,| drops offas 1/ and |E2| as
1/r,. We have chosen Pomt (A) sothat r,, the distance
from (A) to the left cylinder is quite a bit longer than the
distance r, to the right cylinder. As aresult, the ratio of
|E1| to |E2| and thus the direction of E, will be quite
differentfor 1/r and 1/r? forces. This difference is great
enough that you can decide, even from student lab
results, whether you are looking at the field of point or
line charges. Try ityourself and see which way it comes
out.
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Figure 14

Model of the electric field in the region of two point
charges Q.= +3, Q_=-1. Using the analogy to a
topographical map, we cut out plywood slabs in the
shape of the equipotentials from the computer plot of
Figure 15, and stacked the slabs to form a three
dimensional surface. The field lines, which are
marked with narrow black tape on the model, always

lead in the direction of steepest descent on the surface.

Figure 16 11V
Potential plot along the 11V
line of the two charges TV
+3, —1. The positive 18

charge creates an upward
spike, while the negative
charge makes a hole.

-1V
-2V
-3V

-4V

A Field Plot Model

The analogy between a field plot and a map maker’s
contour plot can be made even more obvious by
constructing a plywood model like that shown in
Figure (14).

To construct the model, we made acomputer plot of the
electric field of charge distribution consisting of a
charge +3 and -1 seen in Figure (15). We enlarged the
computer plot and then cut out pieces of plywood that
had the shapes of the contour lines. The pieces of
plywood were stacked on top of each other and glued
together to produce the three dimensional view of the
field structure.

In this model, each additional thickness of plywood
represents one more equal step in the electric potential
or voltage. The voltage of the positive charge Q = +3
is represented by the fat positive spike that goes up
toward +eo and the negative charge q = —1 is repre-
sented by the smaller hole that heads down to —eo.
These spikes can be seen in the back view in Figure
(14), and the potential plot in Figure (16).

In addition to seeing the contour lines in the slabs of
plywood, we have also marked the lines of steepest
descent with narrow strips of black tape. These lines of
steepest descent are always perpendicular to the con-
tour lines, and are in fact, the electric field lines, when
viewed from the top as in the photograph of Figure (15).

Figure (17) is a plywood model of the electric potential
for two positive charges, Q =+5, Q =+2. Here we get
two hills.

Figure 17
Model of the electric potential in the region
of two point charges Q = +5 and Q = +2.
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Figure 15

Computer plot of the field lines and equipotentials for a charge distribution
consisting of a positive charge + 3 and a negative charge — 1. These lines
were then used to construct the plywood model.
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Computer Plots

There are now many excellent programs that have
personal computers draw out field plots for various
charge distributions. In most of these programs you
enter an array of charges and the computer draws the
field and equipotential lines. You should practice with
one of these programs in order to develop an intuition
for the field structures various charge distributions
produce. In particular, try the charge distribution
shown in Figure (18) and (19). In Figure (18), we wish
to see the field of oppositely charged plates (a positive
plate on the left and a negative one on the right). This
charge distribution will appear in the next chapter in
our discussion of the parallel plate capacitor.

In Figure (19) we are modeling the field of a circle or
in 3-dimensions ahollow sphere of charge. Something
rather remarkable happens to the electric field lines in
this case. Try it and see what happens!

Exercise 3

If you have a computer plotting program available, plot
the field lines for the charge distributions shown in
Figures (18,19), and explain what the significant fea-
tures of the plot are.

+
+
+
+ -

+ —
Figure 18
The idea is to use the computer to develop an intuition
for the shape of the electric field produced by various
distributions of electric charge. Here the parallel lines
of charge simulates two plates with opposite charge.

+
+ +

+ +

+ +

- + + +
Figure 19
We have placed + charges around a circle to
simulate a cylinder or sphere of charge. You
get interesting results when you plot the field
lines for this distribution of charge.

Exercise 4

Figures (20a) and (20b) are computer plots of the
electric field of opposite charges. One of the plots
representsthe 1/r? field of 3 dimensional pointcharges.
The other is the end view of the 1/r field of line charges.
You are to decide which is which, explaining how you
can tell.

b)

Figure 20

Computer plots of 1/r and 1/r* (two dimensional
and three dimensional) fields of equal and opposite
charges. You are to figure out which is which.
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Electric Fields
and Conductors

In this chapter we will first discuss the behavior of
electric fields in the presence of conductors, and then
apply the results to three practical devices, the Van de
Graalff generator, the electron gun, and the parallel
plate capacitor. Each of these examples provides not
only an explanation of apractical device, but also helps
build an intuitive picture of the concept of electric
voltage.

ELECTRIC FIELD
INSIDE A CONDUCTOR

If we have a piece of metal a few centimeters across as
illustrated in Figure (1), and suddenly turn on an
electric field, what happens? Initially the field goes
right through the metal. But within a few pico seconds
(1 pico second = 10712 seconds) the electrons in the
metal redistribute themselves inside the metal creating
their own field that soon cancels the external applied
electric field, as indicated in Figure (2).

Figure 1
What is the electric field inside a chunk of metal?
Metals have conduction electrons that are free to move.
If there were an electric field inside the metal, the
conduction electrons would be accelerated by the field.

Figure 2

If you place a chunk of metal in an
external electric field, the electrons move
until there is no longer a force on them.
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The very concept of an electrical conductor requires
that, in the steady state, there be no electric field inside.
To see why, imagine that there is a field inside. Since
it is a conductor, the electrons in the conductor are free
to move. If there is a field inside, the field will exert a
force on the electrons and the electrons will move.
They will continue to move until there is no force on
them, i.e., until there is no field remaining inside. The
electrons must continue to move until the field they
create just cancels the external field you applied.

Surface Charges

Where does the redistributed charge have to go in order
to create an electric field that precisely cancels the
applied electric field? Gauss’ law provides a remark-
ably simple answer to this question. The redistributed
charge must reside on the surface of the conductor.
This is because Gauss’ law requires that there be no net
charge inside the volume of a conductor.

To see why, let us assume that a charge Q is inside a
conductor as shown in Figure (3). Draw a small
Gaussian surface around Q. Then by Gauss’ law the
flux ® =E-A coming out through the Gaussian sur-
facemustbeequaltoQ;, /e, where Q; isthe netcharge
inside the Gaussian surface. But if there is no field
inside the conductor, if E =0, then the flux E-A out
through the Gaussian surface must be zero, and there-
fore the charge Q;,, must be zero.

Figure 3

Is there any electric charge inside a conductor? To
find out, draw a Gaussian surface around the
suspected charge. Since there is no electric field
inside the conductor, there is no flux out through
the surface, and therefore no charge inside.

If there is no charge inside the conductor, then the only
place any charge can exist is in the surface. If there is
aredistribution of charge, the redistributed charge must
lie on the surface of the conductor.

Figure (4) is a qualitative sketch of how surface charge
can create a field that cancels the applied field.
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Figure 4a
An external field is applied to a block of metal.
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Figure 4b

In response to the electric field, the electrons move to
the left surface of the metal, leaving behind positive
charge on the right surface. These two surface charges
have their own field E " that is oppositely directed to E.

Figure 4c

Inside the block of metal the fields cancel. The
result is that the external field on the left stops on
the negative surface charge. The field on the right
starts again on the positive surface charge.



In Figure (4a) we see the electric field just after it has

been turned on. Since the electrons in the metal are

negatively charged (q = -e), the force on the electrons
= (-e) Eis opposite to E and directed to the left.

In Figure (4b), electrons have been sucked over to the
left surface of the metal, leaving positive charge on the
right surface. The negative charge on the left surface
combined with the positive charge on the right pro-
duced the left directed field E’ shown by the dotted
lines. The oppositely directed fields Eand E cancelin
Figure (4c) giving no net field inside the metal.

Surface Charge Density

Whena field E impinges on the surface of a conductor,

it must be oriented at right angles to the conductor as
shown in Fi gure (5). The reason for this is that if Ehad
acomponent E), parallel to the surface, E); would pull
the movable charge along the surface and change the
charge distribution. The only direction the surface
charge cannot be pulled is directly out of the surface of
the conductor, thus for a stable setup the electric field
at the surface must be perpendicular as shown.

surface +|—>
charge H—
—
ocoul/m?2 _ T

(Tt —‘ﬁ
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\ +———

N

metal +

+

area

Charged surface inside pillbox.
The amount of charge on this
surface is cdA

Figure 5

To calculate the surface charge density, we draw a
small cylindrical pill box of cross-sectional area
dA. We then equate the flux of electric field out
through the right surface of the pill box to

1/€ times the charge inside the pill box.
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Gauss’ law can be used to calculate how much charge
must be at the surface if a field of strength E is
impinging as shown in Figure (5). In that figure we
have drawn a small pill box shaped Gaussian surface,
with one end in the conductor and the other outside in
the field E . If the area of the end of the pill box is dA,
then the flux out of the pill box on the right is
®,, = EdA.

Let 6 coulombs/meter?be the charge density on the
surface. The amount of the conductor’s surface sur-
rounded by the pill box is dA, thus the amount of charge
inside the pill box is

Amount of charge
insidethe ; = Q;, = cdA
Gaussian surface f

By Gauss’ law, the flux @, = EJA mustequal 1/g
times the total charge inside the Gaussian surface and
we get

Qin  odA

= = EdA
€ €0

The dA's cancel and we are left with

E = E E = electric field at the conductor
£, 0 = chargedensityat the surface (1)

Equation (1) gives asimplerelation between the strength
of the electric field at the surface of aconductor, and the
surface charge density ¢ at that point. Just remember
that the field E must be perpendicular to the surface of
the conductor. (If the applied field was not originally
perpendicular to the surface, surface charges will slide
along the surface, reorienting the external field to make
it perpendicular.)

To appreciate how far we have come with the concepts
of fields and Gauss’ law, just imagine trying to derive
Equation (1) from Coulomb’s law. We wouldn’teven
know how to begin.

We will now work an example and assign a few
exercises to build an intuition for the behavior of fields
and conductors. Then we will apply the results to some
practical devices.
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Example: Field

in a Hollow Metal Sphere

Suppose we have the hollow metal sphere shown in
Figure (6). A total charge Q is placed on the sphere.
What are the electric fields outside and inside the
sphere?

One key to solving this problem is to realize that since
the sphere is symmetric, the fields it produces must also
be symmetric. We are not interested in fields that do
one thing on the left side and something else on the
right, for we do not have any physical cause for such an
asymmetry.

In Figure (7) we have drawn a Gaussian surface
surrounding the metal sphere as shown. Since there is
anet charge +Q on the sphere, and therefore inside the
Gaussian surface, there must be a net flux Q/ gy out
through the surface. Since the Gaussian surface has an
area 41 r2, Gauss' law gives

® = E,, A, = B x4n’ = Q
€
Q
Eou = > )
4me,r

which happens to be the field of a point charge.

In Figure (8) we have drawn a Gaussian surface inside
the metal at aradius ;. Since there is no field inside the
metal, EA 1=0 and there is no flux flowing out
through the Gaussian surface. Thusby Gauss'law there
can be no net charge inside the Gaussian surface.
Explicitly this means that there is no surface charge on
the inside of the conductor. The charge Q we spread on
the conducting sphere all went to the outside surface!

Finally in Figure (9) we have drawn a Gaussian surface
inside the hollow part of the hollow sphere. Since there
is no charge—only empty space inside this Gaussian
surface, there can be no flux out through the surface,
and the field E inside the hollow part of the sphere is
exactly zero. This is a rather remarkable result consid-
ering how little effort was required to obtain it.

Figure 6
We place a charge Q on a hollow metal sphere.
Where do the charge and the field lines go?

Gaussian
surface

Figure 7

If we place a Gaussian surface around and outside
the sphere, we know that the charge Q must be
inside the Gaussian surface, and therefore Q/¢,
lines must come out through the surface

Gaussian
surface

Figure 8

If we place our Gaussian surface inside the metal
where E =0, no lines come out through the Gaussian
surface and therefore there must be no net charge Q
inside the Gaussian surface. The fact that there is no
charge within that surface means all the charge we
placed on the sphere spreads to the outside surface.



26-5

Exercise 1

A positive charge +Q is surrounded concentrically by a
conducting sphere with an inner radius r, and outer
radius r, as shown in Figure (10). The conducting
sphere has no net charge. Using Gauss’ law, find the
electric field inside the hollow section (r<r,), inside the
conducting sphere (, <r<t,) and outside the sphere
(r>r,). Also calculate the surface charge densities on
the inner and outer surfaces of the conducting sphere.
Show that Equation (1) applies to the charge densities
you calculate.

Figure 10

Start with an uncharged hollow metal sphere and place
a charge +Q inside. Use Gauss' law to determine the
electric field and the surface charges throughout the
region.

Gaussian
surface

E

Figure 9

If the Gaussian surface is drawn inside the hollow cavity
as shown, then there is no charge inside the Gaussian
surface. Thus no field lines emerge through the
Gaussian surface, and E must be zero inside the cavity.

Exercise 2

Achunk of metal has anirregularly shaped cavity inside
as shown in Figure (11). There are no holes and the
cavity is completely surrounded by metal.

The metal chunk is struck by lightning which produces
huge electric fields and deposits an unknown amount of
charge on the metal, but does not burn a hole into the
cavity. Show that the lightning does not create an
electric field inside the cavity. (For a time on the order of
pico seconds, an electric field will penetrate into the metal, but
if the metal is a good conductor like silver or copper, the
distance will be very short.)

(What does this problem have to do with the advice to
stay in a car during a thundershower?)

// metal
Figure 11

A chunk of metal with a completely enclosed hollow
cavity inside is struck by lightning.

Exercise 3
A positive charge +Q placed
on a conducting sphere of ra-
dius R, produces the electric
field shown.

mb

a) What is the charge density
o onthe surface ofthe sphere?

b) Use Equation (1) to find a formula for the magnitude
of the electric field E produced by the surface charge
density ©.

c) How does thefield calculated in part b) compare with
the strength of the electric field a distance R from a point
charge Q7

Exercise 4

RepeatExercise 1assumingthatthe conducting sphere
has a net charge of —Q. Does the charge on the
conducting sphere have any effect on the fields inside
the sphere? Why is there no field outside the sphere?
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VAN DE GRAAFF GENERATOR

The Van de Graaff generator is aconceptually straight-
forward device designed to produce high voltages. A
sketch of the apparatus is shown in Figure (12), where
we have a hollow metal sphere with a hole in the
bottom, and a conveyer belt whose purpose is to bring
charge up into the sphere. The beltis driven by amotor
at the bottom.

The first step is to get electric charge onto the belt. This
is done electrostatically by having an appropriate ma-
terial rub against the belt. For example, if you rub a
rubber rod with cat fur, you leave a negative charge on
therubberrod. If youruba glassrod with silk, a positive
charge will be left on the glass rod. Ido not know what
sign of charge is left on acomb when you run it through
your hair on adry day, but enough charge can be left on
the comb to pick up small pieces of paper. We will
leave the theory of creating electrostatic charges to
other texts. For our discussion, it is sufficient to
visualize that some kind of rubbing of the belt at the
bottom near the motor deposits charge on the belt. (As
anexample of charging by rubbing, runacomb through
your hair several times. The comb becomes electrically
charged and will pick up small pieces of paper.)

metal
sphere

charge removed conveyor
from the belt ‘/belt

charge placed — motor
on the belt /C —— pulley
drive
Figure 12

The Van de Graaff generator. Electric charge is
carried up the belt and dumped inside the hollow
metal sphere. Since there are no electric fields
inside the sphere, the electric charge freely flows
off the belt to the sphere, where it then spreads
evenly to the outside surface of the sphere.

Acting like a conveyor belt, the motorized belt carries
the charge up and into the inside of the hollow metal
sphere. If there is already charge on the sphere, then,
as we have seenin Example (1), there will be an electric
field outside the sphere as shown in Figure (13). (For
this example we are assuming that the belt is carrying
positive charge.) But inside the sphere there will be no
field. (The hole in the bottom of the sphere lets a small
amount of electric field leak inside, but not enough to
worry about.)

Asthe charge is being carried up by the belt, the electric
field outside the sphere pushes back on the charge, and
the belthas to do work to get the charge up to the sphere.
The more charge that has built up on the sphere, the
stronger the electric field E, and the more work the belt
has to do. In atypical Van de Graaff generator used in
lecture demonstration, you can hear the motor working
harder when a large charge has built up on the sphere.

Figure 13

It takes work to carry the charge up to the sphere
against the electric field that is pushing down on the
charge. But once inside the sphere where there is
almost no field, the charge freely moves off the belt,
onto the wire, charging up the sphere. The more
charge on the sphere, the stronger the electric field E
outside the sphere, and the more work required to
bring new charge up into the sphere. (In the
demonstration model, you can hear the motor slow
down as the sphere becomes charged up.)



When the charge gets to the sphere how do we get it off
the belt onto the sphere? When the sphere already has
a lot of positive charge on it, why would the positive
charge on the belt want to flow over to the sphere?
Shouldn’t the positive charge on the belt be repelled by
the positive sphere?

Here is where our knowledge of electric fields comes
in. As illustrated in Figure (13), there may be very
strong electric fields outside the sphere, butinside there
arenone. Once the conveyor belt gets the charge inside
the sphere, the charge is completely free to run off to the
sphere. All we need is a small wire that is attached to
the inside of the sphere that rubs against the belt. Infact,
the neighboring + charge on the belt helps push the
charge off the belt onto the wire.

Once the charge is on the wire and flows to the inside
of the sphere, it must immediately flow to the outside
of the sphere where it helps produce a stronger field E
shown in Figure (13).

spark

grounded

insulated i
support——

wire
metal grounding plate

wire to water pipe

Figure 14

We can discharge the Van de Graaff generator
by bringing up a grounded sphere as shown.
Since about 100,000 volts are required to make a
spark one inch long, we can use the maximum
length of sparks to estimate the voltage produced
by the Van de Graaff generator.
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Electric Discharge

When alarge amount of charge has accumulated on the
metal sphere of the Van de Graaff generator, we can
produce some very strong fields and high voltages. We
can estimate the voltage by bringing a grounded sphere
up to the Van de Graaff generator as shown in Figure
(14). A voltage of about 100,000 volts is required to
make a spark jump about an inch through air. Thus if
we get a spark about 2 inches long between the Van de
Graaff generator and the grounded sphere, we have
brought enough charge onto the generator sphere to
create a voltage of about 200,000 volts. (The length of
the sparks acts as a crude voltmeter!)

As an exercise, let us estimate how many coulombs of
charge must be on the Van de Graaff generator sphere
to bring it up to a voltage of 200,000 volts.

Outside the Van de Graaff generator sphere, the electric
field is roughly equal to the electric field of a point
charge. Thus the voltage or electric potential of the
sphere should be given by Equation (25-4) as

Q

"~ 4meor

(25-4)

where 1 is the radius of the Van de Graaff generator
sphere. (Remember that r is not squared in the formula
for potential energy or voltage.)

Letusassume thatr=10cmor.1 m,and that the voltage
V is up to 200,000 volts. Then Equation (25-4) gives
Q=4neyV
= 4mx9x 1072 x.1x 200,000

Q= 2x 107 coulombs

A couple millionth’s of a coulomb of charge is enough
to create 200,000 volt sparks. As we said earlier, a
whole coulomb is a huge amount of charge!
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Grounding

The grounded sphere in Figure (14) that we used to
produce the sparks, provides a good example of the
way we use conductors and wires.

Beneath the Van de Graaff generator apparatus we
have placed a large sheet of aluminum called a ground-
ing plane that is attached to the metal pipes and the
electrical ground in the room. (Whenever we have
neglected to use this grounding plane during a demon-
stration we have regretted it.) We have attached a
copper wire from the grounding plane to the “grounded”
sphere as shown.

Thus in Figure (14), the grounding plane, the room’s
metal pipes and electrical ground wires, and the
grounded sphere are all attached to each other via a
conductor. Now there can be no electric field inside a
conductor, therefore all these objects are at the same
electric potential or voltage. (If you have a voltage
difference between two points, there mustbe anelectric
field between these two points to produce the voltage
difference.) It is common practice in working with
electricity to define the voltage of the water pipes (or a
metal rod stuck deeply into the earth) as zero volts or
“ground”. (The ground wires in most home wiring are
attached to the water pipes.) Any object that is con-
nected by a wire to the water pipes or electrical ground
wire is said to be grounded. The use of the earth as the
definition of the zero of electric voltage is much like
using the floor of aroom as the definition of the zero of
the gravitational potential energy of an object.

InFigure (14), when the grounded sphere is brought up
to the Van de Graaff generator and we geta 2 inch long
spark, the spark tells us that the Van de Graaff sphere
had been raised to a potential of at least 200,000 volts
above ground.

Van de Graaff generators are found primarily in two
applications. One is in science museums and lecture
demonstration to impress visitors and students. The
other is in physics research. Compared to modern
accelerators, the 200,000 volts or up to 100 million
volts that Van de Graaff generators produce is small.
But the voltages are very stable and can be precisely
controlled. As a result the Van de Graaff’s make
excellent tools for studying the fine details of the
structure of atomic nuclei.

THE ELECTRON GUN

In Figure (15) we have a rough sketch of a television
tube with an electron gun at one end to create a beam
of electrons, deflection plates to move the electron
beam, and a phosphor screen at the other end to produce
a bright spot where the electrons strike the end of the
tube.

Figure (16) illustrates how a picture is drawn on a
television screen. The electron beam is swept horizon-
tally across the face of the tube, then the beam is moved
down one line and swept horizontally again. An
American television picture has about 500 horizontal
lines in one picture.

As the beam is swept across, the brightness of the spot
can be adjusted by changing the intensity of the elec-
tron beam. In Figure (16), line 3, the beam starts out
bright, is dimmed when it gets to the left side of the
letter A, shut off completely when it gets to the black
line, then turned on to full brightness to complete the
line. In a standard television set, one sweep across the
tube takes about 60 microseconds. To draw the fine
details you see on a good television set requires that the
intensity of the beam can be turned up and down in little
more than a tenth of a microsecond.

bright
spot

deflection
plates
e\_e—"
/ ----- ----"""
k — phosphor
screen
electron
gun
Figure 15

Cathode ray tubes, like the one shown above, are
commonly used in television sets, oscilloscopes, and
computer monitors. The electron beam (otherwise
known as a '"cathode ray") is created in the electron
gun, is aimed by the deflection plates, and produces a
bright spot where it strikes the phosphor screen.



The heart of this system is the electron gun which
creates the electron beam. The actual electron gun in
a television tube is a complex looking device with
indirect heaters and focusing rings all mounted on the
basic gun. What we will describe instead is a student-
built gun which does not produce the fine beam of a
commercial gun, but which is easy to build and easy to
understand.

Figure 16

The letter A on a TV screen. To construct an
image the electron beam is swept horizontally, and
turned up where the picture should be bright and
turned down when dark. The entire image consists
of a series of these horizontal lines, evenly spaced,
one below the other.
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Figure 17

Source of the electrons. The tungsten filament
is heated by an electric current. When it
becomes red-hot, electrons boil out through the
surface. The white coating on the filament
makes it easier for the electrons to escape.
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The Filament

As shown in Figure (17), the source of the electrons in
an electron gun is the filament, a piece of wire that has
been heated red-hot by the passage of an electric
current. At these temperatures, some of the electrons
in the filament gain enough thermal kinetic energy to
evaporate out through the surface of the wire. The
white coating you may see on a filament reduces the
amount of energy an electron needs to escape out
through the metal surface, and therefore helps produce
amore intense beam of electrons. Atstandard tempera-
ture and pressure, air molecules are about 10- molecu-
lar diameters apart as indicated in Figure (18). There-
fore if the filament is in air, an electron that has
evaporated from the filament can travel, at most, a few
hundred molecular diameters before striking an air
molecule. Thisis why the red-hot burner on an electric
stove does not emit a beam of electrons. The only way
we can get electrons to travel far from the filament is to
place the filament in a vacuum as we did in Figure (17).
The better the vacuum, the farther the electrons can
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N air
o lecul
oe molecule
filament
%
3
o

O

Figure 18

Whenever we heat a metal to a high enough
temperature, electrons boil out of the surface. But if
there is air at standard pressure around, the electrons
do not get very far before striking an air molecule.
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Accelerating Field

Once the electrons are out of the filament we use an
electric field to accelerate them. Thisis done by placing
a metal cap with a hole in the end over the end of the
filament as shown in Figure (19). The filament and cap
are attached to a battery as shown in Figure (20) so that
the cap is positively charged relative to the filament.

Intuitively the gun works as follows. The electrons are
repelled by the negatively charged filament and are
attracted to the positively charged cap. Most of the
electrons rush over, strike, and are absorbed by the cap
as shownin Figure (21). Butan electron headed for the
hole in the cap discovers too late that it has missed the
cap and goes on out to form the electron beam.

A picture of the resulting electron beam is seen in
Figure (22). The beam is visible because some air
remains inside the tube, and the air molecules glow
when they are struck by an electron.

filament

metal cap
Figure 19
To create a beam of electrons, we start by placing a
metal cap with a hole in it, over the filament.

- 1 6 beam of
Py electrons

Figure 20
We then attach a battery to the metal cap so that the
cap has a positive voltage relative to the filament.

A Field Plot

A field plot of the electric field lines inside the electron
gun cap gives a more precise picture of whatis happen-
ing. Figure (23)is a computer plot of the field lines for
a cylindrical filament inside a metal cap. We chose a
cylindrical filament rather than a bent wire filament
because it has the cylindrical symmetry of the cap and
is therefore much easier to calculate and draw. But the
fields for a wire filament are not too different.

First notice that the field lines are perpendicular to both
metal surfaces. This agrees with our earlier discussion
thatan electric field at the surface of aconductor cannot
have a parallel component for that would move the
charge in the conductor. The second thing tonote is that
due to the unfortunate fact that the charge on the
electron is negative, the electric field points oppositely
to the direction of the force on the electrons. The force
is in the direction of -E.

positive cap
+'[ +'[ +'I~ +/l~ +l|~ T T
negative filament B

_/

beam of electrons
that missed the cap
and went out
through the hole

flow of electrons +l +l +l +l +l + 4

Figure 21

Electrons flow from the negative filament
to the positive cap. The beam of electrons
is formed by the electrons that miss the cap
and go out through the hole.

Figure 22
Resulting electron beam.



The electrons, however, do not move along the _Efield
lines. If they boil out of the filament with a negligible
speed they will start moving in the direction -E. Butas
the electrons gain momentum, the force -¢E has less
and less effect. (Remember, for example, that for a
satellite in a circular orbit, the force on the satellite is
down toward the center of the earth. But the satellite
moves around the earth in an orbit of constant radius.)
In Figure (23), the dotted lines show a computer plot of
the trajectories of the electrons at several points. The
most important trajectories for our purposes are those
thatpass through the hole in the cap and go out and form
the electron beam.

Exercise 5

Describe two other examples where an object does not
move in the direction of the net force acting on it.

trajectories of
7 individual electrons

Vakini 7Y,

\\ I\ | T T
N \I*‘ y * \L\‘ :g,\‘ b\//electric
X field
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filament

---
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-l

cap
Figure 23

Plot of the electric field in the region between the
filament and the cap. Here we assume that we have
a cylindrical filament heated by a wire inside.
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Equipotential Plot

Once we know the field lines, we can plot the equipo-
tential lines as shown in Figure (24). The lines are
labeled assuming that the filament is grounded (0 volts)
and that the cap is at 100 volts . The shape of the
equipotentials, shown by dashed lines, does notchange
when we use different accelerating voltages, only the
numerical value of the equipotentials changes.

The reason that the equipotential lines are of such
interest in Figure (24) is that they can also be viewed as
a map of the electron’s kinetic energy.

Remember that the voltage V is the potential energy of
a unit positive test charge. A charge q has a potential
energy qV, and an electron, with a charge — e, has an
electric potential energy —eV.

In our electron gun, the electrons evaporate from the
filament with very little kinetic energy, call it zero. By
the time the electrons get to the 10-volt equipotential,
their electric potential energy has dropped to (—ex 10)
joules, and by conservation of energy, their kinetic
energy has gone up to (+ex 10) joules. At the 50 volt
equipotential the electron’s kinetic energy has risen to
(ex50) joules, and when the electrons reach the 100
volt cap, their energy is up to (ex 100) joules. Thus the
equipotential lines in Figure (24) provide a map of the
kinetic energy of the electrons.

equipotential lines

B

Figure 24

Equipotential plot. We see that by the time the
electrons have reached the hole in the cap, they
have crossed the same equipotential lines and
therefore have gained as much kinetic energy as
the electrons that strike the cap. (From a student
project by Daniel Leslie and Elad Levy.)
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ELECTRON VOLT
AS A UNIT OF ENERGY

What is perhaps most remarkable about the electron
gun is that every electron that leaves the filament and
strikes the cap gains precisely the same kinetic energy.
If we use a battery that produces 100 volt accelerating
voltage, then every electron gains precisely (ex 100)
joules of kinetic energy. This is also true of the
electrons that miss the cap and go out and form the
electron beam.

The amount of energy gained by an electron that falls
through a 1 volt potential is (ex 1 volt) = 1.6 x 10719
joules. This amount of energy is called an electron volt
and designated by the symbol eV.

leV = f energy gained by an electron
B \ falling through a 1 volt potential

(e coulombs) x (1 volt) 3)

= 1.6x 10']9j0ules

The dimensions in Equation (3) make a bit more sense
when we realize that the volt has the dimensions of
joule/coulomb, so that

leV = (e coulombs)X(l “oulomb

joule )

= (e) joules (3a)

The electron volt is an extremely convenient unit for
describing the energy of electrons produced by an
electron gun. If we use a 100 volt battery to accelerate
the electrons, we get 100 eV electrons. Two hundred
volt batteries produce 200 eV electrons, etc.

To solve problems like calculating the speed of a 100
eV electron, youneed to convert fromeV tojoules. The
conversion factor is

19 joules conversion
— 4

1610 = Gomve

For example, if we have a 100 eV electron, its kinetic
energy 1/2 mv? is given by

KE = 1/2 mV2

19 joules )
eV

Using the value m=9.11 x 107! kg for the electron
mass in Equation (5) gives

2x100x1.6x107"°
V= 31
9.11x 10

¢ meters

100eVx1.6x10

(6)
=6x10

sec
which is 2% the speed of light.

In studies involving atomic particles such as electrons
and protons, the electron volt is both a convenient and
very commonly used unit. If the electron volt is too
small, we can measure the particle energy in MeV
(millions of electron volts) or GeV (billions of electron
volts or Gigavolts).

1 MeV = 10%eV

1GeV = 10°eV (6)

For example, if you work the following exercises, you
will see that the rest energies mgc? of an electron and a
proton have the values

electronrest energy = .51 MeV

proton rest energy = .93 GeV (7

Thereasonthatitis worthremembering thatanelectron’s
restenergy isabout.5 MeV and aproton’sabout 1 GeV,
is that when a particle’s kinetic energy gets up toward
its rest energy, the particle’s speed becomes a signifi-
cant fraction of the speed of light and nonrelativistic
formulas like 1/2 mv? for kinetic energy no longer

apply.



Example

Calculate the rest energy of an electron in eV.

Solution:
B m002 joules
h joules
1.6 x 10719100
8 eV

2
9115107 (3% 10%)
1.6x107"

S51x10%eVv

Exercise 6
Calculate the rest energy of a proton in eV and GeV.

Exercise 7

What accelerating voltage must be used in an electron
gun to produce electrons whose kinetic energy equals
their rest energy?

Figure 24a

Another field plot by Leslie and Levy, showing the
electric field and equipotential lines in a gun with a
shorter cap.
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About Computer Plots

One final note in our discussion of the electron gun.
You might feel that by using the computer plots in
Figures (23) and (24) we have cheated a bit. We
haven’t done the work ourselves, we let somebody (or
something) else do the calculations for us and we are
just using their answers. Yes and no!

First of all, with a little bit of practice you can learn to
draw sketches that are quite close to the computer plots.
Use a trick like noting that field lines must be perpen-
dicular to the surface of a conductor where they touch
the conductor. If two conductors have equal and
opposite charge —if they were charged by a battery —all
the field lines that start on the positive conductor will
stop on the negative one. Use any symmetry you can
find to help sketch the field lines and then sketch the
equipotential lines perpendicular to the field lines.
Some places it is easier to visualize the equipotential
lines, e.g., near the surface of a conductor, and then
draw in the perpendicular field lines.

The other point is that, for a number of practical
problems the geometry of the conductors is compli-
cated enough that only by using a computer can we
accurately plot the field lines and equipotentials. But
once acomputer plotis drawn, we do nothave to worry
about how it was calculated. Like a hiker in a new
territory, we can use the computer plot as our contour
map to tell us the shape and important features of the
terrain. For example in our field plots of the electron
gun, we see that there is virtually no field out in front of
the hole where the electrons emerge, therefore fromthe
time the electrons leave the hole they coast freely at
constant speed and energy down the tube.
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THE PARALLEL PLATE CAPACITOR

Our final example in this chapter of fields and conduc-
tors is the parallel plate capacitor. Here we will work
with amuch simpler field structure than for the electron
gun, and will therefore be able to calculate field strengths
and voltages. The parallel plate capacitor serves as the
prototype example of acapacitor, adevice used through-
out physics and electrical engineering for storing elec-
tric fields and electric energy.

Suppose we take two circular metal plates of area A,
separate them by a distance d, and attach a battery as
shown in Figure (25). This setup is called a parallel
plate capacitor, and the field lines and equipotential for
this setup are shown in the computer plot of Figure (26).

Except at the edges of the plates, the field lines go
straight down from the positive to the negative plate,
and the equipotentials are equally spaced horizontal
lines parallel to the plates. If the plate separation d is
small compared to the diameter D of the plates, then we
can neglect the fringing of the field at the edge of the
plates. The result is what we will call an ideal parallel
plate capacitor whose field structure is shown in Figure
(27). The advantage of working with this ideal capaci-
tor is that we can easily derive the relationship between
the charging voltage V, and the charge Q.

battery
~~

e

capacitor plates

Figure 25
The parallel plate capacitor. The capacitor is charged
up by connecting a battery across the plates as shown.

@+ + ¥ ¥ + ¥ F + + + + )

Figure 26
The electric field between and around
the edge of the capacitor plates.

Let us take a close look at what we have in Figure (27).
The electric field lines E leave the positively charged
top plate and go straight down to the negatively charged
bottom plate. Since all the lines starting at the top plate
stop at the bottom one, there must be an equal and
opposite charge +Q and -Q on the two plates. There is
no net charge on the capacitor, only a separation of
charge. And because the field lines go straight down,
nowhere do they get closer together or farther apart, the
field must have a uniform strength E between the
plates.

We can use Gauss’ law to quickly calculate the field
strength E. The top plate has a charge Q, therefore the
total flux out of the top plate mustbe ® = Q/g, . Butwe
also have a field of strength E flowing out of a plate of
area A. Thus flux of E flowing between the plates is
® =EA. Equating these two formulas for flux gives

®d = EA = g
€
_Q
E= eA )]

We can relate the voltage V and the field strength E by
remembering that E is the force on a unit test charge
and V is the potential energy of a unit test charge. If
1 lift a unit positive test charge from the bottom plate
a distance d up to the top one, I have to exert an
upward force of strength E for a distance d and
therefore do an amount of work Exd. This work is
stored as the electric potential energy of the unit test
charge, and is therefore the voltage V-

V=Ed )

plate of area A

Figure 27

In our idealized parallel plate capacitor the field
lines go straight from the positive to the negative
plate, and the field is uniform between the plates.



It may seem surprising, but V is also the voltage of the
battery (see Figure 25) used to charge up the capacitor.

There is also a simple relationship between the charge
Q on the capacitor plates and the voltage difference V
between them. Substituting the value of E from
Equation (8) into Equation (9) gives

d
£0A
Equation (10) makes an interesting prediction. If we
have afixed charge Q on the capacitor (say we charged
up the capacitor and removed the battery), then if we

increase the separation d between the plates, the volt-
age V will increase.

(10)

One problem with trying to measure this increase in
voltage is that if we attach a common voltmeter be-
tween the plates to measure V, the capacitor will
quickly discharge through the voltmeter. Inorderto see
this effect we must use a special voltmeter called an
electrometer that will not allow the capacitor to dis-
charge. The classic electrometer, used in the 1800's, is
the gold leaf electrometer shown in Figures (28) and
(29). When the top plate of the electrometer is charged,
some of the charge flows to the gold leaves, forcing the
leaves apart. The greater the voltage, the greater the
charge and the greater the force separating the leaves.
Thus the separation of the leaves is a rough measure of
the voltage.

In Figure (28), we see a gold leaf electrometer attached
to two metal capacitor plates. When the plates are
charged, the gold leaves separate, indicating that there
is a voltage difference between the plates.

In Figures (29a,b), we are looking through the elec-
trometer at the edge of the capacitor plates. In going
from (29a) to (29b), we moved the plates apart without
changing the charge on the plates. We see that when the
plates are farther apart, the gold leaves are more
separated, indicating a greater voltage as predicted by
equation (10).
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Figure 28
Gold leaf electrometer attached
to a parallel plate capacitor.

b

Figure 29a
Looking through the electrometer at the
edge of the charged capacitor plates.

Figure 29b

Without changing the charge, the plates
are moved further apart. The increased
separation of the gold leaves shows that
the voltage difference between the
capacitor plates has increased.
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Exercise 8

Two circular metal plates of radius 10 cm are separated
by microscope slide covers of thicknessd =. 12mm. A
voltage difference of 5 volts is set up between the plates
using a battery as shown in Figure (25). What is the
charge Q on the plates?

Deflection Plates

A fitting conclusion to this chapter is to see how the
fields in parallel plate capacitor can be used to deflect
the beam of electrons produced by an electron gun. In
Figure (30) the beam of electrons from an electron gun
isaimed between the plates of a parallel plate capacitor.
The upward directed electric field E produces a down-
ward directed force -eE on the electrons, so that when
the electrons emerge from the plates, they have been
deflected downward by an angle 6 as shown. We wish
to calculate this angle 6 which depends on the strength
of the deflection voltage Vy,_the length D of the plates,
and on the speed v of the electrons.

While the electrons are between the plates, their accel-
eration is given by

—

A= F _=E

me me
where m¢ is the electron mass. This acceleration is
constant and directed downward, just as in our old
projectile motion studies. Using Equation (9) E = V/d

for the magnitude of E, we find that the downward
acceleration A of the electrons has a magnitude

I D |

T )
electron |
gun d ‘:::Si'—______e_)
4 \
+V deflection voltage Vp
Figure 30

To deflect the beam of electrons, we place what is
essentially a parallel plate capacitor in the path of the
beam as shown. The electrons are deflected by the
electric field between the capacitor plates.

9_7E_6Vp
A==

where V) is the voltage and d the separation of the
deflection plates.

Ifaparticleis subjected to adownward acceleration for
a time T, and initially has no downward velocity, its
final downward velocity Vfy is from the constant accel-
eration formulas as

eVp T

Viy = AyT = med

(1D
If the electrons emerge from the electron gun at a speed
v, then the time T it takes them to pass between the
plates is

T=Y (12)

The tangent of the deflection angle 9 is given by the
ratio Vty/v which we can get from Equations (11) and
(12):

V, eV.D
tan O = P

; (13)
v m_ dv

The final step is to note that the speed v of the electrons
is determined by the electron gun accelerating voltage
V acc by the relationship

1 2 2 ZeVacc
Emev =eV, or v = n, (14)
Equations (13) and (14) finally give
eV.D 1D V
tan® = P =———L @15
med(ZeVaCC/me) 2 d Ve

which is a fairly simple result considering the steps we
went through to get it. Itis reassuring that tan® comes
out as a dimensionless ratio, which it must.



Exercise 9

In an electron gun, deflection plates 5 cm long are
separated by a distance d = 1.2cm. The electron beam
is produced by a 75 volt accelerating voltage. What
deflection voltage \, is required to bend the beam 10
degrees?

Exercise 10

In whatis called the Millikan oil drop experiment, shown
in Figure (31), a vapor of oil is sprayed between two
capacitor plates and the oil drops are electrically
charged by radioactive particles.

Consider a particular oildrop of mass mthathaslostone
electron and therefore has an electric charge g = + e.
(The mass m of the drop was determined by measuring
its terminal velocity infree fall in the air. We will not worry
about that part of the experiment, and simply assume
that the drop's mass m is known.) To measure the
charge g on the oil drop, and thus determine the
electron charge e, an upward electric field Eis applied
tothe oildrop. The strength of the field E is adjusted until
the upward electric force just balances the downward
gravitational force. When the forces are balanced, the
drop, seen through a microscope, will be observed to
come to rest due to air resistance.

The electric field E that supports the oil drop is pro-
duced by a parallel plate capacitor and power supply
that can be adjusted to the desired voltage V. The
separation between the plates is d.

a) Reproduce the sketch of Figure (31), Then puta +
sign beside the positive battery terminal and a — sign
beside the negative one.

b) Find the formula for the voltage V required to
precisely support the oil drop against the gravitational
force. Express your answer in terms of the geometry of
the capacitor (plate separation d, area A, etc.) the
drop's mass m, the acceleration due to gravity g, and
the electron charge e.
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microscope

Figure 31

Millikan oil drop apparatus

power supply
of voltage V




Chapter 27

Basic Electric Circuits

In the modern age (post 1870) we have been sur-
rounded by electric circuits. House wiring is our most
familiar example, but we have become increasingly
Sfamiliar with electric circuits in radio and television
sets, and even the digital watch youmay be wearing. In
this chapter we will discuss the basic electric circuits in
order to introduce the concepts of electric current,
resistance, and voltage drops around the circuit. We
will restrict ourselves to devices like batteries, resis-
tors, light bulbs, and capacitors. The main purpose is
to develop the background needed to work with electric
circuits and electronic measuring equipment in the
laboratory.
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ELECTRIC CURRENT

An electric current in a wire is conceptually somewhat
like the current of water in a river. We can define the
current in a river as the amount of water per second
flowing under a bridge. The amount of water could be
defined as the number of water molecules, but a more
convenient unit would be gallons, liters, or cubic
meters.

An electric current in a wire is usually associated with
the flow of electrons and is measured as the amount of
charge per second flowing past some point or through
some cross-sectional area of the wire, as illustrated in
Figure (1). We could measure the amount of charge by
counting the number of electrons crossing the area, but
itis more convenient to use our standard unit of charge,
the coulomb, and define an electric current as the
number of coulombs per second passing the cross-
sectional area. The unit of current defined this way is
called an ampere.

j 1 coulomb per
second passing

a cross—sectional
area of wire

1 ampere =

(1

From your experience with household wiring you
should already be familiar with the ampere (amp) as a
unit of current. A typical light bulb draws between 1/2
and 1 ampere of current, and so does the typical motor
in an electric appliance (drill, eggbeater, etc.). A
microwave oven and a toaster may draw up to 6 amps,
and hair dryers and electric heaters up to 12 amps.
Household wiring is limited inits capability of carrying
electric current. If you try to carry too much current in
a wire, the wire gets hot and poses a fire hazard.

moving
electric
charge
= C )
— e
mlnal area
Figure 1

An electric current is defined as the amount of charge
per second flowing past a cross-sectional area.

Household wiring is protected by fuses or circuit
breakers that shut off the current if it exceeds 15 or 20
amps. (You can see why you do not want to run a hair
dryer and an electric heater on the same circuit.)

There is acommon misconception that the electrons in
a wire travel very fast when a current is flowing in the
wire. After all when you turn on a wall light switch the
light on the other side of the room appears to turn on
instantly. How did the electrons get there so fast?

The answer can be seen by an analogy to a garden hose.
When you firstattach an empty hose to a spigotand turn
onthe water, it takes a while before the hose fills up with
water and water comes out of the other end. But when
the hose is already full and you turn on the spigot, water
almost instantly comes out of the other end. Not the
water that just went in, but the water that was already
in the hose.

A copper wire is analogous to the hose that is already
full of water; the electrons are already there. When you
turn on the light switch, the light comes on almost
instantly because all the “electric fluid” in the wire
starts moving almost at once.

To help build an intuition, let us estimate how fast the
electrons must move in a copper wire with a 1 millime-
ter cross-sectional area carrying an electric current of
one ampere. This is not an unreasonable situation for
household wiring.

A copper atom has a nucleus containing 29 protons
surrounded by a cloud of 29 electrons. Of the 29
electrons, 27 are tightly bound to the nucleus and 2 are
in an outer shell, loosely bound. (All metal atoms have
one, two, and sometimes 3 loosely bound outer elec-
trons.) When copper atoms are collected together to
form a copper crystal, the 27 tightly bound electrons
remain with their respective nuclei, but the two loosely
bound electrons are free to wander throughout the
crystal. Inametal crystal or wire, itis the loosely bound
electrons (called conduction electrons) that form the
electric fluid that makes the wire a conductor.



Copper has an atomic weight of 63.5, thus there are
63.5 grams of copper in a mole. And the density of
copper is 9 gm /cm?3, thus a mole of copper has a
volume

cm?
mole

volume of one | _ 63.5gm/mole _
mole of copper 9gm / cm?

Since a mole of a substance contains an Avogadro’s
number 6 x 1023 of particles of that substance, and
since there are 2 conduction electrons per copper atom,
7 cm® of copper contain 12 x 1023 conduction elec-
trons. Dividing by 7, we see that there are 1.7 x 1023
conduction electrons in every cubic centimeter of
copper and 1.7 x 1020 in a cubic millimeter. Convert-
ing this to coulombs, we get

number of
coulombs of
conduction
electrons

in lmm3

of copper

_ 1.7x10%electrons/mm?
f 6.25% 10 '3electrons/coulomb

= 27coulombs/mm3

In our 1 millimeter cross-sectional area wire, if the
electrons flowed at a speed of 1 millimeter per second,
27 coulombs of charge would flow past any pointin the
wire per second, and we would have a current of 27
amperes. To have a current of 1 ampere, the electrons
would have to move only 1/27 as fast, or 1/27 of a
millimeter per second! This slow speed results from
the huge density of conduction electrons.
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Positive and Negative Currents

If you are using a hose to fill a bucket with water, there
is not much question about which way the current of
water is flowing—from the hose to the bucket. But
with electric current, because there are two kinds of
electric charge, the situation is not that simple. As
shown in Figure (2), there are two ways to give an
objecta positive charge, add positive charge or remove
negative charge. If a wire connected to the object is
doing the charging, it may be difficult to tell whether
there is a current of positive charge into the object or a
current of negative charge out of the object. Both have
essentially the same effect.

You may argue that at least for copper wires a current
of positive charge doesn’t make sense because the
electric currentis being carried by the negative conduc-
tion electrons. Butasimple model of an electric current
will clearly demonstrate that a positive current flowing
one way is essentially equivalent to a negative current
flowing the other way.

+ i
_— +
=i
< +
Figure 2

A current of positive charge into an
object, or a current of negative charge
out, leaves the object positively charged.
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In Figure (3) we have tried to sketch a picture of a
copper wire in which the conduction electrons are
moving to the left producing a left directed negative
current. The problem with Figure (3) is that it is hard
to show the conduction electrons flowing through the
lattice of stationary positive copper nuclei. The picture
is difficult to draw, and Figure (3) is not particularly
informative.

To more clearly show that the positive charge is at rest
and thatitis the negative charge thatis moving, we have
in Figure (4) constructed a model of a copper wire in
which we have two separate rods, one moving and one
atrest. The stationary rod has the positive coppernuclei
and the moving rod has the negative conduction elec-
trons. This model is not a very good representation of
what is going on inside the copper wire, but it does
remind us clearly that the positive charge is at rest, and
that the current is being carried by the moving negative
charge.

When you see this model, which we will use again in
later discussions, think of the two rods as merged
together. Picture the minus charge as flowing through
the lattice of positive charge. Remember that the only
reason that we drew them as separate rods was to
clearly show which charge was carrying the electric
current.

Using the results of the previous section, we can make
our model of Figure (4) more specific by assuming it
represents a copper wire with a 1 millimeter cross
section carrying a current of one ampere. In that

positive copper
ions at rest

- — | - — - — - —
+ + "+ + + + + _+
- — - — - — - —

moving conduction
electrons

copper wire

Figure 3

A copper wire at rest with the conduction
electrons moving to the left. This gives us
a left-directed negative current.

example the average speed of the conduction electrons
was 1/27 of amillimeter per second, which we will take
as the speed v of the moving negative rod in Figure (4).

Figure (5a) is the same as Figure (4), except we have
drawn a stick figure representing a person walking to
the left at a speed v. The person and the negatively
charged rod are both moving to the left at the same
speed.

Figure (5b) is the same situation from the point of view
of the stick figure person. From her point of view, the
negative rod is at rest and it is the positive rod that is
moving to the right. Qur left directed negative current
in Figure (5a) is seen by the moving observer to be a
right directed positive current (Figure 5b). Whether
we have a left directed negative current or a right
directed positive current just depends upon the point of
view of the observer.

But how fast was our moving observer walking? If
Figure (5) is a model of a 1 mm? copper wire carrying
acurrent of 1 ampere, the speed v in Figure (5)is 1/27
of amillimeter per second. This is about 2 millimeters
per minute! Although faster than the continental drift,
this motion should certainly have little effect on what
we see. If the wire is leading to a toaster, the toast will
come out the same whether ornot we walk by ataspeed
of 2 mm per minute. For most purposes, we can take
a left directed negative current and a right directed
positive current as being equivalent. Relatively sophis-
ticated experiments, such as those using the Hall effect
(tobediscussed later) are required to tell the difference.

positively charged
rod at rest

moving negatively
charged rod
Figure 4
Model of a copper wire carrying an electric current.
We are representing the positive copper ions by a
positively charged rod at rest, and the conduction
electrons by a moving, negatively charged rod.



A Convention

It was Ben Franklin who made the assignment of
positive and negative charge. The charge left on a glass
rod rubbed by silk was defined as positive, and that left
on arubber rod rubbed by cat fur as negative. This has
often been considered a tragic mistake, for it leaves the
electron, the common carrier of electric current, with a
negative charge. It also leads to the unfortunate intui-
tive picture that an atom that has lost some electrons
ends up with a positive charge.

Some physics textbooks written in the 1930s redefined
the electron as being positive, but this was a disaster.
We cannot undo over two centuries of convention that
leads to the electron as being negative.

The worst problem with Franklin’s convention comes
when we try to handle the minus signs in problems
involving the flow of electrons in a wire. But we have
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just seen that the flow of electrons in one direction is
almost completely equivalent to the flow of positive
charge in the other. If we do our calculations for
positive currents, then we know that the electrons are
simply moving in the opposite direction.

In order to maintain sanity and not get tangled up with
minus signs, in this text we will, whenever possible,
talk about the flow of positive currents, and talk about
the force on positive test charges. If the problem we are
working on involves electrons, we will work every-
thing assuming positive charges and positive currents,
and only at the end of the problem we will take into
account the negative sign of the electron. With some
practice, you will find this an easy convention to use.

v
-
¥  + +

v ot + + 3
= — = - - = = S
a) observer walking along with the moving
negatively charged rod
S + + + + + g 3V >
o — = - = = = S

b) from the observer's point of view the negative
rod is at rest and the positive charge is moving

to the right

Figure 5a, b

In (a) we have a left directed negative current, while in (b) we have a right directed
positive current. The only difference is the perspective of the observer. (You can turn a
negative current into an oppositely flowing positive one simply by moving your head.)
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CURRENT AND VOLTAGE

Students first studying electricity can have difficulty
conceptually distinguishing between the concepts of
current and voltage. This problem can be handled by
referring back to our hydrodynamic analogy of Chap-
ter 23.

In Chapter 23 we were discussing Bernoulli’s equation
which stated that the quantity (P + pgh + 1/2 pv?)
was constant along a stream line if we could neglect
viscous effects in the fluid. Because of the special
nature of this collection of terms, we gave them the
name hydrodynamic voltage.

hydrodynamic |

- 15,2 }
voltage | = P+ pgh + 2PV (23-23)

(The second and third terms in the hydrodynamic
voltage are the potential energy of a unit volume of
fluid and the kinetic energy. The pressure term, while
not a potential energys, is related to the work required to
move fluid into a higher pressure region.)

Many features of hydrodynamic voltage should al-
ready be familiar. If you live inahouse with good water
pressure, when you turn on the faucet the water comes
out rapidly. But if someone is running the washing
machine in the basement or watering the garden, the
water pressure may be low, and the water just dribbles
out of the faucet. We will think of the high pressure
water as high voltage water, and the low pressure water
as low voltage water.

Let us look more carefully at high voltage water in a
faucet. When the faucet is shut off, the water is at rest
butthe pressure is high, and the main contribution to the
hydrodynamic voltage is the P term. When the faucet
is on, the water that has just left the faucet has dropped
back to atmospheric pressure but it is moving rapidly.
Now it is the 1/2 pv2 that contributes most to the
hydrodynamic voltage. If the water originally comes

from a town water tank, when the water was at the top
of the tank it was at atmospheric pressure and not
moving, but was at a great height h. In the town water
tank the hydrodynamic voltage comes mainly from the
pgh term.

Let us focus our attention on the high pressure in a
faucet thatis shut off. In this case we have high voltage
water butno current. We can getabig currentif we turn
the faucet on, but the voltage is there whether or not we
have a current.

In household wiring, the electrical outlets may be
thought of as faucets for the electrical fluid in the wires.
The high voltage in these wires is like the high pressure
in the water pipes. You can have a high voltage at the
outlet without drawing any current, or you can connect
an appliance and draw a current of this high pressure
electrical fluid.

Resistors

In an electric heater the electrical energy supplied by
the power station is converted into heat energy by
having electric current flow through a dissipative or
resistive material. The actual process by which electri-
cal energy is turned into heat energy is fairly complex
but not unlike the conversion of mechanical energy to
heat through friction. One can think of resistance as an
internal friction encountered by the electric current.

In our discussion of Bernoulli’s equation we saw that
the hydrodynamic voltage P + pgh + 1/2 pv2 was
constant along a stream line if there were no viscous
effects. But we also saw in Figure (23-24) that when
there were viscous effects this hydrodynamic voltage
dropped as we went along a stream line.

Heights in barometer tubes
dropping due to viscosity

/

————>V

—\}

Figure 23-24
Hydrodynamic voltage drop due to viscous effects.



In fluid flows, we get the most dissipation where the
fluid is moving rapidly through a narrow constriction.
This is seen in our venturi demonstration of Figure
(23-18), reproduced here in Figure (6). Here we have a
large tube with a constriction. The glass barometer
tubes show us that the pressure remains relatively
constant before the constriction, but does not return to
its original value afterward. There is anet pressure drop
of pgh, where h is the height drop indicated in the
figure.

Consider the points in the fluid at the dots labeled (2)
and (9), in the center of the stream below tubes 2 and 9.
These points are at the same heights (h, =hg), and the
fluid velocities are the same (v, = v ) because the flow
tube has returned to its original size. Because of the
pressure drop (Py < P,), the hydrodynamic voltage
(Pg + pghg +1/2 va ) at point (9) is less than that at
point (2) by an amount equal to P,—Py = pgh. The
barometer tubes 2 and 9 are acting as hydrodynamic
voltmeters showing us where the voltage drop occurs.

Justas in fluid flows, dissipation in electric currents are
associated with voltage drops, in this case electrical
voltage drops. In general, the amount of the voltage
drop depends on the amount of current, the geometry of
the flow path, on the material through which the current
is flowing, and on the temperature of the material. But
inaspecial device called aresistor, the voltage drop AV
depends primarily on the current i through the resistor

(1) @ @ ©6 6 O ©

Figure 6

The hydrodynamic voltage, as measured by the
barometer tubes, drops by an amount pgh in going
across the constriction from Point (2) to Point (9).
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and is proportional to that current. When the voltage
drop AV is proportional to the current i, the resistor
is said to obey Ohm’s law. This can be written as the
equation

AV = iR

Ohnis law (1)

The proportionality constant R is called the resistance
R of the resistor. From Equation (1) you can see that R
has the dimensions volt/amp. This unit is called an
ohm, aname which is convenient in practice but which
further complicates the problem of following dimen-
sions in electrical calculations.

R = AVvolts _ AV

—_ = =Y ohms
1 amps i

Resistors are the most common element in electronic
circuits. They usually consist of a small cylinder with
wire pigtails sticking out each end as shown in Figure
(7). The material inside the cylinder which creates the
voltage drop, which turns electrical energy into heat
energy, is usually carbon.

The resistors you find in an electronics shop come in a
huge selection of values, with resistances ranging from
about 0.1 ohm up to around 10° ohms in a standard
series of steps. The physical size of the resistor depends
not on the value of the resistance but on the amount of
electrical energy the resistor is capable of dissipating
without burning up. The value of the resistance is
usually indicated by colored stripes painted on the
resistor, there being a standard color code so that you
can read the value from the stripes.

(A light bulb is a good example of an electrical device
that dissipates energy, in this case mostly in the form of
heat and some light. The only problem with alightbulb
is that as the filament gets hot, its resistance increases.
If we wish to use Ohm’s law, we have to add the
qualification that the bulb’s resistance R increases with

temperature.)
resistor

wire wire
('] ) [ D

Figure 7

The resistor, found in most electronic circuits. The
purpose of the resistor is to cause an electric voltage
drop analogous to the hydrodynamic voltage drop we
saw in Figure 6 across the restriction in the flow tube.
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A Simple Circuit

To get some intuition for how resistors are used,
consider the circuit shown in Figure (8) containing a
battery and a resistor connected by wires. In drawing
circuits, it is convention to use a line fora
wire, the symbol —A\MAMA— for a resistor, and
—H=—— for a battery. In the symbol for a battery,
the short perpendicular line represents the negative
terminal of the battery and the long side the positive
terminal. When we have acurrentiflowing through the
wire we draw an arrow indicating the direction of flow
of positive charge — 1> and label the current
with a letter such as i, 1, etc.

In Figure (9), we have labeled the voltages Vi V2 V3
and V, at four points around the circuit. By definition
we will take the negative side of the battery as being
zero volts, or what we call ground

V4 = 0volts by definition 2)

On the positive side of the battery, the voltage is up to
the battery voltage Vi, which is 1.5 volts for acommon
flashlight battery and up to 9 volts for many transistor
radio batteries

Vi =V the battery voltage 3
current :
~_ |
battery / resistor
MK R

By convention, the
negative side of the
battery is usually
considered to be at /
0 volts (ground).

Figure 8

About the simplest electrical circuit consists of a
battery connected to a resistor. If the resistor
were a light bulb, you would have a flashlight.

Point (2) at the upper end of the resistor, is connected
to the positive terminal of the battery, Point (1), by a
wire. In our circuit diagrams we always assume that
our wires are good conductors, having no electric fields
inside them and therefore no voltage drops along them.
Thus

no voltage drop
along a wire “4)

V2 = V] (: Vb)
The bottom of the resistor is connected to the negative
terminal of the battery by a wire, therefore

no voltage drop
along a wire S

V3 = V4 (= O)
Equations (4) and (5) determine the voltage drop AV
that must be occurring at the resistor

AV = V,-V5 = (6)

And by Ohm’s law, Equation (1), this voltage drop is
related to the current i through the resistor by

AV = iR =V Ohms law (7)
Solving for the current 1 in the circuit gives
. %
i=x ®)

In future discussions of circuits we will not write out all
the steps as we have in Equations (2) through (8), but
the first time through a circuit we wanted to show all the
details. i

Vo
V,
—_.—t Vb AV =iR
V,
4 V3

Figure 9
Voltages around the circuit.



Equation (8) is the one that really shows us how
resistors are used in a circuit. We can see from
Equation (8) thatif we use a small resistor, we get a big
current, and if we use a large resistor we get a small
current. In most applications resistors are used to
control the flow of current.

In modern electronics such as radios and computers,
typical battery voltages are around 5 volts and typical
currents a milliampere (1 0-3 amps). What size resistor
R do we have to use in Equation (8) so that we get a one
milliampere current from a 5 volt battery? The answer
is

A/ 5 volt
R=£_ volts

i 107 amps
5000 ohms = 5000 Q ©

where we used the standard symbol €2 for ohms. Many
of the resistors in electronics circuits have values like
this in the 1,000 Q to 10,000 € range.

The Short Circuit

Equation (8) raises an interesting problem. What if
R =07? The equation predicts an infinite current! We
could try to make R = 0 by attaching a wire rather than
a resistor from Points (2) to (3) in Figure (9). What
would happen is that a very large current would start to
flow and either melt the wire, start a fire, drain the
battery, or destroy the power supply. (A power supply
is an electronic battery.) When this happens, you have
created what is called a short circuit. The common
lingo is that you have shorted out the battery or power
supply and this is not a good thing to do.
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Power
As one of the roles of a resistor is electrical power
dissipation, let us determine the power that is being
dissipated when a current is flowing through a resistor.
Recall that power is the amount of energy transferred
or dissipated per unit time. In the MKS system power
has the dimensions of joules per second which s called
a watt

joules

Power = = watt
second

(10)

Now suppose we have a current flowing through a
resistor R as shown in Figure (10). The voltage drop
across the resistor is V, from a voltage of V volts at the
top to O volts at the bottom as shown.

Because V is the electric potential energy of a unit
charge (the coulomb), every coulomb of charge flow-
ing through the resistor loses V joules of electric
potential energy which is changed to heat.

If we have a current i, then i coulombs flow through
the resistor every second. Thus the energy lost per
second is the number of coulombs (i) times the energy
lost per coulomb (V) or (iV):

. 1 joules
Power = i S8 x v
SeC coul

joules
sec

(11

=1V = 1V watts

Ohm’s law, Equation (1), can be used to express the
power in terms of R and either i or V

2

g2 _V_
Power =1V = 1R = R

(11a)

V=0

Figure 10

The voltage drops from V to 0 as the current i flows
through the resistor. The power dissipated is the
current i coulombs/second times the voltage drop V
Jjoules/coulomb, which is iV joules/second, or watts.
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Exercise 1

These are some simple exercises to have you become
familiar with the concepts of volts and amps.

a) Design a circuit consisting of a 9 volt battery and a
resistor, where the current through the resistor is 25
milliamperes (25x10°% amps).

b) Aflashlight consists of a 1.5 volt battery and a 1 watt
light bulb. How much current flows through the bulb
when the flashlight is on?

c) When you plug a 1000 watt heater into a 120 volt
power line, how much current goes through the heater?
What is the resistance R of the heater when the filament
is hot?

d) Inmosthouseholds, each circuithas a voltage of 120
volts and is fused for 20 amps. (The circuit breaker
opens up if the current exceeds 20 amps). What is the
maximum power you can draw from one circuit in your
house?

e) An electric dryer requires 3000 watts of power, yet it
has to be plugged into wires that can handle only 20
amps. What is the least voltage you can have on the
circuit?

f) Inmany parts of the world, the standard voltage is 240
volts. The wires to appliances are much thinner. Explain
why.

Vo
\Z
—_.—i Vb AV =iR
V,
4 V3

Figure 9 (redrawn)
Voltages around the circuit.

KIRCHOFF’S LAW

Imagine that you are going for an afternoon hike on a
nearby mountain. You drive up to the base lodge, park
your car, and start up the trail. The trail goes up over a
ridge, down into a ravine, up to the peak of the
mountain, down the other side and then around the
mountain back to the base lodge. When you get back
to your car, how much gravitational potential energy
have you gained from the trip? The answer is clearly
zero—you are right back where you started.

Ifyou defined gh, whichis the potential energy of a unit
mass, as your gravitational voltage, then as you went up
theridge, there was avoltagerise ashincreased. Going
down into the ravine there was a voltage drop, or what
we could call a negative voltage rise. The big voltage
riseis up to the top of the mountain, and the big negative
voltage rise is down the back side of the mountain.
When you add up all the voltage rises for the complete
trip, counting voltage drops as negative rises, the sum
is zero.

Consider our Figure (9) redrawn here. If we start at
Point (4) where the voltage is zero, and “walk” around
the circuit in the direction of the positive current i, we
first encounter a voltage rise up to V =V due to the
battery, then a voltage drop back to zero at the resistor.
When we get back to the starting point, the sum of the
voltage rises is zero just as in our trip through the
mountains. Even in more complicated circuits with
many branches and different circuit elements, it is
usually true that the sum of the voltage rises around any
complete path, back to your starting point, is zero. It
turns out that this is a powerful tool for analyzing
electric circuits, and is known as Kirchoff’s law.
(Kirchoff’s law can be violated, we can get a net
voltage rise in a complete circuit, if changing magnetic
fields are present. We will treat this phenomenon in a
later chapter. For now we will discuss the usual
situation where Kirchoff’s law applies.)



Application of Kirchoff’s Law

There are some relatively standard, cookbook like
procedures that make it easy to apply Kirchoff’s law to
the analysis of circuits. The steps in the recipe are as
follows:

(1) Sketch the circuit and use arrows to show the
direction of the positive current in each loop as we did
in Figure (11). Do not be too concerned about getting
the correct direction for the current i. If you have the

Figure 11
Labeling the
direction of the
current.

arrow pointing the wrong way, then when you finish
solving the problem, 1 will turn out to be negative.

(2) Label all the voltage rises in the circuit. Use arrows
to indicate the direction of the voltage rise as we did in
Figure (12). Note that if we go through the resistor in
the direction of the current, we get a voltage drop.
Therefore the arrow showing the voltage rise in a
resistor must point back, opposite to the direction of the

Figure 12
b= Vg=iR Labeling the
voltage rises.

current i intheresistor. (The analogy istoarock strewn
waterfall where the water loses hydrodynamic voltage
asitflows down through the rocks. The direction of the
voltage rise is back up the waterfall, in a direction
opposite to that of the current.)

(3) The final step is to “walk” around the loop in the
direction of i (or any direction you choose), and set the
sum of the voltage rises you encounter equal to zero. If
you encounter an arrow that points in the direction you
are walking, it counts as a positive voltage rise (like V,,
in Figure 12). If the arrow points against you (like Vy),
then it is a negative rise. Applying this rule to Figure
(12) gives
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Sum of the voltage rises

going clockwisearound | = V,+V
the circuit of Figure 12 (12)
=V, +(dR)
=0
Equation (12) gives
. _Vy
'SR (13)

which is the result we had back in Equation (8).

Series Resistors

By now we have beaten to death our simple battery
resistor circuit. Let us try something a little more
challenging—Ilet us put in two resistors as shown in
Figure (13). In that figure we have drawn the circuit
and labeled the direction of the current (Step 1), and
drawnin the arrows representing the voltage rises (Step
2). Setting the sum of the voltage rises equal to zero
(Step 3) gives

Vp+ (-iRy) + (-iRp) = 0 (14)
_ Vb
"7 R +Ry) (15

The tworesistors in Figure (13) are said to be connected
inseries. Comparing Equation (13) for a single resistor
and Equation (15) for the series resistors, we see that if

Ri+Ry, = R

(series resistors) (16)

then we get the same current 1 in both cases (if we use
the same battery). We say that if R; + R, = R then
the series resistors are equivalent to the single resistor
R.

Figure 13
Two resistors in series.
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Parallel Resistors

A bit more challenging is the circuit of Figure (14)
where the resistors are wired in “parallel”. In Step (1),
we drew the circuit and labeled the currents. But here
we have something new. When the current gets to the
point labeled (A), it is like a fork in the stream and the
current divides. We have labeled the two branch
currents 1; and i,, and have the obvious subsidiary
condition (conservation of current, if you like).

ij+i, =1 (17)

There is no problem with Step (2), the voltage rises are
V., 1Ry and i,R, asshown. But we get something
new when we try to write down Kirchoft’s law for the
sum of the voltage rises around a complete circuit.
Now we have three different ways we can go around a
complete circuit, as shown in Figures (15 a, b, c).

Applying Kirchoff’s law to the path shown in Figure
(15a) we get

Vb + (-11R1) = 0 (18)
For Figure (15b) we get
and for Figure (15¢) we get
Ve + (-2Rz) = 0 (20)
i A i
i1
VbT—__— Ry T 1R T ioRy

Figure 14
Two resistors in parallel.

The main problem with using Kirchoff’s laws for
complex circuits is that we can get more equations than
we need or want. For our current example, if you solve
Equation (18) for Vi, = 1R, then put that result in
Equation (20), you get 1R -i,R, = 0 which is
Equation (19). In other words Equation (19) does not
tell us anything that we did not already know from
Equations (18) and (20). The mathematicians would
say that Equations (18), (19), and (20) are not linearly
independent.

Let us look at the situation from a slightly different
pointof view. To completely solve the circuit of Figure
(15), we have to determine the currents i, i; and i;. We
have three unknowns, but four equations, Equations
(17),(18), (19) and (20). Itis well known that you need
as many equations as unknowns to solve a system of
equations, and therefore we have one too many equa-
tions.

40

e I:*1

)

a
b)

c)

I

Figure 15

Three possible loops for analyzing the
parallel resistance circuit. They give
more equations than needed.



We cannotarbitrarily throw out one of the equations for
the remaining three must be linearly independent. For
example, if we threw out Equation (17) and tried to
solve Equations (18), (19) and (20) for1i;, i, and i, we
couldn’t get an answer because Equation (19) contains
no information not already in Equation (18) and (20).
When you are working with a system of linear equa-
tions, the hardest problem is to decide which is a set of
linear independent equations. Then you can use a
standard set of procedures that mathematicians have
for solving linear equations. These proceduresinvolve
determinants and matrices, which are easily handled on
a computer, but are tedious to work by hand.

In our treatment of circuit theory we will limit our
discussion to simple circuits where we can use grade
school methods for solving the equations. Problems of
linearindependence, determinants and matrices will be
left to other treatments of the topic.

To solve our parallel resistor circuit of Figure (14), we
have from Equation (18)

= Vb
11 = R|
and from Equation (20)
o= Vb
1 = R2

Substituting these values in Equation (17) gives

T 4"

1:11+12:R—1+R—2 5

= Vil + o) -
Ry R,

Comparing Equation (21) for parallel resistors, and
Equation (13) for a single resistor

i =V, (ﬁ) (13)

We see that two parallel resistors R and R, are equiva-
lent to a single resistor R if they obey the relationship

1 1 1 equivalent
= = — +— parallel (22)
R R R, resistors
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Exercise 2

You are given a device, sealed in a box, with electrical
leads on each end. (Such a device is often referred to
as a "black box", the word black referring to our lack of
knowledge of the contents, rather than the actual color
of the device.) You use an instrument called an
ohmmeter o measure the electrical resistance be-
tween the two terminals and find that it's resistance R is
470 ohms (470Q).

R =470 Q

——

a) Sketch a circuit, containing the black box and one
resistor, where the total resistance of the circuit is
500€2.

b) Sketch a circuit, containing the black box and one
resistor, where the total resistance of the circuit is
400Q2 .

Exercise 3 The Voltage Divider

We wish to measure the voltage V, produced by a high
voltage power supply, but our voltmeter has the limited
range of +2 to -2 volts. To make the measurement we
use the voltage divider circuit shown below, containing
abigresistor R, and a smallresistor R, . If, for example,
R, is 1000 times smaller than R;, then the voltage
across R, is 1000 times smaller than that across R, . By
measuring the small voltage across the small resistor
we can use this result to determine the big voltage V.

a) What currentiflows throughthe circuit. Express your
answer in terms of ;.

b) Find the formula for Vj, in terms of \,, the voltage
measured across the small resistor.

¢) Find a formula for \j, in terms of V,, Ry and R,,
assuming R4 >>R,, so that you can replace (R +R,)
by R, in the equation for i.

d) Our voltmeter reads V, =.24volts. What was \,?

Yy
Voltage
divider N | T
circuit

V2
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CAPACITANCE AND CAPACITORS

In addition to the resistor, another common circuit
element is the capacitor. A resistor dissipates energy,
causes a voltage drop given by Ohm’s law V =iR, and
is often used to limit the amount of current flowing in
asection of acircuit. A capacitor is adevice for storing
electrical charge and maintains a voltage proportional
to the charge stored. We have already seen one explicit
example of a capacitor, the parallel plate capacitor
studied in the last chapter. Here we will abstract the
general features of capacitors, and see how they are
used as circuit elements.

Hydrodynamic Analogy
Before focusing on the electrical capacitor, itis instruc-
tive to consider an accurate hydrodynamic analogy—
the cylindrical water tank shown in Figure (16). If the
tank is filled to a height h, then all the water in the tank
has a hydrodynamic voltage

V, = P+pgh+;pv2 = pgh (23)
For water at the top of the tank, y = h, the voltage is all
in the form of gravitational potential energy pgh. (We
willignore atmospheric pressure.) At the bottom of the
tank where y =0, the voltage is all in the pressure term
P =pgh. The dynamic voltage term 1/2 pv2 does not
play a significant role.

N

—

4

area A
Figure 16
Analogy between a cylindrical tank of water and an
electrical capacitor. In the tank, all the water in the
tank is at a hydrodynamic voltage V, = p gh, and the
quantity Q of water in the tank, given by Q = Ah =
(A/pg)pgh=(Alpg)V, is proportional to V;,.

Let us denote by the letter Q the quantity or volume of
water stored in the tank. If we talk only about cylindri-
cal tanks (of cross-sectional area A), then this volume
is proportional to the height h and therefore the hydro-
dynamic voltage Vy,

Volume of water \ A
in cylindrical tank / =Q=Ah= &) peh
A
o- (2]
pg

If we define the proportionality constant A/pg in
Equation (24) as the capacitance C of the tank

capacitance of
A ] acylindrical tank

€= @ ~ )\ withacross— (25)
sectional area A
then we get
Q=CV, (26)

as the relation between the hydrodynamic voltage and
volume Q of water in the tank.



Cylindrical Tank as a

Constant Voltage Source

One of the main uses of a water storage tank is to
maintain a water supply at constant hydrodynamic
voltage.

Figure (17) is a schematic diagram of a typical town
water supply. Water is pumped from the reservoir up
into the water tank where a constant height h and
therefore constant voltage Pgh is maintained. The
houses in the town all draw constant voltage water from
this tank.

Letus see what would happen if the water tank was too
small. As soon as several houses started using water,
the level h in the tank would drop and the pump at the
reservoir would have to come on. The pump would
raise the level back to h and shut off. Then the level
would drop again and the pump would come on again.
The result would be that the hydrodynamic voltage or
water pressure supplied to the town would vary and
customers might complain.

On the other hand if the town water tank has a large
cross-sectional area and therefore large capacitance C,
a few houses drawing water would have very little
effect on the level h and therefore voltage pgh of the
water. The town would have a constant voltage water
supply and the water company could pump water from
the reservoir at night when electricity rates were low.

We will see that one of the important uses of electrical
capacitors in electric circuits is to maintain constant or
nearly constant electric voltages. There is an accurate
analogy to the way the town water tank maintains
constant voltage water. If we use too small a capacitor,
the electrical voltage will also fluctuate when current is
drawn.
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tank

Figure 17

Town water supply. By maintaining a
constant height h of water in the storage
tank, all the water supplied to the town has a
constant hydrodynamic voltage V,pgh.
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Electrical Capacitance

Figure (18) is a repeat of the sketches of the parallel
plate capacitor discussed in Chapter 26. The important
features of the capacitor are the following. We have
two metal plates of area A separated by a distance d.
The positive plate shown on top has a charge + Q, the
bottom plate a charge — Q. Since the area of the plates
is A, the surface charge density on the inside of the plate
is

Cc = Q (27)

In Chapter 26, page 26-3, we saw that a charge density
o on the surface of a conductor produced an electric
field of strength
E=6
€0
perpendicularly out of the conductor. In Figure (18)
this field starts at the positive charge on the inside of the
upper plate and stops at the negative charge on the
inside surface of the bottom plate.

(28)

Recall that one form of electric voltage is the electric
potential energy of a unit test charge. To lift a positive
unit test charge from the bottom plate to the top one
requires an amount of work equal to the force E on a
unit charge times the distance d the charge was lifted.
Thiswork E *d is equal to the increase of the potential
energy of the unit charge, and therefore to the increase
in voltage in going from the bottom to the top plate. If
we say that the bottom plate is at a voltage V =0, then
the voltage at the top plate is

V =Ed (29)
+Q
I : | V=Ed
7dr E =0/¢&
I Y V V V Y V V V
[ ] V=0
plates of area A -Q
Figure 18

The parallel plate capacitor. If we place charges + Q
and — Q on plates of area A, the charge density on
the plates will be o= Q/A , the electric field will be

E = o/g, and the voltage between the plates V = Ed.

Using Equation (28) for E and Equation (27) for 6, we
get the relationship

V:gd—&d

E) €A

2}

or

a (30)

which is our old Equation (26-10).

As in our hydrodynamic analogy, we see that the
quantity of charge Q stored in the capacitor is propor-
tional to the voltage V on the capacitor. Again we call
the proportionality constant the capacitance C

definitionof
electrical
capacitance

Q=CV (31

Comparing Equations (30) and (31) we see that the
formula for the capacitance C of a parallel plate capaci-
tor is

e A capacitanceof a
C = o parallel plate (32)
d capacitor of area,
plate separationd

For both the parallel plate capacitor and the cylindrical
water tank, the capacitance is proportional to the cross-
sectional area A. The new feature for the electrical
capacitor is that the capacitance increases as we make
the plate separation d smaller and smaller.

Our parallel plate capacitor is but one example of many
kinds of capacitors used in electronic circuits. In some,
the geometry of the metal conductors is different, and
inothers the space between the conductors s filled with
amaterial called a dielectric which increases the effec-
tive capacitance. But in all common capacitors the
amount of charge Q is proportional to voltage V across
the capacitor, i.e. Q=CV, where Cis constant indepen-
dent of the voltage V and in most cases independent of
the temperature.



The dimensions of capacitance C are coulombs per
volt, whichis given the name farad in honor of Michael
Faraday who pioneered the concept of an electric field.
Although such an honor may be deserved, this is one
more example of the excessive use of names in the
MAKS system that make ithard to follow the dimensions
in a calculation.

To get a feeling for the size of a farad, suppose that we
have two metal plates with an area A = 0.1 meter®
and make a separation d = 1 millimeter = 10~ meters.
These plates will have a capacitance C given by

€A 9x10"x.1

R TS

9 x 10719 farads

which is about one billionth of a farad. If you keep the
separation at 1 millimeter you would need plates with
an area of 100 million square meters (an area 10
kilometers on a side) to have a capacitance of 1 farad.

Commercial capacitors used in electronic circuits come
in various shapes like those shown in Figure (19), and
inan enormous range of values from a few farads down
to 107 farads.

Our calculation of the capacitance of a parallel plate
capacitor demonstrates that it is not an easy trick to
produce capacitors with a capacitance of 10~ ® farads
or larger. One technique is to take two long strips of
metal foil separated by an insulator, and roll them up
into a small cylinder. This gives us a large plate area
with a reasonably small separation, stuffed into a
relatively small volume.

In a special kind of a capacitor called an electrolytic
capacitor, the effective plate separation d is reduced to
almost atomic dimensions. Only this way are we able
to create the physically small 1 farad capacitor shown
in Figure (19). The problem with electrolytic capaci-
tors is that one side has to be positive and the other
negative, as marked on the capacitor. If youreverse the
voltage on an electrolytic capacitor, it will not work and
may explode.
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Exercise 4 - Electrolytic Capacitor

In an electrolytic capacitor, one of the plates is a thin
aluminum sheet and the other is a conducting dielectric
liquid surrounding the aluminum. A nonconducting
oxide layer forms on the surface of the aluminum and
plays the same role as the air gap in the parallel plate
capacitors we have been discussing. The fact that the
oxide layer is very thin means that you can construct a
capacitor with a very large capacitance in a small
container.

dielectric liquid
aluminum

For this problem, assume that you have a dielectric
capacitor whose total capacitance is 1 farad, and that
the oxide layer acts like an air gap 10~ " meters thick in
a parallel plate capacitor. From this, estimate the area
of the aluminum surface in the capacitor.

Figure 19

Examples of capacitors used in electronic circuits. The
one on the right is a variable capacitor whose plate
area is changed by turning the knob. The square black
capacitor is a 4 farad electrolytic. Its capacitance is one
million times greater than the tall regular capacitor
behind it.
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ENERGY STORAGE IN CAPACITORS

In physics, one of the important uses of capacitors is
energy storage. The advantage of using capacitors is
that large quantities of energy can be released in a very
short time. For example, Figure (20) is a photograph
of the Nova laser at the Lawrence Livermore National
Laboratory. This laser produces short, but very high
energy pulses of light for fusion research. The laser is
powered by a bank of capacitors which, for the short
length of time needed, can supply power at arate about
200 times the power generating capacity of the United
States.

The easiest way to determine the amount of energy
stored in a capacitor is to calculate how much work is
required to charge up the capacitor. In Figure (21) we
have a capacitor of capacitance C that already has a
charge + Q on the positive plate and— Q on the negative
plate. The voltage V across the capacitor is related to
Q by Equation (12), Q = CV.

Figure 20

Now let us take a charge dQ out of the bottom plate,
leaving a charge — (Q +dQ) behind, and lift it to the top
plate, leaving (Q + dQ) there. The work dW we do to
lift the charge is equal to dQ times the work required to
lift a unit test charge, namely dQ times the voltage V

dW = VdQ
or replacing V by Q/C, we have
dW = ng (33)
C
+Q
V volts | J,
, lda
O volts |
-Q
Figure 21

Charging up a capacitor. If the capacitor is
already charged up to a voltage V, the amount
of work required to lift an additional charge dQ
Jrom the bottom to top plate is AW = Vd(Q).

-

i

The Nova laser, powered by a bank of capacitors. While the laser
is being fired, the capacitors supply 200 times as much power as

the generating capacity of the United States.



Youcansee from Equation (33) that when the capacitor
isuncharged and we lift the firstdQ, no work is required
because there is no field yet in the capacitor. However
once there is a big charge on the capacitor, much work
isrequired to lift an additional dQ. The total amount of
work to charge the capacitor from zero charge to a final
charge Q; is clearly given by the integral

Qr
Work = de = f %dQ
0

The fact that the capacitance C is a constant, means that
we can take it outside the integral and we get

L Qf
f
W:E!QdQ:% (34)

Since it is easier to measure the final voltage V rather
than the charge Q; in a capacitor, we use Q;=CV to
rewrite Equation (34) in the form

2
Energy stored\ _ CVt

in a capacitor f 2 (35)

The energy stored is proportional to the capacitance C
of the capacitor, and the square of the voltage V.

Energy Density in an Electric Field
Equation 35 can be written in aform that shows that the
energy stored in a capacitor is proportional to the
square of the strength of the electric field. Substituting
V; =Exd and C =€pA/( into Equation 35 gives

2
Energy stored\ B CVe _ 1gA 2 42
in a capacitor f 2 2.d

Inside
2 2 capacitor

e E2 e B2 Volume
= 9" xAd="2 x( )

where we note that A X d is the volume inside the
capacitor.
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Since the energy stored in the capacitor is proportional
to the volume occupied by the electric field, we see that
the energy per unit volume, the energy density, is
simply given by

Energy \ _ EOE2 (36)
density / 2

This result, that the energy density in an electric field is
proportional to the square of the strength of the field,
turns out to be a far more general result than we might
expect from the above derivation. It applies not just to
the uniform electric field in an idealized capacitor, but
to electric fields of arbitrary shape.

Exercise 5

A parallel plate capacitor consists of two circular alumi-
num plates with a radius of 11 cm separated by a
distance of 1 millimeter. The capacitor is charged to a
voltage of 5 volts.

a) What is the capacitance, in farads, of the capacitor?

b) Using Equation 35, calculate the energy stored inthe
capacitor.

c) What is the magnitude of the electric field E between
the plates?

d)Using equation 36, calculate the energy density inthe
electric field.

e) What is the volume of space, in cubic meters,
between the plates?

f) From your answers to parts d) and e), calculate the
total energy in the electric field between the plates.
Compare your answer with your answer to part b-

g)Using Einstein'sformula E =mc?, calculatethe mass,
in kilograms, of the electric field between the plates.

h) The mass of the electric field is equal to the mass of
how many electrons?
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CAPACITORS AS
CIRCUIT ELEMENTS

Figure (22) is a simple circuit consisting of a battery of
voltage Vy, and a capacitor of capacitance C. The
standard circuit symbol for a capacitor is —|—,
which is a sketch of a parallel plate capacitor.

When the battery is attached to the capacitor, the upper
plate becomes positively charged and the lower one
negatively charged as shown. The upper plate could
actually become positively charged either by positive
charge flowing into it or negative charge flowing out—
it does not matter. We have followed our convention
of always showing the direction of positive currents,
thus we show 1 flowing into the positive plate and out
of the negative one.

We have also followed our convention of labeling the
voltage rises with an arrow pointing in the direction of
the higher voltage. The voltage V_ on the capacitor is
related to the charge Q stored by the definition of
capacitance, V, = Q/C.

+i

V| - el

Figure 22

A battery and a capacitor in a circuit. We have drawn
the diagram showing positive current flowing into the
top plate and out of the bottom plate. The upper plate
could have become positively charged by having a
negative current flowing out of it. The arrow
designating the voltage on the capacitor points in the
direction of the voltage rise.

Applying Kirchoft’s law to Figure (22), i.e., setting the
sum of the voltage rises around the circuit equal to zero,
we get

Vp+(-Vo) = Vp-Q/C =0

Q = CVy (37)

Thus we get a relatively straightforward result for the
amount of charge stored by the battery.

For something a little more challenging, we have
connected two capacitors in parallel to a battery as
shown in Figure (23). Because single wires go all the
way across the top and across the bottom, the three
voltages V,, V and V, must all be equal, and we get

Q1 = CIVb Qz = C2Vb

The total charge Q stored on the two capacitors in
parallel is therefore

Q= Qi+ Q =(Ci+C)Vy

Comparing this with Equation (37), we see that two
capacitors in parallel store the same charge as a single
capacitor C given by

capacitors

attached in
parallel

C = C1+C2

(38)

Comparing this result with Equation (16), we find that
for capacitors in parallel or resistors in series, the
effective capacitance or resistance is just the sum of the
values of the individual components.

i io

Figure 23

Capacitors connected in parallel. The
three voltages V,, V, and V, must all
be level because the wires go all the
way across the three elements.



In Figure (24) we have two capacitors in series. The
trick here is to note that all the charge that flowed out
of the bottom plate of C; flowed into the top plate of Cy,
as indicated in the diagram. But if there is a charge
— Q on the bottom plate of C, there must be an equal
and opposite charge + Q on the top and we have
Q; =Q. Similarly we must have Q; = Q.

To apply Kirchoff’s law, we set the sum of the voltage
rises to zero to get

+_Ql +—Q2 =0
Gy C,

Setting Q, = Q, = Q gives
1 1
V, = Q| -+
’ Q(Cl +C2)

Comparing Equation (39) with Equation (37) in the
form V,, = Q/C we see that

Y

(39

capacitors

attachedin
series

1 1 1
_—_+_

C ™ C G “0)

is the formula for the effective capacitance of capaci-
tors connected in series. This is analogous to the
formula for parallel resistors.

Q

Vb]tr 'J
c.——|v. =
2 V2_()2

Figure 24
Capacitors in series. In this case the sum of V;
and V, must be equal to the battery voltage V.
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It is interesting to note that for storing charge, parallel
capacitors are more efficient because the charge can
flow into both capacitors as seen in Figure (23). When
the capacitors are in series, charge flowing out of the
bottom of one capacitor flows into the top of the next,
and we get no enhancement in charge storage capabil-
ity. What we do get from series capacitors is higher
voltages, the total voltage rise across the pair is the sum
of the voltage rise on each.

Exercise 6

You have a 5 microfarad (abbreviated 5uf) capacitor
and a 10 pf capacitor. What are all the values of
capacitor you can make from these two?
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mercury switch

/

mercury switch

/closed
i= Vb/R

A

mercury switch
/open

Figure 25

An RC circuit. When the mercury switch is
closed, the capacitor quickly charges up to a
voltage V. =V, . When the switch is opened, the
capacitor discharges through the resistor.

=g |==c R |Vg=iR

Figure 26

Capacitor discharge. When the switch is open, the
only part of the circuit we have to look at is the
capacitor discharging through the resistor.

THE RC CIRCUIT

The capacitor circuits we have discussed so far are not
too exciting. When you are working with an electronic
circuit you do not hitch capacitors together in series or
parallel, you simply go to the parts drawer and select a
capacitor of the desired value.

If we add a resistor to the circuit as shown in Figure
(25), we begin to get some interesting results. The
circuit is designed so that if the mercury switch is
closed, the capacitoris charged up toa voltage Vi, by the
battery. Then, at a time we will call t =0, the switch is
opened, so that the capacitor will discharge through the
resistor. During the discharge, the battery is discon-
nected and the only part of the circuit thatis active is that
shown in Figure (26). (The reason for using a mercury
switch was to get a clean break in the current. Mechani-
cal switches do not work well.)

Figure (27) shows the capacitor voltage just before and
forawhile after the switch was opened. We arelooking
at the experlmental results of discharging a
C =10 farad (one microfarad) capacitor through an

=10 ohm resistor. We see thata good fraction of
the capacitor voltage has decayed in about 10 millisec-
onds (1072 seconds) .

Toanalyze the capacitor discharge, we apply Kirchoff’s
law to the circuit in Figure (26). Setting the sum of the
voltage rises around the circuit equal to zero gives

9 —-iR =0
C
which can be written in the form
Q
—i+— =0 41
i RC 41)

The problem with Equation (41) is that we have two
unknowns, i and Q, and only one equation. We need to
find another relationship between these variables in
order to predict the behavior of the circuit.



The additional relationship is obtained by noting that
the current i is the number of coulombs per second
flowing out of the capacitor. In a short time dt, an
amount of charge dQ that leaves the capacitor is given
by

dQ = idt (42)

Dividing Equation (42) through by dt, and including a
minus sign to represent the fact that 1 is causing a
decrease in the charge Q in the capacitor, we get

d .
_Q = discharge of (43)

dt a capacitor

Substituting Equation (43) in (41) gives one equation
for the unknown Q

equation for
@ + & =0 the discharge (44)
dt RC of a capacitor

Exponential Decay

The next problem is that Equation (44) is a differential
equation, of atype we have not yetdiscussed in the text.
We met another kind of differential equation in our
discussion of harmonic motion, a differential equation
that involved second derivatives and had oscillating
sinusoidal solutions. Equation (44) has only a first
derivative, and produces a different kind of solution.
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There are two principle ways of solving a differential
equation. One is to use a computer, and the other, the
so-called analytic method, is to guess the answer and
then check to see if you have made the correct guess.
We will first apply the analytic method to Equation
(44). In the supplement we will show how a computer
solution is obtained.

The important thing to remember about a differential
equation is that the solution is a shape or a curve, not a
number. The equation x2 = 4 has the solutions
x = 2, the solution to Equation (44) is the curve
shown in Figure (27). One of the advantages of
working with electric circuits is that the theory gives
you the differential equation, and the equipment in the
lab allows you to look at the solution. The curve in
Figure (27) is the voltage on the capacitor recorded by
the computer based oscilloscope we used to record the
motion of air carts and do the analysis of sound waves.
We are now using the device as a voltmeter that draws
a picture of the voltage.

The curve in Figure (27) is well known to scientists in
many fields as an exponential decay. Exponential
decays are best known in studies of radioactive decay
and are associated with the familiar concept of a half
life. Letus first write down the formula for an exponen-
tial decay, check that the formula is, in fact, a solution
to Equation (44) and then discuss the special properties
of the curve.

Vb

3 Figure 27

Experimental results

Jrom discharging the

one microfarad

0 Ualts (10_ 6f) capacitor
through a 10 k ohm

10* .Q) resistor.

The switch, shown

-3 in Figure 26, is
thrown at time t = 0.

VN

40 43 S0 Milligec
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If Figure (27) represents an exponential decay of the
capacitor voltage V , then V_must be of the form

Vo = Vpe ™ (45)

where V) and o are constants to be determined. Since
Equation (44) is in terms of Q rather than V., we can
use the definition of capacitance Q = CV to rewrite
Equation (45) as

CVe = CVye ™
46
Q = Qe ™ o

where Qg = CVy.

Differentiating Equation (46) with respect to time
gives

dQ _ —ot _
a - "0 T =-aQ

47

This result illustrates one of the properties of an expo-
nential decay, namely that the derivative of the function
is proportional to the functionitself (here dQ/dt = —aQ).

Substituting Equation (47) into our differential Equa-
tion (44) gives

Q, Q _

dt “RC 0 (44)

Q
— +— = O 48
0Q RC (48)

The Qs cancel in Equation (48) and we get

o= 1 (49)

- RC

Thus the coefficient of the exponent is determined by
the differential equation.

Exercise 7

Determine the constant \j, in Equation (45) from Figure
(27), by noting thatat t=10, & *'=e’=1.

The Time Constant RC
Substituting Equation (49) for o back into our formula
for V- gives

Ve =V, o(V/RC] (50)

Since the exponent (/RC) must be dimensionless, the
quantity RC in the denominator must have the dimen-
sions of time. Since R is in ohms and C in farads, we
must have

ohms = farads = seconds (51

We have mentioned that units in electrical calculations
are hard to follow, and this is a prime example. We
leave it as a challenge to go back and actually show,
from the definition of the ohm and of the farad, that the
product ohms times farads comes out in seconds.

The quantity RC thatappearsin Equation (50)is known
as the time constant for the decay. At the time t=RC,
the voltage V- has the value
Vo (att=RC) = Ve RCRC
v (52)
= Vb671 = ?b

L.e., in one time constant RC, the voltage has decayed
to 1/e = 1/2.7 of its initial value.

To see if this analysis works experimentally, we have
gone back to Figure (27) and marked the time RC. In
that experiment

R = 10% ohms
C = 10° farads
thus

RC = 10'2 ohm farads

= 107 seconds
= 10 milliseconds

(53)

We see that at atime T =RC, the voltage dropped from
V, =4 volts to V(t=RC) = 1.5 volts, which is down by
afactor 1/e =1/2.7.



If we wait another time constant, until t=2RC, we have

) Vb

Ve @t t=2RC) = e * = —

e

and we getanother factor of e=2.7 in the denominator.
In Figure (28) the voltage is down to 4/(2.7*2.7) = .55
voltsat t=2RC. After eachsucceeding time constant
RC, the voltage drops by another factor of 1/e.

Half-Lives

When you first studied radioactive decay, you learned
abouthalf-lives. A half-life was the time it took for half
of the remaining radioactive particles to decay. Wait
another half-life and half of those are gone. In our
description of the exponential decay, the time constant
RC is similar to a half-life, but just a bit longer. When
we wait for a time constant, the voltage decays down to
1/2.7 of its initial value rather than 1/2 of its initial
value. In Figure (29) we compare the half-life t 1/2 and
the time constant RC. Although the half-life is easier
to explain, we will see that the time constant RC
provides amore convenient unit of time for the analysis
of the exponential decay curve.

Vp 4
2
2
Vb/e——-- "-"'-':-:-:"'E:_::\-
1
Vb/GZ__-_. SRRV PRV SV SRRV S S o .
0 u}
u} =] 10 15 20 23 |
Figure 28 RC 2RC

Exponential decay of the voltage in the capacitor. In a

time t = RC the voltage drops by a factor 1/e = 1/2.7. In
the next time interval RC, the voltage drops by another

factor of 1/e.
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Initial Slope

One of the special features of a time constant is the fact
that the initial slope of the curve intercepts the zero
value one time constant later, as illustrated in Figure
(30). It does not matter where we take our initial time
to be. Pick any point on the curve, draw a tangent line
at that point, and the tangent line intercepts the V =0
line one time constant RC later. This turns out to be the
most convenient way to determine the time constant
from an experimental curve. Try it yourself in the
following exercise.

initial slope

Vp 4
h \\% =
Ve e :
1

Vb/e2——----------- - 1 ; .
0 i o

1] 5 10 15 20 25

RC 2RC

Figure 30

The initial slope of the discharge curve intersects the
Ve =0 origin at a time t = RC, one time constant later.
This fact provides an easy way to estimate the time
constant for an exponential curve.

The time it takes the voltage to

drop to half its initial value, what

o we could call the "half life' of
the voltage, is a bit shorter than

1/ei = 1/2.7
Vp 4 Figure 29
Ve 2
bf2\
N IO S SO St
V, / : . .
b/e ' 1 the time constant RC.
0 ; 0
15 |

o
P |
—
N
v\
=]
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Exercise 8

In Figure (31) we have the experimental voltage decay
for an RC circuit where R is known to be 10° ohms.
Determine the time constant for this curve and from that
find out what the value of the capacitance C must have
been.

The Exponential Rise

Figure (32) is a circuit in which we use a battery to
charge a capacitor through a resistance R. The experi-
mental result, for our capacitor C = 1070 farads, R=10*
ohms is shown in Figure (33). Here the capacitor starts
charging relatively fast, then the rate of charging slows
until the capacitor voltage finally reaches the battery
voltage Vy, .

If the shape of the curve in Figure (33) looks vaguely
familiar, it should. Turn the curve over and it looks like
our exponential decay curve with time increasing
toward the left. If that is true, then the initial slope of

the charge up curve should intercept the V- =V, line

one time constant later as shown in Figure (34), and it
does.

Because we have a battery in the circuit while the
capacitor is charging up, the analysis is a bit more
messy than for the capacitor discharge. (You shouldbe
able to repeat the analysis of the capacitor discharge on
your own, and at least be able to follow the steps for
analyzing the charge up.)

I 4
C—= §R=1o5§z
= 3
N | )
| 1
L
T 0 Ualts
.0 L2 ) B .8 1.0 Seconds

Figure 31
Experimental results for the discharge of
a capacitor through a 10° Q resistor.

In Figure (32) we have drawn the circuit diagram and
indicated the voltage rises around the circuit. Kirchoft’s
law there gives

Vp+ W+ H) =0

V, —iR - Q =0 (54)
C

One difference between Figure (32) for the charge up
and Figure (27) for the discharge, is that for the charge
up, the current i is flowing into, rather than out of, the
capacitor. Therefore in a time dt the charge in the
capacitor increases by an amount dQ = idt, and we
have

dQ .
a - H (55)

Using Equation (55)in (54), dividing through by R, and
rearranging a bit, gives
Q, Q _V,
dt RC R (56)

It is the term on the right that makes this differential
equation harder to solve. A simple guess like the one
we made in Equation (46) does not work, and we have
to try a more complicated guess like

Q=A+Be™ (57)

When you take a course in solving differential equa-
tions, much of the time is spent learning how to guess
the form of solutions. For now, let us just see if the
guess in Equation (57) can be made to work for some
value of the constants A, B, and o.

C —/—|\V%= Q/C

Figure 32
Charging up a capacitor through a resistor.



Differentiating Equation (57) with respect to time
gives

dQ _ —ot
T —oBe

Substituting Equations (57) and (58) into (56) gives

(58)

(39

The only way we can satisfy Equation (59) is have the
two terms with an e-%t cancel each other. 1.e., we must
have
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We can express this result in terms of voltages if we
divide through by C and use V= = Q/C, we get

charging a
capacitor

Ve = Vi (1-¢7VRC) (63)

(We warned you that the addition of just one more term
to our differential equation would make it messier to
solve.)

The answer, Equation (63) is the standard form for an
exponential rise. Itisin fact just our exponential decay

_aB+B =0 curve turned upside down, and Figure (34) represents
RC the easy way to determine the time constant RC from
1 60) experimental data.
o= —
RC
which is a familiar result.
Vi
The remaining terms in Equation (59) give
A A\ ol
RC- R A = CV, (61)
Putting the values for A and o (Equations 61 and 60)
back into our guess (Equation 57), we get
0 5 10 15
Q = CV,+Be VR¢ (62) RC
Figure 34

The final step is to note that at time t =0, Q = 0, so that
0 = CV, +Be’ B = -CV,

thus our final result is

Q = CV,(1-¢RC) (63a)

If you continue along the initial slope line of the
charge-up curve, you intersect the final voltage V,
at a time t = RC, one time constant later. Turn this
diagram upside down and it looks like Figure 31.

5
Vg 4
3
4
- R=101Q ,
-6
C =10ifarads 1
0 Walts
] 5 10 15 20 25 20 a5 40 45 S0 MilliSec
Figure 33

Plot of the capacitor voltage versus time for the charging up of a capacitor through a resistor.
If you turn the diagram upside down, you get the curve for the discharge of a capacitor.
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Exercise 9

Figure (35) shows the voltage across a capacitor C
being charged through a resistance R. Given that
C = 1.0 x 10”8 farads, estimate the value of R.

1—4 0 Volts

AAMAA

VVWW
|

N

|
@)
Il

0x1¢

farads 3

0 1 2 3 4 MilliSec

Figure 35

Given the experimental results for the charge-up of
a capacitor, determine the value of the resistance R.
(Answer R = 68K)

_glass
bulb

neon gas

~__—wires

Figure 36

A neon bulb. When the voltage across the wires
reaches a threshold value, typically around 100 volts,
the neon gas starts to glow, and the gas suddenly
changes from an insulator to a conductor.

THE NEON BULB OSCILLATOR

We will end this chapter on basic electric circuits with
a discussion of an electronic device called a neon bulb
oscillator. This is conceptually the world’s simplest
electronic device that does something useful—it oscil-
lates and its frequency of oscillation can be adjusted.
The device is not practical, for it is hard to adjust, its
waveform is far from being a pure sinusoidal shape,
and it requires a relatively high voltage power supply.
But when you work with this apparatus, you will begin
to get a feeling for the kind of tricks we pull in order to
make useful apparatus.

The Neon Bulb

The new circuit element we will add to our neon
oscillator circuitis the common neon bulb which glows
orange and is often used as a night light. The bulb,
which we will designate by the symbol {% is
simply a small glass tube with neon gas inside and two
wires as shown in Figure (36). The bulb turns on when
there is a large enough voltage difference between the
wires that the neon gas becomes ionized and starts to
glow. For typical neon bulbs, the glow starts when the
voltage reaches approximately 100 volts. When the
bulb is glowing the neon gas is a good conductor and
the bulb is like a closed switch. When the bulb is not
glowing, the gas is inert and the bulb is like an open
switch.

A given neon bulb has a rather consistent voltage Vy
(firing voltage) at which it turns on, and voltage V4
(quenching voltage) at which it shuts off. In a typical
bulb V¢ may be 100 volts and V equal to 40 volts.
These numbers will, however, vary from bulb to bulb.
‘When aneon bulb is included in a circuit, it acts like an
automatic switch, closing (turning on) when the volt-
age across it reaches V¢ and opening (shutting off)
when the voltage drops to V.



The Neon Oscillator Circuit

We can make a neon oscillator using the circuit shown
in Figure (37). The left hand part of the circuit is just
the RC circuit we used in Figure (32) to charge up a
capacitor. The only really new feature is the neon bulb
inparallel with the capacitor. The recording voltmeter,
indicated by the symbol (v ) is there to record the
capacitor voltage V.

The output of the neon oscillator circuit is shown in
Figure (38). Initially the capacitor is charging up just
asitdid in Figure (33). During the charge up, the neon
bulb is off; it is like an open switch and might as well
not be there. The effective circuit is shown in Figure
(39). When the voltage on the capacitor (and on the
neon bulb) reaches the firing voltage V¢ the neon bulb
turns on and acts like a short circuit as shown in Figure
(40). Itis not exactly a short circuit, the neon bulb and
the wire leads have some small resistance. But the
resistance is so small that the capacitor rapidly dis-
charges through the bulb, and the capacitor voltage
drops almost instantly.

When the capacitor and neon bulb voltage V. drops to
the bulb quenching voltage V, the bulb shuts off, and
the capacitor starts charging up again. As seen in
Figure (38), this process keeps repeating and we get the
oscillating voltage shown.

For the last cycle in Figure (38), we opened a switch to
disconnect the neon bulb, allowing the capacitor to
charge up all the way to the power supply voltage V; .
This allowed us to display all three voltages V,,V;,
and V; on one experimental plot.

R =10Meg C = .5uf
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recording
R VR volt
meter
Vb -
neon

C:T VC bulb

Figure 37
Neon bulb oscillator circuit.

Figure 39
Effective circuit while the neon bulb is off.

R %TVR lighted
neon bulb
Vb/r_.._

Figure 40
Effective circuit while the neon bulb is glowing.

C::

Figure 38
Experimental output of a neon oscillator
circuit. The capacitor charges up until the

Volts vyoltage reaches the neon bulb firing
Vo~ =i --r--f--t--i--d--d--mm—oio ook voltage V; , at which point the neon bulb
L7/ SRR Sty S S AP I = T S 90 turns on and the voltage rapidly drops.
f s / // / o5 When the voltage has fallen to the quench
1 / / voltage V,,, the neon bulb shuts off and the
80 capacitor voltage starts to rise again. On the
/ last cycle, we opened a switch to disconnect
P e e e e the neon bulb, allowing the capacitor to
q charge up all the way to the power supply
70 voltage V.
(A voltage divider was used to measure these
600 2 0 24 0 96 0 102 0 Seconds high voltages. In the figure, the voltage scale
has been corrected to represent the actual

voltage on the capacitor.)
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Period of Oscillation

To calculate the period of oscillation, we start with the
diagram of Figure (41) showing a cycle of the oscilla-
tion superimposed upon the complete charge up curve

which starts at V- =0 and goes up to Vo = V. This
curve is given by the formula

Ve = Wl1-eRC) 63)

What we want to calculate is the time T = (t, - t;) it takes
for the capacitor to charge up from a voltage V to Vr.

Attimet, Vo = v, and Equation (63) gives

—t,/RC
V, = V(1o (64)
At time t =t, V¢ =V, and we have
V; = Vb(l —e tz’RC) (65)
Equation (64) and (65) can be rearranged to give
V.
-4/RC _ ; _'q
e =1 v, (66)
V;
—t,/RC _f
e =1 v, (67)

Figure 41

Determining the period T of the oscillation. The
Sformulas for t; and t, are obtained from the
capacitor charge up equations

Vp=V{1-e ke
V= Vy1- et

The messy part is extracting the period T =t,—t,
Jrom these equations.

Dividing Equation (66) by Equation (67) gives
Vb=V
V= Vi

o(L-t/RC _ 1 =Vg/Vy _
1 -V/Vy

where we used the fact that

(68)

e ¥ B
-0
Z _—e
P
Taking the logarithm of Equation (68), using
In(e®*) = o, we have
V=4
Vu-Vi

Hh-1
RC

or using T =t; - t; we get for the period of oscillation

period of (69)

neon oscillator

T = (RC)ln(Vb_Vq)

\4

Equation (69) was a bit messy to derive, and it is not a
fundamental result that you need to memorize. Youare
unlikely to meet aneon oscillator except in an introduc-
tory physics lab. But we have used the theory devel-
oped in this chapter to make an explicit prediction that
can be tested in the laboratory.

Exercise 10

See how well Equation (69) applies to the experimental
data of Figure (38). (The marked values on resistors and
capacitors are usually accurate only to within £ 10%.)




Equation (69) provides clear instructions on how to
change the period or frequency of a neon oscillator.
The easiest way to make major changes in the period is
to change the time constant RC. Because of the ease
with which we can select different values of R and C
(typical values of R ranging from 10%> ohms to 103
ohms, and typical values of C from 10* to 10712
farads), a large range of time constants RC are avail-
able. However high frequencies are limited by the
characteristics of the neon bulb. We found it difficult to
get the circuit to oscillate faster than 30 cycles per
second.

Adjusting the battery voltage V;, changes the shape of
the neon oscillator wave and also allows fine adjust-
ments in the period .

Experimental Setup

Anexperimental problem you face while working with
the neon oscillator circuit, is that the voltages of interest
range up to 100 volts or more. Modern oscilloscopes or
recording voltmeters tend to operate in the range of +5

box containing
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to =5 volts or less, and should not be attached to a
voltage source of the order of 100 volts. This problem
can be solved by using the voltage divider circuit
discussed in Exercise (3), and shown in Figure (42).

For a standard laboratory experiment, we have found it
convenient to mount, in one box, the voltage divider,
neon bulb, and switch - the components shown inside
the dotted rectangle of Figure (42). This reduces stu-
dent exposure to high voltages and guarantees that the
voltmeter will be exposed to voltages 1000 times
smaller than those across the capacitor.

In Figure (43), we have recorded the entire voltage
range of the experiment, starting from an uncharged
capacitor. We first opened the switch above the neon
bulb in Figure (42), and let the capacitor charge up to
the full voltage V, . Then closing the switch allowed
the capacitor voltage to oscillate between V; and V; as
seen in Figure (38). While the actual capacitor voltage
ranges from 0 to 100 volts, the recording voltmeter
shows a range of 0 to 100 millivolts because of the
1000 to 1 voltage divider.

switch, neon bulb )
and voltage divider Figure 42
Neon oscillator circuit with
R VR :F ! 1000 to 1 voltage divider. The switch
T ] ! voltage divider above t.he neon bulb allows
Ly | switch 10% us to disconnect the bulb
b ! ! from the circuit. It is
L |V , heon ! recording convenient to mount, in a
C==|Vc ! bub s ! -
| 100 | volt single box, the components
! | meter within the dotted rectangle.
T
|
|
e |
.f...“““;'““““.i‘ ...... b 10(
V@VL’(‘&'%/&’ 75
ceemene flue % eeemene feemens smsesaeensarmene . wteenennde 50
S
74 25
.n.mol;'. ........................................ L 0 T’I | |U0| tS
.................................... b -vien Bessssmessmens sesmed ees sesmies snsmessmene sasmens sees sanm -25 Figure 43
.................................................................................................. _s0 Full range of voltages from
- the neon oscillator circuit.
The voltage scale is in
t-10C millivolts because of the
T gy | | PR PRy [P N Jrpver e W voltage divider.
156.0  132.0  122.0 102.0 Z04.0 216.C 222.0 Sccords
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Exercise 11 Review Problem

Figure (44a) shows the circuit used to observe the
discharge of a capacitor. The capacitor is made from
the two circular aluminum plates shown in Figure (44b).
The plates have a diameter of 22 cm and are separated
adistance (d) by small pieces of glass. In Figure (44c),
we are observing the discharge of the capacitor through
a 1OkQ(1O4Q) resistor. For this discharge, what is the

separation (d) of the plates?

/mercury switch

Vb — C=— R

Figure 44a

Circuit for observing the discharge of a capacitor.

Figure 44b
The capacitor plates.
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Figure 44c
Voltage during discharge.
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Chapter 28

Magnetism

In our discussion of the four basic interactions, we saw
that electric forces are very strong but in most circum-
stances tend to cancel. The strength of the forces are
so great, but the cancellation is so nearly complete that
the slightest imbalance in the cancellation leads to
important effects such as molecular forces. As illus-
trated in Figure (18-6) reproduced here, a positively
charged proton brought up to a neutral hydrogen atom
experiences a net attractive force because the negative
charge in the atom is pulled closer to the proton. This
net force is the simplest example of the type of molecu-
lar force called a covalent bond.

In this chapter we will study another way that the
precise balance between attractive and repulsive elec-
tric forces can be upset. So far in our discussion of
electrical phenomena such as the flow of currents in
wires, the charging of capacitors, etc., we have ignored
the effects of special relativity. And we had good
reason to. We saw that the conduction electrons in a
wire move at utterly nonrelativistic speeds, like two

electron
\
proton

([ J

+
center of proton
electron cloud

Figure 18-6

The net attraction between a positive
charge and a neutral atom is caused by a
redistribution of charge in the atom.

millimeters per minute. One would not expect phenom-
ena like the Lorentz contraction or time dilation to play
any observable role whatever in such electrical phe-
nomena.

But, as we shall see, observable effects do result from
the tiny imbalance in electric forces caused by the
Lorentz contraction. Since these effects are not de-
scribable by Coulomb’s law, they are traditionally
given another name—magnetism. Magnetismis one of
the consequences of requiring that the electrical force
law and electric phenomena be consistent with the
principle of relativity.

Historically this point of view is backwards. Magnetic
effects were known in the time of the ancient Greeks.
Hans Christian Oersted first demonstratedthe connec-
tion between magnetic and electric forces in 1820 and
James Clerk Maxwell wrote out a complete theory of
electromagnetic phenomena in 1860. Einstein did not
discover special relativity until 1905. In fact, Einstein
used Maxwell’s theory as an important guide in his
discovery.

If you follow an historical approach, it appears that
special relativity is a consequence of electricity theory,
and a large number of physics texts treat it that way.
Seldom is there a serious discussion of special relativ-
ity until after Maxwell’s theory of electricity has been
developed. This is considered necessary in order to
explain the experiments and arguments that lead to the
discovery of the special theory.
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But as we know today, electricity is one of but several
basic forces in nature, and all of them are consistent
with special relativity. FEinstein’s famous theory of
gravity called general relativity can be viewed as a
repair of Newton’s theory of gravity to make it consis-
tent with the principle of relativity. (This “repair”
produced only minor corrections when applied to our
solar system, but has sweeping philosophical implica-
tions.) If the principle of relativity underlies the
structure of all forces in nature, if all known phenom-
ena are consistent with the principle, then it is not
especially necessary to introduce special relativity in
the context of its historical origins in electromagnetic
theory.

In this chapter we are taking a non-historical point of
view. We already know about special relativity (from
chapter one), and have just studied Coulomb’s electri-
cal force law and some simple applications like the
electron gun and basic circuits. We would now like to
see if Coulomb's law is consistent with the principle of
relativity. In some sense, we would like to do for
Coulomb’s law of electricity what Einstein did to
Newton’s law of gravity.

Two Garden Peas

In preparation for our discussion of relativistic effects
in electricity theory, let us review a homely example
that demonstrates both how strong electric forces actu-
ally are, and how complete the cancellation must be for
the world to act the way it does. Suppose we had two
garden peas, each with a mass of about 2 grams,
separated by a distance of 1 meter. Each pea would
contain about one mole (6 x 1023) of protons in the
atomic nuclei, an equal number of electrons surround-
ing the nuclei. Thus each peahas atotal positive charge
+Q in the protons given by

total positive \
chargeina

~ 6x107%
garden pea [

23 -19
=6x10"x1.6x10
(D

105 coulombs

and there is an equal and opposite amount of negative
charge in the electrons.



When two peas are separated by a distance of 1 meter
as shown in Figure (1), we can think of there being four
pairs of electric forces involved. The positive charge in
pea (1) repels the positive charge in pea (2) with a force
of magnitude

repulsive force

between positive | _ QQ @)
charge in f 4Tt€0r2

the two peas

which gives rise to one pair of repulsive forces. The
negative charges in each pea also repel each other with
aforce of the same magnitude, giving rise to the second
repulsive pair of electric forces. Butthe positive charge
inPea (1) attracts the negative charge in Pea (2), and the
negative charge in Pea (1) attracts the positive charge
in Pea (2). This gives us two pairs of attractive forces
that precisely cancel the repulsive forces.

Let us put numbers into Equation (2) to see how big
these cancelling electric forces are. Equation (2) canbe
viewed as giving the net force if we removed all the
electrons from each garden pea, leaving just the pure
positive charge of the protons. The result would be

2
Fl= -2
4mer
5 2
_ (107 coulombs)
4Tt x 9 x 107 x (1)
= 8.8 x10" newtons 3)
pea pea
S @) < S @) <
1 2
Figure 1

Electric forces between two garden peas. On
pea #1, there is the attractive force between the
protons in pea #1 and the electrons in pea #2,
and between the electrons in pea #1 and the
protons in pea #2. The two repulsive forces are
between the electrons in the two peas and the
protons in the two peas. The net force is zero.
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To put this answer in a more recognizable form, note
that the weight of one metric ton (1000 kg) of matter is

Fg (1 metric ton) = mg

10°kgx 9.8
SeC

= 9.8 x 1()3 newtons

Expressing the force between our two positively charged
peas in metric tons we get

repulsive force 19
between two 8.8 x10 "~ newtons
positive peas 9.8 x 103 newtons/ton

1 meter apart

~ 10" tons !

“4)
Ifwestrippedthe electrons fromtwo garden peas, and
placed them one meter apart, they would repel each
other with an electric force of 1015 tons!! Yet for two
real garden peas, the attractive and repulsive electric
force cancel so precisely that the peas can lie next to
each other on your dinner plate.

Exercise 1

Calculate the strength of the gravitational force between
the peas. How much stronger is the uncancelled
electric force of Equation (3)?

With forces of the order of 1015 tons precisely cancel-
ing in two garden peas, we can see that even the tiniest
imbalance in these forces could lead to striking results.
An imbalance of one part in 1015, one part in a million
billion, would leave a one ton residual electric force.
Thisis still huge. We have to take seriously imbalances
that are thousands of times smaller. One possible
source of an imbalance is the Lorentz contraction, as
seen in the following thought experiment.
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A THOUGHT EXPERIMENT

In our previous discussion of electric currents, we had
difficulty drawing diagrams showing the electrons
flowing through the positive charge. To clarify the role
of the positive and negative charge, we suggested a
model of acopper wire in which we think of the positive
and negative charge as being attached to separate rods
as shownin Figure (27-5a) repeated here. In thatmodel
therods have equal and opposite charge torepresent the
fact that the copper wire is electrically neutral, and the
negative rod is moving to represent the electric current
being carried by a flow of the negative conduction
electrons.

The point of the model in Figure (27-5) was to show
that a left directed negative current, seen in (a) is
essentially equivalent to a right directed positive cur-
rent seen in (b). In Figure (27-5a), we drew a stick
figure diagram of a person walking to the left at the
same speed v as the negative rod. Figure (27-5b)is the
same setup from the point of view of the stick figure
person. She sees the negative rod at rest and the
positive rod moving to the right as shown.

N %
\"
-
¥+  + ¥ ¥ S

- - ——— 3

v§>+
S S

a) observer walking along with the moving
negatively charged rod

A .

\'
¥+ _ ¥+ *+ +  + ¥ 83—
- - 3

b) from the observer's point of view the negative
rod is at rest and the positive charge is moving
to the right

&
&

Figure 27-5 a,b

In (a) we have a left directed negative current, while in
(b) we have a right directed positive current. The only
difference is the perspective of the observer. (You can
turn a negative current into an oppositely flowing
positive one simply by moving your head.)

In another calculation, we saw that if a millimeter cross
section copper wire carried a steady current of one
ampere, the conduction electrons would have to move
at the slow speed of 1/27 of a millimeter per second, a
motion so slow that it would be hard to detect. As a
result there should be no important physical difference
between the two points of view, and a left directed
negative current should be physically equivalent to a
right directed positive current.

A closer examination of Figure (27-5) shows that we
have left something out. The bottom figure, (27-5b) is
not precisely what the moving observer sees. To show
what has been left out, we have in Figure (2a) redrawn
Figure (27-5a) and carefully labeled the individual
charges. Tomaintain strictoverall charge neutrality we
have used charges +Q on the positive rod, charges -Q
on the negative rod, and both sets of charges have equal
separations of { centimeters.

From the point of view of the moving observer in
Figure (2b), the negative rod is at rest and the positive
rod is moving to the right as we saw back in Figure (27-
5b). But, due to the Lorentz contraction, the spacing
between the charges is no longer | ! Since the positive
rod was at rest and is now moving, the length of the
positive spacing must be contracted to a distance

0V1 - v2/c2 as shown.

On the other hand the negative rod was moving in
Figure (2a), therefore the negative spacing must ex-
pand to {/V1 - v2/c2 when the negative rod comes to
rest. (Startwitha spacing/ V1 - v2/c2 for the negative
charges at rest in Figure (2b), and go up to Figure (2a)
where the negative rodis moving at a speedv. There the
spacing must contract by a factor \'1 - v2/c2, and the
new spacing is YV1-v2/c2 X V1 -v2/c2 = { as
shown.)

As a result of the Lorentz contraction, the moving
observer will see that the positive charges on her
movingrodare closer together than the negative charges
on her stationary rod. (We have exaggerated this effect
in our sketch, Figure (2b)). Thus the moving observer
of Figure (2b) sees not only a right directed positive
current, but also a net positive charge density on her
two rods. The Lorentz contraction has changed a
neutral wire in Figure (2a) into a positively charged one
in Figure (2b)!
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¢ >
v o* +
=

S
a) Observer walking along with the moving negatively
charged rod.

(IN1=v?c?

b) Charged rods from the observer's point of view. Now
that the positive charge is moving, the spacing
between positive charges has contracted from £
to /\/1— v2/c2. The negative rod is now at rest, the

Lorentz contraction is undone, and the negative
spacing has expanded from £ to £ /\/1— v 2?2
Figure 2
An electric current from two points of view.
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Charge Density on the Two Rods

Our next step will be to calculate the net charge density
A on the pair of rods shown in Figure (2b). Somewhat
messy algebra is required for this calculation, but the

result will be used in much of the remainder of the text.
The effort will be worth it.

If we have arod with charges spaced a distance d apart
as shown in Figure (3), then a unit length of the rod, 1
meter, contains 1/d charges. (For example, if d = .01
meter, then there will be 1/d = 100 charges per meter.)
If each charge is of strength Q, then there is a total
charge Q/d on each meter of the rod. Thus the charge
density is A = Q/d coulombs per meter. Applying this
result to the positive rod of Figure (2b) gives us a
positive charge density

Q Q
}\‘ = — =
Tod /v )

And on the negative rod the charge density is
A = ﬁ = —_Q
S S VA TN
_—Qy T v2Ic? ©)
B ¢
Multiplying the top and bottom of the right side of
Equation (6) by V1 - v2/c2, we can write A__ as

N QY 1V 1=
= X
- { V1= v2c?
_ 7
N T R @
0/ 1= v
= d—=| A coulombs/meter = Q/d

S+ ¥ ¥ ¥ ¥ ¥ F 3
Q Q@ Q@ Q@ Q@ Q@ a

Figure 3

If the charges are a distance d apart, then there are
1/d charges per meter of rod. (If d =.1 meters, then
there are 10 charges/meter.) If the magnitude of
each charge is Q, then A, the charge per meter is Q
times as great, i.e., A = Q * (1/d).

The net charge density ), is obtained by adding A , and
A_ of Equations (5) and (7) to get

Q [ 1—(1—V2/02)}

b/ 1- v2/c? \

/\_k_
m\f

Equation (8) can be simplified by noting that the
current i carried by the positive rod in Figure (2b) is
equal to the charge A, on 1 meter of the rod times the
speed v of the rod

A=A, A =

8)

current i

carriedby the )
positive rod

i=A,v

(In one second, v meters of rod move past any fixed
cross-sectional area, and the charge on this v meters of
rodis\ . v ) Using Equation (9), we canreplace A, and
one of the v’s in Equation (8) by i to get the result

v
A=
C

(10)

Due to the Lorentz contraction, the moving observerin
Figure (2b) sees anetpositive chargedensity A = iv/ 2
on the wire which from our point of view, Figure (2a)
was precisely neutral.

Although Equation (10) may be formally correct, one
has the feeling that it is insane to worry about the
Lorentz contraction for speeds as slow as 2 millimeters
per minute. But the Lorentz contraction changes a
precisely neutral pair of rods shown in Figure (2a), into
a pair with a net positive charge density A = iv/c?in
Figure (2b). We have unbalanced a perfect cancella-
tion of charge which could lead to an imbalance in the
cancellation of electrostatic forces. Since we saw from
our discussion of the two garden peas that imbalances
as small as one partin 10!8 or less might be observable,
let us see if there are any real experiments where the
charge density A is detectable.



A Proposed Experiment

How would we detect the charge imbalance in Figure
(2b)? Ifthereis anetpositive charge density 1 on the two
rods in Figure (2b), repeated here again in Figure (4),
then the netcharge should produce aradial electric field
whose strength is given by the formula

_ _A
2megr

(11

We derived this result in our very first discussions of
Coulomb’s law in Chapter 24. (Remember that the two
separate rods are our model for a single copper wire
carrying a current. The rods are not physically sepa-
rated as we have had to draw them, the negative
conduction electrons and positive nuclei are flowing
through each other.)

We can test for the existence of the electric field
produced by the positive charge density A = iv/c2by
placing a test particle of charge q a distance r from the
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wire as shown in Figure (4). This test particle should
experience a force

F = qE (12)

which would berepulsiveif the test particle qis positive
and attractive if q is negative. Using Equations (10) for
A and (11) for E, Equation (12) gives for the predicted

magnitude of F:

qr _  qiv
2nepr 2megre?

F| = qE| = (13)

Rearranging the terms on the right side of Equation
(13), we can write ‘rﬂ in the form

[ 1]

\2nr8002 /

Why we have written Equation (14) this way will
become clear shortly.

-

F

(14)

= qvX

<—>
1yt + + + + + + +‘§—‘;‘%V
Ne=— 1 = = — =3 .
|
r 0 IN1-v?/c?
e +(
FogE
Figure 4

To test for the net charge density, as seen by the observer at rest
relative to the minus charge, the observer places a test charge q a
distance r from the wire as shown. If there is a net charge A on
the wire, the charge will produce an electric field E, which will
exert a force F= qE on the test particle as shown.
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Origin of Magnetic Forces

You might think that the next step is to put reasonable
numbers into Equation (14) and see if we get a force F
that is strong enough to be observed. But there is an
important thought experiment we will carry out first.
Theideais tolook at the force on atest particle from two
different points of view, one where the wire appears
charged as in Figures (4 & 2b), and where the wire
appears neutral as in Figure (2a). The two points of
view are shown in Figure (5).

Figure (5b), on the left, is the situation as observed by
the moving observer. She has a copper wire carrying
a positive current directed to the right. Due to the
Lorentz contraction, her copper wire has a charge
density A which creates an electric field E. To observe
E, she mounts a test particle -q at one end of a spring
whose otherend s fixed, nailed to her floor. She detects
the force F = —qE by observing how much the spring
has been stretched.

Our point of view is shown in Figure (5a). Itis exactly
the same setup, we have touched nothing! It is just
viewed by someone moving to the right relative to her.

In our point of view, the moving observer, the negative
rod, and the test particle are all moving to the left at a

% 0/1=v2/c2
N
SF¥ F F+ + + + F 3 V>
= F =— = ——=— 3
e
\

... _q
/ —spring
unstretched

length of —nail
spring

(b) her view
Figure 5

speed v. The positive rod is at rest, the Lorentz
contractions are undone, and there is no net charge on
our rods. All we have is a negative current flowing to
the left.

We can also see the test particle. It is now moving to
the left at a speed v, and it is still attached to the spring.

Here is the crucial point of this discussion. We also
see that the spring is stretched. We also see that the
end of the spring has been pulled beyond the mark
indicating the unstretched length. We also detect the
Jorce F on the test particle!

Why do we see a force F on the test particle? Our
copper wire is electrically neutral; we do not have an
electric field E to produce the force F. YetFis there.
If we cut the spring, the test particle would accelerate
toward the copper wire, and both we and the moving
observer would see this acceleration.

At this point, we have come upon a basic problem.
Even if the Lorentz contraction is very small and the
force F in Figure (5b) is very small, we at least predict
that F exists. In Figure (5a) we predict that a neutral
wire, thatis carrying a currentbut has absolutely no net
charge on it, exerts an attractive force on a moving
negative charge as shown.

<A

¢
~ & F + + + + + +3
<V g
¢
1\ F
<Y -q
v unstretched
length of
spring
(a) our view

Two views of the same experiment. For the observer moving with the electrons, she sees a positively charged wire
exerting an attractive force on the negative charge at rest. We see an electrically neutral wire carrying a negative
current, and a moving negative charge. The spring is still stretched, meaning the attractive force is still there.



With a few modifications, the experiment shown in
Figure (5a) is easy to perform and gives clear results.
Instead of a negative test particle attached to a spring,
we will use a beam of electrons in an electron gun as
shown in Figure (6). In Figure (6a) we see the setup of
our thought experiment. In Figure (6b) we have
replaced the two charged rods with a neutral copper
wire carrying a current -1, and replaced the test particle
with an electron beam.

According to Equation (14), the force F on the test
particle -q should have a strength proportional to the
current i in the wire. Thus when we turn on a current
(shorting the wire on the terminals of a car storage

v &= + + + + + 3
<48 ==_=_"=_"=""= =3,
2
(a) thought =V -q
experiment
- i
b} S
copper wire

(b) proposed
experiment

beam -~

electron gun

Figure 6¢c

For an experimental test of the results of the thought
experiment, we replace the moving negative charge
with a beam of electrons in an electron gun. The
electrons are attracted to the wire as predicted.
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battery to produce a healthy current) we will see the
electron beam deflected toward the wire if there is an
observable force. The experimental result is shown in
Figure (6¢). There is a large, easily observed deflec-
tion. The force F is easily seen.

Exercise 2

In Figure (7) we reversed the direction of the current in
the wire and observe thatthe electron beamis deflected
away from the wire. Devise a thought experiment,
analogous to the one shown in Figure (5a,b) that ex-
plains why the electron beam is repelled from the wire
by this setup. (Thisis notatrivial problem; youmay have
to try several charge distributions on moving rods
before you canimitate the situation showninFigure (7a).
But the effort is worth it because you will be making a
physical prediction that is checked by the experimental
results of Figure (7b).

Movie
Movie showing
magnetic deflection.

- —

copper wire

proposed
experiment

electron [
beam > f/ L

electron gun

-

\/

Figure 7
If we reverse the direction of the current in the wire,
the electrons in the beam are repelled
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Magnetic Forces

Historically an electric force was defined as the force
between charged particles and was expressed by
Coulomb’s law. The force in Figure (5a) between a
moving test charge and an uncharged wire does not
meet this criterion. You might say that for historical
reasons, it is not eligible to be called an electric force.

The forces we saw in Figures (6¢) and (7b), between a
moving charge and a neutral electric current, were
known before special relativity and were called mag-
netic forces. Our derivation of the magnetic force in
Figure (5a) from the electric force seen in Figure (5b)
demonstrates that electric and magnetic forces in this
example are the same thing just seen from a different
point of view.

When we go from Figure (5b) to (5a), which we can do
by moving our head at a speed of 2 millimeters per
minute, we see essentially no change in the physical
setup but we have an enormous change in perspective.
We go from a right directed positive current to a left
directed negative current, and the force on the test
particle changes from an electric to a magnetic force.

—
:l’\ F r
v -q v

Figure 8
Force on a charge -q moving at a speed v parallel to
a negative current -i a distance r away.

MAGNETIC FORCE LAW

From our Coulomb’s law calculation of the electric
force in Figure (5a), we were able to obtain the formula
for the magnetic force in Figure (5b). The result,
Equation (14) repeated here, is

o 1
B

where q is the charge on the test particle, i the current
inthe wire, and r the distance from the wire to the charge
as shown in Figure (8). The only thing our derivation
does not make clear is whether v in Equation (14) is the
speed of the test charge or the speed of the electrons in
the wire. We can’t tell because we used the same speed
v for both in our thought experiment. A more complex
thought experiment will show that the v in Equation
(14) is the speed of the test particle.

-

F

(14)

The Magnetic Field B

In Equation (14) we have broken the somewhat com-
plex formula for the magnetic force into two parts. The
first part qv is related to the test charge (q is its charge
and v its speed), and the second part in the curly
brackets, which we will designate by the letter B

B = 1
21 reoc?

(15)

isrelated to the wire. The wireis carrying acurrentiand
located a distance r away.

The quantity B in Equation (15) is called the magnitude
of the magnetic field of the wire, and in terms of B the
magnetic force becomes

‘ﬁmagnetic‘ = qvB (16)

Equation (16) is almost a complete statement of the
magnetic force law. What we have left to do for the law
is to assign a direction to B, i.e. turn it into the vector B,
and then turn Equation (16) into a vector equation for
the force Fragnetic,



There is one more definition. In the MKS system of
units, it is traditional to define the constant Lo by the
equation

definition of i, 17

Using this definition of Wo in Equation (15) for B, we
get

Kol

= — magnetic field of a wire
21r

(18)

as the formula for the magnetic field of a wire.

It turns out to be quite an accomplishment to get
Equations (16), (17), and (18) out of one thought
experiment. These equations will provide the founda-
tion for most of the rest of our discussion of electric and
magnetic (electromagnetic) theory.

North magnetic pole

Figure 9

s

SS====
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Direction of the Magnetic Field

We will temporarily leave our special relativity thought
experiment and approach magnetism in a more tradi-
tional way. Figure (9) is a sketch of the magnetic field
of the earth. By convention the direction of the
magnetic field lines are defined by the direction that a
compass needle points. At the equator the magnetic
field lines point north (as does a compass needle) and
the field lines are parallel to the surface of the earth. As
we go north from the equator the magnetic field lines
begin to point down into the earth as well as north. At
the north magnetic pole the magnetic field lines go
straight down.

Figure (9) is drawn with the magnetic north pole at the
top. The earth’s rotational axis, passing through the
true north pole, is at an angle of 11.5 degrees as shown.
Over time the location of the earth’s magnetic pole
wanders, and occasionally flips down to the southern
hemisphere. Currently the north magnetic pole is
located in north central Canada.

N// Earth's rotational axis

=~

__ Magnetic field lines
pointing north

S ———

Magnetic field of the earth. The magnetic field lines show that the direction a freely floating compass

needle would point at any location outside the earth. For example, at the equator the compass needle

would be parallel to the surface of the earth and point north. At the north magnetic pole, the compass
needle would point straight down (and thus not be very useful for navigation).



28-12 Magnetism

Aswementioned, itis by long standing convention that
the direction of the magnetic field is defined by the
direction a compass needle points. We can therefore
use a set of small compasses to map the direction of the
magnetic field.

In 1820, while preparing a physics lecture demonstra-
tion for a class of students, Hans Christian Oersted
discovered that an electric current in a wire could

Figure 10a
With no current flowing in the wire,
all the compass needles point north.

deflect a compass needle. This was the first evidence
of the connection between the subject of electricity
with its charges and currents, and magnetism with its
magnets and compasses.

The fact that a wire carrying a current deflects a
compass needle means that the current must be produc-
ingamagneticfield. We canusethedeflected compass
needles to show us the shape of the magnetic field of
awire. This is done in Figures (10a,b) where we see a
ring of compasses surrounding a vertical wire. In (10a)
there is no current in the wire, and all the compass
needles all point north (black tips). In (10b) we have
turned on an upward directed current in the wire, and
the compass needles point in a circle around the wire.
Using the north pole of the compass needle to define
the direction of the magnetic field, we see that the
magnetic field goesinacounterclockwise circle around
the wire.

In Figure (11) we have replaced the compasses in
Figure (10) with a sprinkle of iron filings. When the
current in the wire is turned on, the iron filings align
themselves to produce the circular field pattern shown.
What is happening is that each iron filing is acting as a
small compass needle and is lining up parallel to the
magnetic field. While we cannot tell which way is
north with iron filings, we get a much more complete

Figure 10b

When an upward directed current is turned on,
the compass needles point in a
counterclockwise circle about the wire.

Figure 11

Iron fillings sprinkled around a current form a circular
pattern. Each iron filing lines up like a compass needle,
giving us a map of the magnetic field.



picture or map of the direction of the magnetic field.
Figure (11) is convincing evidence that the magnetic
field surrounding a wire carrying a current is in a
circular field, not unlike the circular flow pattern of
water around the core of a vortex.

The use of iron filings turns out to be a wonderfully
simple way to map magnetic field patterns. In Figure
(12), a sheet of cardboard was placed on a bar magnet
and iron filings sprinkled on the cardboard. The result,
with two poles or points of focus resembles what is
called a dipole field.

InFigure (13) we have thrown iron filings at an old iron
magnet and created what one young observer called a
“magnet plant.” Here we see the three dimensional
structure of the magnetic field, not only between the
pole pieces but over the top half of the magnet.

Figure 12

A sheet of cardboard is placed over the poles of a
magnet and sprinkled with iron filings. From the
pattern of the filings we see the shape of the more
complex magnetic field of the magnet.

Figure 13

You get a three dimensional picture of the magnetic
field if you pour the iron filings directly on the magnet.
Our young daughter called this a Magnet Plant.
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The Right Hand Rule for Currents

Iron filings give us an excellent picture of the shape of
the magnetic field, but do not tell us which way the field
is pointing. For that we have to go back to compasses
as in Figure (9), where B is defined as pointing in the
direction of the north tip of the compass needle. In that
figure we see that when a positive current i is flowing
toward us, the magnetic field goes in a counter clock-
wise direction as illustrated in Figure (14).

The above description for the direction may be hard to
remember. A more concise description is the follow-
ing. Point the thumb of your right hand in the
direction of the current as shown in Figure (14), then
your fingers will curlin the direction of the magnetic
Jield. This mnemonic device for remembering the
direction of B is one of the right hand rules. (This is
the version we used in Figure 2-37 to distinguish right
and left hand threads.) If we had used compasses that
pointed south, we would have gotten a left hand rule.

Figure 14

Right hand rule for the magnetic field of a
current i. Point the thumb in the direction of
the positive current and your fingers curl in
the direction of the magnetic field.
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Parallel Currents Attract

While we are in the business of discussing mnemonic
rules, there is another that makes it easy to remember
whether a charge moving parallel to a current is at-
tracted or repelled. In Figure (6) we had a beam of
negative electrons moving parallel to a negative cur-
rent -1, and the electrons were attracted to the current.
InFigure (7) the current was reversed and the electrons
were repelled. One can work out a thought experiment
similar to the ones we have done in this chapter to show
that a positive charge moving parallel to a positive
current as shown in Figure (15) is attracted.

The simple, yet general rule is that parallel currents
attract, opposite currents repel. A positive charge
moving in the direction of a positive current, or a
negative charge moving along with a negative current
are attracting parallel currents. When we have negative
charges moving opposite to a negative current as in
Figure (7) we have an example of opposite currents that
repel.
+i

!
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Figure 15

A positive charge, moving parallel to a positive
current, is attracted by the current. Thinking of
the moving positive charge as a positive upward
directed current, we have the rule that parallel
currents attract, opposite currents repel.

The Magnetic Force Law

Now that we have a direction assigned to the magnetic
field B we are in a position to include directions in our
formula for magnetic forces. In Figure (16) which is
the same as (15) but also shows the magnetic field, we
have a positive charge moving parallel to a positive
current, and therefore an attractive force whose magni-
tude is given by Equation (16) as

‘Fmag‘ = qVB (16)

There are three different vectors in Equation (16),
Fmag, v,andB. Our problemis to see if we can combine
these vectors in any way so that something like Equa-
tion (16) tells us both the magnitude and the direction
of the magnetic force Fmag. That is, can we turn
Equation (16) into a vector equation?

+i

Ve
(a) side view

(os]%

4

+q

n

mag

(b) top view
Figure 16 .
The directions of the vectors F mag V and B for a
positive charge moving parallel to a positive current.



The right hand side of Equation (16) involves the
product of the vectors v and B. So far in the text we
have discussed two different ways of multiplying
vectors; the dot product A-B which gives a scalar
numbeL C, and the cross product AxB which gives the
vector C. Since we want the product of v and B to give
us the vector Fmag, the cross product appears to be the
better candidate, and we can try

magnetic

Fmag = qv =B force law

19)
as our vector equation.

To see if Equation (19) works, look at the three vectors
v, B, and Fmag of Figure (16) redrawn in Figure (17).
The force Fmag is perpendicular to the plane defined by
v and B which is the essential feature of a vector cross
product. To see if Fmag is in the correct direction, we
use the cross product right hand rule. Point the fingers
of your right hand in the direction of the first vector in
the cross product, in this case Vv, and cgrl them in the
direction of the second vector, now B. Then your
thumb will point in the direction of the cross product
Vv x B. Looking at Figure (17), we see that the thumb of
therighthand sketch does Boint inthe direction of Fmag,
therefore the direction of Fmag is correctly given by the
cross product v x B. (If the direction had come out
wrong, we could have used B x V instead.)

<)

§ points back
into paper A
B

P

mag +q

Figure 17 N
Right hand rule for the vector cross product V X B.
Point the fingers of your right hand in the direction
of the first vector V, and then curl them in the
direction of the second vector B. Your thumb ends
up pointing in the direction of the vector V X B.
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Although the formula for ﬁmag, Equation (19), was
derived for a special case, the result is general. When-
ever a particle of charge q is moving with a velocity v
through a magnetic field B, no matter what the relative
directions of V and B, the magnetic force is correctly
given as qV x B.

Exercise 3

Using the magnetic force law Fmag = qvxB and the
right hand rule for the magnetic field of a current, show
that:

(a) An electron moving parallel to a negative current -i
is attracted (Figure 6)

(b) An electron moving opposite to a negative currentis
repelled (Figure 7)

Lorentz Force Law

Since electric and magnetic forces are closely related,
itmakes sense to write one formula for both the electric
and the magnetic force onacharged particle. If we have
acharge g moving with a velocity v through an electric
field E and a magnetic field B, then the electric force is
gE, the magnetic force qV x B, and the total “electro-
magnetic” force is given by

= Lorentz

F=gE+qvxB I Jforce law (20)

Equation (20), which is known as the Lorentz force
law, is a complete description of the electric_and
magnetic forces on a charged particle, provided E and
B are known.
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Dimensions of the
Magnetic Field, Tesla and Gauss
The dimensions of the magnetic field can be obtained

from the magnetic force law. In the MKS system we
have

meters )

F(newtons) = q(coulombs) V( second

which gives us B in units of newton seconds per
coulomb meter. This set of dimensions is given the
name fesla

MKS units
newton second
—tesla| 7 @
coulomb meter magnetic
fields

Although most MKS electrical quantities like the volt
and ampere are convenient, the tesla is too large. Only
the strongest electromagnets, or the new superconduct-
ing magnets used in particle accelerators or magnetic
resonance imaging apparatus, can produce fields of the
order of 1 tesla or more. Fields produced by coils of
wire we use in the lab are typically 100 times weaker,
and the earth’s magnetic field is 100 times weaker still.

In the CGS system of units, magnetic fields are mea-
sured in gauss, where

1 gauss = 10~ tesla

The gauss is so much more convenient a unit that there
is a major incentive to work with CGS units when
studying magnetic phenomena. Forexample theearth’s
magnetic field has a strength of about 1 gauss at the
earth’s surface, and the magnetic field that deflected
the electrons in Figures (6) and (7) has a strength of
about 30 gauss at the electron beam. Refrigerator
magnets have comparable strengths.

We could be pedantic, insist on using only MKS units,
and suffer with numbers like .00021 tesla in discus-
sions of the earth’s magnetic field. But if someone
wants you to measure a magnetic field, they hand you
a “gauss meter” not a tesla meter. Magnetic-type
instruments are usually calibrated in gauss. If you

worked only with tesla, you would have a hard time
communicating with much of the scientific commu-
nity. What we will do in this text is use either gauss or
tesla depending upon which is the more convenient
unit. When we come to a calculation, we will convert
any gauss to tesla, just as we convert any distances
measured in centimeters to meters.

Uniform Magnetic Fields

Using the magnetic force law Fmag = qVx B to cal-
culate magnetic forces is often the easy part of the
problem. The hard part can be to determine the
magnetic field B. For a current in a straight wire, we
were able to use a thought experiment and the Lorentz
contraction to get Equation (20) for the strength of B.
But in more complicated situations, where we may
have bent wires, thought experiments become too
difficult and we need other techniques for calculating
B.

One of the other techniques, which we will discuss in
the next chapter, is called Ampere’s law. This law will
give us the ability to calculate the magnetic field of
simple current distribution much the same way that
Gauss’ law allowed us to calculate the electric field of
simplechargedistributions. Butuntil we getto Ampere’s
law in the next chapter, we will confine our study of the
magnetic force law to the simplest of all possible
magnetic fields, the uniform magnetic field.

Figure 18
Between the poles of this magnet there
is a relatively uniform magnetic field.



Working with uniform magnetic fields, fields that are
constant in both magnitude and direction, is so conve-
nient that physicists and engineers go to great lengths
to construct them. One place to find a uniform field is
between the flat pole pieces of a magnet, as seen in
Figure (18) which is our “magnet plant” of Figure (13)
with fewer iron filings.

If we bend a wire in a loop, then a current around the
loop produces the fairly complex field pattern shown in
Figure (19). When we use two loops as seen in Figure
(20), the field becomes more complicated in some
places but begins to be more uniform in the central
region between the coils. With many loops, with the
coil of wire shown in Figure (21a), we get a nearly
uniform field inside. Such a coil is called a solenoid,
and will be studied extensively in the next chapter. An
iron filing map of the field of a large diameter, tightly
wound solenoid is seen in Figure (21b).

S

Figure 19
The magnetic field of a current loop is fairly complex.

'XXXE ]

Section of coil
Figure 21a
Magnetic field in the upper half of a section of a
coil of wire. When you have many closely spaced
coils, the field inside can become quite uniform
through most of the length of the coil.
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Figure 20

The magnetic field in the region between a pair of
coils is relatively uniform. We can achieve the
greatest uniformity by making the separation d
between the coils equal to the radius of the coils.
Such a setup is called a pair of Helmholtz coils.

V“‘\\-_ \ ¥

Figure 21b

Iron filing map of the magnetic field of a
large diameter coil. (Student project,
Alexandra Lesk and Kirsten Teany.)
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Helmbholtz Coils

Fornow we will confine our attention to the reasonably
uniform field in the central region between two coils
seen in Figure (20). Helmholtz discovered that when
the coils are spaced a distance d apart equal to the coil
radius r (Figure 22), we get a maximally uniform field
B between the coils. This arrangement, which s called
apair of Helmholtz coils, is commonly used in physics
and engineering apparatus. Figure (23) shows a pair of
Helmboltz coils we use in our undergraduate physics
labs and which will be used for several of the experi-
ments discussed later. An iron filing map of the field
produced by these coils is seen in Figure (24a), and one
of the experiments will give us a field plot similar to
Figure (24b).

In our derivation of the magnetic field of a current in a
straight wire, we saw that the strength of the magnetic
field was proportional to the current i in the wire.
Thisis true even if the wire is bent to form coils, or even
twisted into a complex tangle. That means that once
you have mapped the magnetic field for a given current
(1) in a set of wires, doubling the current produces the
same shape map with twice as strong a field.

l<— d —|

I

Figure 22
For Helmholtz coils, the separation d equals the coil
radius r.

For the Helmholtz coils in Figure (23), it was observed
that when a current of one amp flowed through the
coils, the strength of the magnetic field in the central
regions was 8 gauss. A current of 2 amps produced a
16 gauss field. Thus the field strength, for these coils,
is related to the current i by

for the Helmholtz
coils of
Figure (23)only

B(gauss) = 8i(amps)

In the lab we measure the strength of B simply by
reading (i) from an ampmeter and multiplying by 8. Of
course, if you are using a different set of coils, (i) will be
multiplied by a different number. (Do not worry about
the mixed units, remember that we convert gauss to
tesla before doing MKS calculations.)

One can derive a formula for an idealized set of
Helmbholtz coils. The derivation is complicated and the
answer B = 8uoN i/(5V5 r) israther amess. (Nis the
number of turns in each coil.) The simple feature which
we expected, is that B is proportional to the strength of
the current (i) in the coils. Because another law, called
Faraday’s law, can be used to give us a more accurate
calibration of real Helmholtz coils, we will leave the
derivation of the Helmholtz formula above to other
texts.

Figure 23

Helmholtz coils used in a number of lab
experiments discussed in the text. Each coil
consists of 60 turns of fairly heavy magnet wire.



Figure 24a

Iron filing map of the magnetic field of the
Helmholtz coils. (Student project, Alexandra
Lesk and Kirsten Teany.)

7=\

Figure 24b
Plot from a student experiment, of the magnetic
field in the region between and around the coils.
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MOTION OF CHARGED PARTICLES
IN MAGNETIC FIELDS

In physics, one of the primary uses of magnetic fields
is to control the motion of charged particles. When the
magnetic field is uniform, the motion is particularly
simple and has many practical applications from par-
ticle accelerators to mass spectrometers. Here we will
discuss this motion and several of the applications.

The main feature of the magnetic force law,

Fmagnetic = qVx ﬁ (19)

is that because of the cross product v x B, the magnetic
force is always perpendicular to the velocity Vv of the
charged particle. This has one important immediate
consequence. Magnetic forces do no work! The
formula for the power, i.e., the work done per second,
is

Work done \
per second

= power = I_i;/ (22)
by aforce F /

Since the magnetic force Fmag is always perpendicular
to v, we have

1

Work done by a \ n

Fmagnetic :

<

magnetic force / -
(23)

1

~i+B) 5 =0

<

magnetic fields do not change the energy of a particle,
they simply change the direction of motion.



28-20 Magnetism
Helmholtz
/ coils
D
electron gun
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e ——————— 1 >—\A/
—1
V§ F=(-e)VX
side view
this way
Figure 25a

Top view looking down on the electron gun placed
between the Helmholtz coils. The electrons in the
beam move perpendicular to the magnetic field B.
The magnetic force ¥ = (—e) Vv X B is directed up,
out of the paper in this drawing.

Figure 25b

Side view of the electron beam, as seen through the
lower coil in Figure 25a. In this view the magnetic
field is directed out of the paper toward the reader.

Movie of the
experiment.

Motion in a Uniform Magnetic Field
When we have a charged particle moving through a
uniform magnetic field, we get a particularly simple
kind of motion—the circular motion seen in Figure
(25b). In Figure (25a) we sketched the experimental
setup where an electron gun is placed between a pair of
Helmboltz coils so that the magnetic field B is perpen-
dicular to the electron beam as shown. Figure (25b) is
a photograph of the electron beam deflected into a
circular path. In Figure (25¢) we have a sketch of the
forces on an electron in the beam. The magnetic field
Bin this diagramis up out of the paper, thus v x B points
radially out from the circle. But the electron has a
negative charge, thus the magnetic force l_fB

FB = (—e)‘-} X]_é

points in toward the center of the circle as shown.

AN
v
—q
AN
B directed
N out of paper
F
AN N AN
F=(-q)vxB

Figure 25c

As the electrons move along a curved path, the
magnetic force F = — qV X B always remains
perpendicular to the velocity and therefore cannot
change the speed of the electrons. The resulting
motion is uniform circular motion where the
Jorce and the acceleration are directed toward the
center of the circle.



To apply Newton’s second law to the electrons in
Figure (25), we note that a particle moving in a circle
accelerates g)ward the center of the circle, the same
direction as Fmag in Figure (25¢). Thus I_fB and ma are
in the same direction and we can use the fact that for
circular motion a = v2/r to get ‘ FB‘ = m|d| or

qvB = mv2/r (24)

Solving for r, we predict from Equation (24) that the
electron beam will be bent into a circle of radius r given
by

myv

r=—
gB

(25)

Equation (25) is an important result that we will use
often. But it is so easy to derive, and it is such good
practice to derive it, that it may be a good idea not to
memorize it.

Let us use the experimental numbers provided with
Figure (25b) as an example of the use of Equation (25).
In that figure, the strength of the magnetic field is B =
70 gauss, and the electrons were accelerated by an
accelerating voltage of 135 volts. The constants m and
q are the mass and charge of an electron.

The first step is to calculate the speed v of the electrons
using the fact that the electrons have 135 eV of kinetic
energy. We begin by converting from eV to joules
using the conversion factor 1.6 x 107" joules per eV.
This gives

19 joules
eV

135eVx1.6x10

—mv

5 2x135x1.6x107"
911x107°

2
47.4x101252
S

v =69x100 2
S

(26)
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Next convert B from gauss to the MKS tesla

70 gauss = 70 x 10" * tesla 27)

Substituting Equations (26) and (27) in (25) gives
mv  911x107%%x6.9x10°

9B T 16x109x7x 1072

56x107m = .56 cm (28)

-
1]

Exercise 4

The scale of distance shown in Figure (25b) was drawn
knowing the dimensions of the cap in the electron gun.
Use this scale to estimate the radius of curvature of the
electron beam and compare the result with the predic-
tion of Equation (28).

Exercise 5

Use the experimental results shown in Figure (26) (B =
70 gauss) to estimate the accelerating voltage used for
the electrons in the beam. (The experimental answer is
included in the homework answer section.)

Figure 26

Use the fact that the magnetic field for this
example was 70 gauss to estimate the accelerating
voltage that produced the electron beam.
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Particle Accelerators

Our knowledge of the structure of matter on a sub-
atomic scale, where we study the various kinds of
elementary particles, has come from our ability to
accelerate particles to high energies in particle accel-
erators such as the synchrotron. In a synchrotron, an
electric field E is used to give the particle’s energy, and
amagnetic field B is used to keep the particles confined
to a circular track.

Figure (27a) is a schematic diagram of a small electron
synchrotron. At the top is an electron gun that is used
to produce a beam of electrons. In practice the gun is
quickly turned on then off to produce a pulse of
electrons.

electron evacuated circular doughnut
gun through which electrons move
~

electric field
accelerates
electrons

cross-section
of doughnut

| I — — L
§ electro- §
— |

cross-sectional view

Figure 27a

Diagram of a synchrotron, in which the electrons,
produced by the electron gun, travel through a
circular evacuated doughnut. The electrons are
accelerated by an electric field, gaining energy on
each trip around. The electrons are kept in a
circular orbit by an increasingly strong magnetic
field produced by the electromagnets.

The pulse of electrons enter an evacuated circular track
shown in the top view. To keep the pulse of electrons
moving in the circular track, large electromagnets
shown in the cross-sectional view are used to provide
a perpendicular magnetic field. In this example the
magnetic field B points downward so that the magnetic
force qvxB = -ev x B points inward toward the
center of the track.

We saw thata magnetic field cannot do any work on the
electrons since the magnetic force is perpendicular to
the particle’s velocity. Therefore to give the electrons
more energy, we use an electric field E. This is done by
inserting into one section of the path a device that
produces an electric field so that the electric force - eE
points in the direction of the motion of the electrons.

One might think of using a charged parallel plate
capacitor to create the electric field E, but that is not
feasible. Later we will see that radio waves have an
electric field E associated with them, and it is a radio
wave electric field in a so-called “resonant cavity” that
is used to produce the required strong fields. For now
it does not matter how E is produced, it is this electric
field that adds energy to the electrons.

Figure 27b

The Berkeley synchrotron shown here, accelerated
protons rather than electrons. It was the first machine
with enough energy to create anti protons. After this
machine was built, ways were devised for focusing the
particle beam and using an evacuated doughnut with a
much smaller cross-sectional area.



When electrons gain energy, their momentum p = mv
increases. Writing Equation (25) in the form

—mv _ P
'= 4B " B (25a)

we see that an increase in the electron’s momentum p
will cause the orbital radius r to increase. The radius r
will increase unless we compensate by increasing the
strength B of the magnetic field. The rate at which we
increase B must be synchronized with the rate at which
we increase the particle’s momentum p in order to
keep r constant and keep the electrons in the circular
path. Because of this synchronization, the device is
called a synchrotron.

You can see that the amount of energy or momentum
we can supply to the particles is limited by how strong
afield B we can make. Iron electromagnets can create
fields up to about 1 tesla (here the MKS unit is useful)
or 10,000 gauss. The superconducting magnets, being
used in the latest accelerator designs, can go up to
around 5 tesla.

Noting that B is limited to one or a few tesla, Equation
(25) tells us that to get more momentum or energy, we
must use accelerators with a bigger radius r. This
explains why particle accelerators are getting bigger
and bigger. The biggest particle accelerator now
operating in the United States is the proton accelerator
atthe Fermi National Accelerator Laboratory in Batavia,
[linois shown in Figures (28) and (29).

In Figure (28), we see a section of tunnel and the
magnets that surround the 2 inch diameter evacuated
pipe which carries the protons. Originally there was
one ring using iron magnets (painted red and blue in the
photograph). Later another ring with superconducting
magnets was installed, in order to obtain stronger
magnetic fields and higher proton energies. The ring of
superconducting magnets (painted yellow) is beneath
the ring of iron magnets.

Figure (29) is an aerial view showing the 4 mile
circumference of the accelerator. Currently the largest
accelerator in the world is at the European Center for
Particle Physics (CERN). The 27 kilometer path of that
accelerator is seen in Figure (30) on the next page.
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Figure 28

The Fermi Lab accelerator has two accelerating
rings, one on top of the other. In each, the
evacuated doughnut is only 2 inches in diameter,
and four miles in circumference. The bottom ring
uses superconducting magnets (painted yellow),
while the older upper ring has iron magnets
(painted red and blue.)

Figure 29
Aerial view of the Fermi Lab particle accelerator.
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RELATIVISTIC ENERGY
AND MOMENTA

Even the smallest synchrotrons accelerate electrons
and protons up to relativistic energies where we can no
longer use the non relativistic formula 1/2 mv? for
kineticenergy. For any calculations involving the large
accelerators we must use fully relativistic calculations
like E = mc? for energy and p = mv for momentum
where m = mg/V 1 - v2/c2 is the relativistic mass.

Equation (25) or (25a) for a charged particle moving in
a circular orbit of radius r, can be written in the form

p = gBr (25b)

where B is the strength of the uniform magnetic field
and p the particle momentum. It turns out that Equation
(25) is correct even at relativistic energies provided

p = mv is the relativistic momentum. Thus a knowl-

edge of the magnetic field and orbital radius immedi-
ately tells us the momentum of the particles in the large
synchrotrons.

To determine the energy of the particles in these
machines, we need a relationship between a particle’s
energy E and momentum p. The relationship can be
obtained by writing out E and p in the forms

my
p =mV = ———V (29)
A 1 —V2/C2
m
E=m?=—2__¢ (30)

A1 - V2/02

It is then straightforward algebraic substitution
to show that

) )4 An exact
= + 31
P+l relationship Gb

Figure 30
Path for the 8 kilometer circumference Super Proton Synchrotron (SPS, solid circle) and
the 27 kilometer Large Electron-Positron collider (LEP, dashed circle) at CERN, on the
border between France and Switzerland. The Geneva airport is in the foreground.



Exercise 6

Directly check Equation (31) by plugging in the values
of p and E from Equations (29) and (30).

In the big particle accelerators the kinetic energy
suppliedby the accelerators greatly exceeds the particle’s
rest energy moc2, so that the (mqc2)2 term in Equation
(31)iscompletely negligible. Forthese ‘“‘highly relativ-
istic” particles, we can drop the m(2 c# termin Equation
(31) and we get the much simpler formula

E = pc IfE>> mOC2 (32)

Equation (32) is an accurate relationship between
energy and momentum for any particle moving at a
speed so close to the speed of light that its total energy
E greatly exceeds its rest energy mgc2.

For the high energy particle accelerators we can com-
bine Equations (25) and (32) to get

(33)

Consider CERN's Super Proton Synchrotron or SPS,
shown by the smaller solid circle in Figure (30), which
was used to discover the particles responsible for the
weak interaction. In this accelerator, the magnets pro-
duced fields of B = 1.1 tesla, and the radius of the ring
was r = 1.3km (for a circumference of 8km). Thus we
have

E = gBrc

E = pc = qBrc

= (1.6 X 10'19 coulombs) X(l.l tesla)
<13 ><103m)><(3 x10° m/s)

=6.9 x 10~ joules

Converting this answer to electron volts, we get

6.9 x 10~ joul
g = 22 JOWES  430x10%eV

L6x10°19 joules
' eV

430GeV (34)
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How good was our approximation that we could ne-
glect the particle’s rest energy and use the simple
Equation (32)? Recall that the rest energy of a proton
is about 1GeV. Thus the SPS accelerator produced
protons with a kinetic energy 430 times greater! For
these particles it is not much of an error to neglect the
rest energy.

Exercise 7

a) The Fermi lab accelerator, with its radius of
1kilometer, uses superconducting magnetsto produce
beams of protons with a kinetic energy of 1000 GeV
(1012ev). How strong a magnetic field is required to
produce protons of this energy?

b) Iron electromagnets cannot produce magnetic
fields stronger than 2tesla, which is why superconduct-
ing magnets were required to produce the 1000 GeV
protons discussed in part a). Before the ring with
superconducting magnets was constructed, a ring
using iron magnets already existed in the same tunnel.
The iron magnets could produce 1.5 tesla fields. What
was the maximum energy to which protons could be
accelerated before the superconducting magnets were
installed? (You can see both rings of magnets in Figure
28.)

Exercise 8

The large electron-positron (LEP) collider, being con-
structed at CERN, will create head on collisions be-
tween electrons and positrons. (Electrons willgo around
one way, and positrons, having the opposite charge,
will go around the other.) The path of the LEP accelera-
tor, which will have a circumference of 27 km, is shown
in Figure (30), superimposed on the countryside north
of Geneva, Switzerland.

a) Assuming that the LEP accelerator will use 3 tesla
superconducting magnets, what will be the maximum
kinetic energy, in eV, of the electrons and positrons that
will be accelerated by this machine?

b) What will be the speed of these electrons and
positrons? (How many 9's in v/c?)
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Figure 31a
Schematic diagram of the Berkeley
10-inch hydrogen bubble chamber.

Figure 31b

The 10-inch Bubble chamber at the Lawrence
Radiation Laboratory, University of California,
Berkeley. (Photograph copyright The Ealing
Corporation, Cambridge, Mass.)

BUBBLE CHAMBERS

In the study of elementary particles, it is just as impor-
tant to have adequate means of observing particles as it
is to have accelerating machines to produce them. One
of the more useful devices for this purpose is the bubble
chamber invented by Donald Glaser in 1954.

It may not be true that Glaser invented the bubble
chamber while looking at the streaks of bubbles in a
glass of beer. But the idea is not too far off. When a
charged particle like an electron, proton or some exotic
elementary particle, passes through a container of
liquid hydrogen, the charged particle tends to tear
electrons from the hydrogen atoms that it passes,
leaving a trail of ionized hydrogen atoms. If the
pressure of the liquid hydrogen is suddenly reduced the
liquid will start boiling if it has a “seed”—a special
location where the boiling can start. The trail of ionized
hydrogen atoms left by the charged particle provides a
trail of seeds for boiling. The resultis a line of bubbles
showing where the particle went.

In a typical bubble chamber, a stereoscopic camera is
used to record the three dimensional paths of the
particles. It is impressive to look at the three dimen-
sional paths in stereoscopic viewers, but unfortunately
all we can conveniently do in a book is show a flat two
dimensional image like the one in Figure (32). In that
picture we see the paths of some of the now more
common exotic elementary particles. In the interest-
ing part of this photograph, sketched above, a negative
7~ meson collides with a positive proton to create a
neutral A% and a neutral KO meson. The neutral A% and
KO do not leave tracks, but they are detected by the fact
that the KO decayed into a t* and a m~ meson, and the
AOdecayed into a 7t~ and a proton p*, all of which are
charged particles that left tracks.

To analyze a picture like Figure (32) you need more
information than just the tracks left behind by particles.
You would also like to know the charge and the
momentum or energy of the particles. This is done by
placing the bubble chamber in a magnetic field so that
positive particle tracks are curved one way and nega-
tives ones the other. And, from Equation (25b), we see
that the radii of the tracks tell us the momenta of the
particles.



Another example of a bubble chamber photograph is
Figure (33) where we see the spiral path produced by
an electron. The fact that the path is spiral, that the
radius of the path is getting smaller, immediately tells
us that the electron is losing momentum and therefore
energy as it moves through the liquid hydrogen. The
magnetic field used for this photograph had a strength
B =1.17tesla, and the initial radius of the spiral was 7.3
cm. From this we can determine the momentum and
energy of the electron.

B=1.17 tesla

Figure 33
Spiraling electron. An electron enters the chamber at
the lower left and spirals to rest as it loses momentum.
The spiral track is caused by the magnetic field applied
to the chamber which deflects a charged particle into a
curved path with a radius of curvature proportional to
the particle's momentum. The straight track crossing
the spiral is a proton recoiling from a collision with a
stray neutron. Because the proton has much greater
mass than the electron, its track is much less curved.
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Exercise 9

Calculate the energy, in eV of the electron as it entered
the photograph in Figure (33). Since you do not know
off hand whether the particle was relativistic or not, use
the exact relation

E* = pc®+m/c’ (1)

to determine E from p. From your answer decide
whether you could have used the nonrelativistic formula
KE = 1/2 mov2 or the fully relativistic formula E = pc, or

whether you were in an intermediate range where
neither approximation works well.

Figure 32

Bubble chamber photograph showing the creation of a
K° meson and a A® particle, and their subsequent
annihilations. We now know that the K meson is a
quark/anti quark pair, and the A° particle contains 3
quarks as does a proton and a neutron. The K and A
particles last long enough to be seen in a bubble
chamber photograph because they each contain a
strange quark which decays slowly via the weak
interaction. (Photo copyright The Ealing Corporation
Cambridge, Mass.)
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The Mass Spectrometer

A device commonly seen in chemistry and geology
labs is the mass spectrometer which is based on the
circular orbits that a charged particle follows in a
uniform magnetic field. Figure (34) is a sketch of a
mass spectrometer which consists of a semi circular
evacuated chamber with a uniform magnetic field B
directed up out of the paper. The direction of B is
chosen to deflect positive ions around inside the cham-
ber to a photographic plate on the right side. The ions
to be studied are boiled off a heated filament and
accelerated by a negative cap in a reversed voltage
electron gun shown in Figure (35). By measuring the
position where the ions strike the photographic plate,
we know the radius of the orbit taken by the ion.
Combine this with the knowledge of the field B of the
spectrometer, and we can determine the ion’s momen-
tum p if the charge q is known. The speed of the ion is
determined by the accelerating voltage in the gun, thus
knowing p gives us the mass m of the ions. Non
relativistic formulas work well and the calculations are
mdedtyordentiEatute (). atSbesBqodtides gatho &8 th-

Mass spectrometers are used to identify elements in
small sample of material, and are particularly useful 1
being able to separate different isotopes of an element
Two different isotopes of an element have differen
numbers of neutrons in the nucleus, everything else

uniform magnetic field
directed out of paper

evaculated
chamber

beam of
atoms

photographic film

Figure 34

Top view of a mass spectrograph. A uniform
magnetic field B rises directly up through
the chamber. The beam of atoms is produced
by the accelerating gun shown in Figure 35.

being the same. Thusions of the two isotopes will have
slightly different masses, and land at slightly different
distances down the photographic plate. If anisotope is
missing in one sample the corresponding line on the
photographic plate will be absent. The analogy be-
tween looking at the lines identifying isotopes, and
looking at a photographic plate showing the spectrum
of light, suggested the name mass spectrometer.

Exercise 10

Suppose that you wish tomeasure the mass of aniodine
atom using the apparatus of Figures (34) and (35). You
coat the filament of the gun in Figure (35) with iodine,
and heat the filament until iodine atoms start to boil off.
In the process, some of the iodine atoms lose an
electron and become positive ions with a charge +e.
The ions are then accelerated in the gun by a battery of
voltage \,, and then pass into the evacuated chamber.

(a) Assumingthat V|, =125volts (accelerating voltage)
and B = 1000 gauss (0.1 tesla), and that the iodine
atoms follow a path of radius r = 18.2 cm, calculate the
mass m of the iodine atoms.

(b) How many times more massive is the iodine ion than
aproton? From the fact that protons and neutrons have
aboutthe same mass, and thatan electron is 2000times
lighter, use your result to estimate how many nuclear
particles (protons or neutrons) are in aniodine nucleus.

atoms
~ | 7 7| coating of atoms
can ——| FSS | whose mass is to
+ o+ be measured
o
— |+t
battery \ hot filament
+L_ |
Figure 35

When the substance to be studied is heated by a
filament, atoms evaporate and some lose an electron
and become electrically charged positive ions. The
ions are then accelerated by an electric field to
produce a beam of ions of known kinetic energy.



Magnetic Focusing

In the magnetic force examples we have considered so
far, the velocity v of the charged particle started out
perpendicular to B and we got the circular orbits we
have been discussing.

If we place an electron gun so that the electron beam is
aimed down the axis of a pair of Helmholtz coils, as
shown in Figure (36), the electron velocity Vis parallel
to B, vxB = 0 and there is no magnetic force.

Figure (36) is a bit too idealized for the student built
electron gun we have been using in earlier examples.
Some of the electrons do come out straight as shown in
Figure (36), but many come out at an angle as shown in
Figure (37a). In Figure (37b) we look at the velocity
components v, and vy of an electron emerging at an
angle . Because vj x B = 0 only the perpendicular
component v contributes to the magnetic force

—

Fingg = qVL % B (36)

This force is perpendicular to both v, and B as shown
inthe end view of the electron gun, Figure (37b). In this
end view, where we can’t see v, the electron appears
to travel around the usual circular path.

N ]
B
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_:/L/—/_
—1 ’_\\
.
| B |\

Figure 36

Electron gun inserted so that the beam of
electrons moves parallel to the magnetic field of
the coils. If the beam is truly parallel to B,
there will be no magnetic force on the electrons.
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In reality the electron beam spreads out when it leaves
the cap. Most of the electrons are not moving parallel
to B, and there will be a magnetic force on them.
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Figure 37b

Consider an electron emerging from the cap at an
angle 0 from the center line as shown in the side
view above. Such an electron has a component of
velocity v, perpendicular to the magnetic field. This
produces a magnetic force Fy=(-e)#, xB which
points toward the axis of the gun. The magnetic
force Fy can be seen in the end view above. From
the end view the electron will appear to travel in a
circle about the axis of the gun. The stronger the
magnetic field, the smaller the radius of the circle.
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Itis in the side view, Figure (38) that we see the effects
of v,. Since there is no force related to v, this
component of velocity is unchanged and simply carries
the electron at a constant horizontal speed down the
electron gun. The quantity v is often called the drift
speed of the particle. (The situation is not unlike
projectile motion, where the horizontal component v,
of the projectile’s velocity is unaffected by the vertical
acceleration ay J)

When we combine the circular motion, seen in the end
view of Figure (37¢), with the constant drift speed v,
down the tube seen in Figure (38a) the net effect is a
helical path like a stretched spring seen in Figure (38b).
The electron in effect spirals around and travels along
the magnetic field line. The stronger the magnetic
field, the smaller the circle in Figure (37c), and the
tighter the helix.
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Figure 38a

In the side view of the motion of the
electron, we see that V), is unchanged, v
Jjust carries the electron down the tube.

helical motion
of the electron

Figure 38b

Oblique view of the helical motion of the electron.
When you combine the uniform motion of the electron
down the tube with the circular motion around the
axis of the tube, you get a helical motion with the
same shape as the wire in a stretched spring.

The tightening of the helix is seen in Figure (39) where
in (a) we see an electron beam with no magnetic field.
The electrons are spraying out in a fairly wide cone. In
(b) we have a 75 gauss magnetic field aligned parallel
to the axis of the gun and we are beginning to see the
helical motion of the electrons. In (c) the magnetic field
isincreased to 200 gauss and the radius of the helix has
decreased considerably. As B is increased, the elec-
trons are confined more and more closely to a path
along the magnetic field lines. In our electron gun, the
magnetic field is having the effect of focusing the
electron beam.

a) No magnetic field

b) B =75 gauss

¢) B =200 gauss

d) Movie

J

Focusing an electron beam with a parallel
magnetic field. The beam travels along a
helical path which becomes tighter as the
strength of the magnetic field is increased.



SPACE PHYSICS

Even in non-uniform magnetic fields there is a ten-
dency for a charged particle to move in a spiral path
along a magnetic field line as illustrated in Figure (40).
This is true as long as the magnetic field is reasonably
uniform over adistance equal to the radius r of the spiral
(from Equation (25), r = mv /qvg). Neglecting the
spiral part of the motion, we see that the large scale
effect is that charged particles tend to move or flow
along magnetic field lines. This plays animportantrole
in space physics phenomena which deals with charged
particles emitted by the sun (the “solar wind”’) and the
interaction of these particles with the magnetic field of
the earth and other planets.

There are so many interesting and complex effects in
the interaction of the solar wind with planetary mag-
netic fields that space physics has become an entire
field of physics. Seldom are we aware of these effects
unless a particularly powerful burst of solar wind
particles disrupts radio communications or causes an
Aurora Borealis to be seen as far south as the temperate
latitudes. The Aurora are caused when particles from
the solar wind spiral in along the earth’s magnetic field
lines and end up striking atoms in the upper atmo-
sphere. The atoms struck by the solar wind particles
emit light just like the residual air atoms struck by the
electrons in an electron gun.

AN
B path of charged
particle

Figure 40

When charged particles from the sun enter the
earth's magnetic field, they spiral around the
magnetic field lines much like the electrons in
the magnetic focusing experiment of Figure 39.
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The Magnetic Bottle

Ifamagnetic field has the correct shape, if the field lines
pinch together as shown at the left or the right side of
Figure (41), then the magnetic force F,,, onacharged
particle has a component that is directed back from the
pinch. For charged particles with the correct speed, this
back component of the magnetic force can reflect the
particle and reverse v;,. If the magnetic field is pinched
at both ends, as in Figure (41) the charged particle can
reflectback and forth, trapped as if it were in amagnetic
bottle.

In the subject of plasma physics, one often deals with
hot ionized gasses, particularly in experiments de-
signed to study the possibility of creating controlled
fusionreactions. These gases are so hot that they would
melt and vaporize any known substance they touch.
The only known way to confine these gases to do
experiments on them is either do the experiments so
fast that the gas does not have time to escape (inertial
confinement), or use magnetic fields and devices like
the magnetic bottle shown in Figure (41) (magnetic
confinement).

magn’etic "bottle”

Figure 41

Magnetic bottle. When the magnetic field lines pinch
together, the charged particles can be reflected back in
a process called magnetic mirroring. (At the two ends
of the magnetic bottle above, the magnetic force Fy
has a component back into the bottle.)
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Van Allen Radiation Belts

The earth’s magnetic field shown in Figure (9) and
repeated in Figure (42) forms magnetic bottles that can
trap charged particles from the solar wind. The ends of
the bottles are where the field lines come together at the
north and south magnetic poles, and the regions where
significant numbers of particles are trapped are called
the Van Allen radiation belts shown in Figure (42).
Protons are trapped in the inner belt and electrons in the
outer one.

It is not feasible to do hand calculations of the motion
of charged particles in non-uniform magnetic fields.
The motion is just too complicated. But computer
calculations, very similar to the orbit calculations dis-
cussed in Chapter 4, work well for electric and mag-
netic forces. Aslong as we have aformula for the shape
of E or B, we can use the Lorentz force law (Equation
20)

F = qﬁ +qV x B

as one of the steps in the computer program. The
computer does not care how complicated the path is,
but we might have trouble drawing and interpreting the
results.
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Figure 42

Charged particles, trapped by the earth's magnetic field,
spiral around the magnetic field lines reflecting where
the lines pinch together at the poles. The earth's
magnetic field thus forms a magnetic bottle, holding the
charged particles of the Van Allen radiation belts.

In Figure (43), a student, Jeff Lelek, started with the
formula for a “dipole magnetic field”, namely

B - _(%)*(2_3*(2-12)*12)

which is a reasonably accurate representation of the
earth’s magnetic field, and calculated some electron
orbits for this field. The resultis fairly complex, but we
do get the feeling that the electron is spiraling around
the magnetic field lines and reflecting near the mag-
netic poles.

(37)

To provide a simpler interpretation of this motion, the
student let the calculation run for along time, saving up
the particle coordinates at many hundreds of different
points along the long orbit. These points are then
plotted as the dot pattern shown in Figure (43). (In this
picture, the latitude of the particle is ignored, the points
are all plotted in one plane so we can see the extent of
the radial and north-south motion of the particles.) The
result gives us a good picture of the distribution of
particles in a Van Allen radiation belt. This and similar
calculations are discussed in the supplement on com-
puter calculations with the Lorentz force law.

Figure 43

Computer plot of the motion of a proton in a dipole
magnetic field. The formula for this field and the
computer program used to calculate the motion of
the proton are given in the Appendix. As you can
see, the motion is relatively complex. Not only does
the proton reflect back and forth between the poles,
but also precesses around the equator.
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Figure 44
In this computer plot, all the data points from Figure 43 are plotted as dots in one plane. From this we see the
shape of a Van Allen radiation belt emerge. (Figures (43) and (44) from a student project by Jeff Lelek.)



Chapter 29

Ampere's Law

In this chapter our mainfocus will be on Ampere’s law,
a general theorem that allows us to calculate the
magnetic fields of simple current distributions in much
the same way that Gauss’ law allowed us to calculate
the electric field of simple charge distributions.

Asweuse them, Gauss’ andAmpere’s laws are integral
theorems. With Gauss’ law we related the total flux out
through a closed surface to 1/e, times the net charge
inside the surface. In general, to calculate the total flux
through a surface we have to perform what is called a
surfaceintegral. Ampere’s law will relate the integral
of the magnetic field around a closed path to the total
currentflowing throughthat path. Thisintegral around
a closed path is called a line integral.

Until now we have concentrated on examples that did
not require us to say much about integration. But as we
discuss Ampere’s law in this chapter and the remaining
Maxwell equations in the next few chapters, it will be
convenient to draw upon the formalism of the surface
and line integral. Therefore we will take a short break
to discuss the mathematical concepts involved in these
integrals.
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THE SURFACE INTEGRAL

In our discussion of Gauss’ law near the end of Chapter
24, we defined the flux @ of a fluid in a flow tube as the
amount of water per second flowing past the cross-
sectional area of the tube as shown in Figure (1). This
is equal to the velocity v times the cross-sectional area
A | of the tube as given in Equation (24-46)

D =vA, Sfluxin a flow tube

(24-46)

AsseeninFigure (2),if we slice the flow tube by a plane
that is not normal to the flow tube, the area A of the
intersection of the tube and plane is larger than the
cross-sectional area A ;. The relationship is
A} = Acos© where 6 is the angle between v and A
(see Equation 24-45). Defining the vector A as having
a magnitude A and direction normal to the plane, we
have

V-A = vAcos® = VA |

and the formula for the flux in the flow tube is

®=v-A (24-47a)
In Chapter 24 we considered only problems where A |
was something simple like a sphere around a point
source, or acylinder around a line source, and we could
easily write a formula for the total flux. We now wish
to consider how we should calculate, at least in prin-
ciple, the flux in a more complex flow like the stream
shown in Figure (3).

To give our flux calculation a sense of reality, suppose
that we wish to catch all the salmon swimming up a
stream to spawn. As shownin Figure (3), we place anet

cross-sectional
area A,

flow tube—

. flux ®=VvA,
Figure 1

The flux of water @ through a flow tube is the
amount of water per second flowing past a
cross-sectional area A, .

that goes completely across the stream, from bank to
bank, from the surface to the bottom. The total flux ®¢
of water flowing through this net is therefore equal to
the total current in the stream.

To calculate the total flux @, we break the stream
flow up into a number of small flow tubes bounded by
stream lines as shown in (3). Focusing our attention on
the i th flow tube, we see that the tube intersects an area
dA; of the fish net. The flux through the fish net due
to the 1 th tube is

dd, = v,-dA, (1)

where v, is the velocity of the water at the intersection
of the tube and the net. The total flux or current of water
inthe streamis simply the sum of the fluxes ineach flow
tube, which can be written

Oy = Z O, = Z{}i'dxi @)

where the dA; are just those areas on the fish net
marked out by the flow tubes.

If we go to infinitesimal sized flow tubes, the sum in
Equation (2) becomes an integral which can be written
as

O = f v-dA surface integral 3)

area of
fish net

plane slicing
the flow tube

PN
flux @ = vA = V-A
Figure 2
If we have an area A that is not normal to the stream,
then the cross-sectional area is A, = A cos 0, and the
Sluxis @=vA  =vA cos 0, which can also be written

D=v-A.



where the dA's are infinitesimal pieces of area on the
fish net and our sum or integration extends over the
entire submerged area of the net. Because we are
integrating over an area or surface in Equation (3), this
integral is called a surface integral.

Think of Equation (3), not as an integral you “do”, like
x2dx = x°/3, but more as a formal statement of the
steps we went through to calculate the total flux ®-.

Suppose, for example, someone came up to you and
asked how you would calculate the total current in the
stream. If you were a mathematician you might
answer, “I would calculate the integral

q)T = f{}dzz; (33)
S

where S is a surface cutting the stream.”

If you were a physicist, you might answer, ‘“Throw a
fish net across the stream, making sure that there are no
gaps that the fish can get through. (This defines the
mathematician's surface S). Then measure the flux of
water through each hole in the net (these are the v-dA's
of Equation 3a), and then add them up to get the total
flux (do the integral).”

Basically, the mathematician’s statement in Equation
(3a) is short hand notation for all the steps that the

physicist would carry out.
fish net

across stream

i th flow )

!

tube
I

Figure 3

To calculate the flux of water through a fish net, we can
first calculate the flux of water through each hole in the
net, and then add up the fluxes to get the total flux.
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Gauss’ Law

The statement of Gauss’ law applied to electric fields
in Chapter (24) was that the total electric flux ® out
through a closed surface was equal to 1/¢q times the
total charge Q ;,, inside the surface. Our surface integral
of Equation (3) allows us to give amore formal (at least
more mathematical sounding) statement of Gauss’
law.

Suppose we have a collection of charged particles as
shown in Figure (4), which are completely surrounded
by a closed surface S. (Think of the closed surface as
being the surface of an inflated balloon. There cannot
be any holes in the surface or air would escape.) The
total flux of the field E out through the surface S is
formally given by the surface integral

O = f E-dA A

) @

where the dA are small pieces of Lhe surface, and Eis
the electric field vector at each dA.

Figure 4

Closed surface S completely surrounding a collection
of charges. The flux of E out through the closed
surface is equal to 1 / &) times the total charge inside.
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The total charge Q;,, inside the surface S is obtained by
adding up all the charges we find inside. Any charges
outside do not count. (We have to have a completely
closed surface so that we can decide whether a charge
is inside or not.) Then equating the total flux ®; to
Qin/e we get the integral equation

=N Qin formal

E-dA = ) statement of ®)
closed Gauss law
surface S

There is nothing really new in Equation (5) that we did
not say back in Chapter (24). What we now have is a
convenient short hand notation for all the steps we
discussed earlier.

We will now use Equation (5) to calculate the electric
field of a point charge. Although we have done this
same calculation before, we will do it again to remind
us of the steps we actually go through to apply Equation
(5). A formal equation like this becomes real or useful
only when we have an explicit example to remind us
how itisused. When you memorize such an equation,
also memorize an example to go with it.

In Figure (5), we have a point charge +Q that produces
aradial electric field E as shown. To apply Gauss’ law
we draw a spherical surface S of radius r around the
charge. For this surface we have

@ = fﬁ-d& = EA,| = E(n4nr’
S

Inside the surface the total charge is Q. Thus Gauss’
law, Equation (5), gives

f L
S

€0

E(r)4nr? = Q
€0

_ Q
PO = e ©)

The only thing thatis new here is the use of the notation
Js E-dA for total flux @7 When we actually wish to
calculate @, we look for a surface thatis perpendicular
to E so that we can use the simple formula EA .

If the charge distribution were complex, more like
Figure (4), we could calculate f E-dA by castingafish
net all around the charges and evaluating E;-dA, for
each hole in the net. The formal expression of the
surface integral at least gives us a procedure we can
follow if we are desperate.

/\/

~
N

surface S

Figure 5

For the electric field of a point charge, we know
immediately that the total flux ®r out through the
spherical surface is the area 4nr’ times the strength
E(r) of the field. Thus

O = [ E-di = Brjxdnr?
S



THE LINE INTEGRAL

Another formal concept which we will use extensively
in the remaining chapters on electromagnetic theory is
thelineintegral. You have already been exposed to the
ideain earlier discussions of the concept of work. If we
exert a force F on a particle while the particle moves
from Point (1) to Point (2) as shown in Figure (6), then
the work we do is given by the integral

2
Work W = f F-dx )
1

where we are integrating along the path in Figure

(6).

Equation (7) is short hand notation for many steps.
What it really says is to draw the path taken by the
particle in going from Point (1) to (2), break the path up
into lots of little steps dXx;, calgulatg the work dW; we
do during each step, dW; = F;-dx;, and then add up
all the dW; to get the total work W.

AN

N

2

AN

tot I

AN N 2 AN N

= TFE X, »S Fdx
i

Figure 6 1
To calculate the total work done moving a particle from
point (1) to point (2) along a path , first break the path
up into many short displacements dx. The work dW, is
dW. = F, - d%;. The total work W is the sum of all thedW,.
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The first thing we have to worry about in discussing
Equation (7), is what path the particle takes in going
from Point (1) to Point (2). If we are moving an eraser
over a blackboard, the longer the path, the more work
we do. In this case, we cannot do the line integral until
the path has been specified.

Onthe other hand, if we are carrying the particle around
the room, exerting a force F = —F_ that just over-
comes the gravitational force, then the work we do is
stored as gravitational potential energy. The change in
potential energy, and therefore the line integral of
Equation (7), depends only on the end points (1) and (2)
and not on the path we take. When the line integral of
a force does not depend upon the path, we say that the
force is conservative.

A formal statement that a force is conservative is that
the line integrals are equal for any two paths -- for
example, path (a) and path (b) in Figure (7).

2 2
j F-dx = f F-dx (8)
1(patha) 1(pathb)
o)
Q{b\‘(\
(2)
Figure 7

If the work done in carrying the particle from point (1)
to point (2) does not depend upon which path we take,
we say that the force is conservative.
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Let us write Equation (8) in the form

2 2
f f:-d)z_f Bdg = 0

1(patha) 1(pathb)

Now take the minus sign inside the integral over Path
(b) so that we have a sum of Fi-(— d)‘('i)

2 2
f F.di + f B(-d%) = 0 ©)
1(patha) 1(pathb)

For the path (b) integral, we have reversed the direction
of each step. The sum of the reversed steps is the same
as going back, from point (2) to point (1) as illustrated
in Figure (8). Thus Equation (9) becomes

2 1
f ﬁ-di+f F.di = 0

2(pathb)

(10
1(patha)

If Equation (10) applies for any Path (a) and (b), then
the force F is conservative.

o]
200
9

Figure 8

If we take path b backwards, i.e. go from point (2) to
point (1), the dx; on path b are reversed and the
integral along path b changes sign. If the line integral
from (1) to (2) does not depend upon the path, then the
line integral for any return trip must be the negative of
the integral for the trip out, and the sum of the two
integrals must be zero.

Equation (10) does not really depend upon the Points
(1)and (2). More generally, it says thatif you gooutand
then come back to your starting point, and the sum of
all your F dX; is zero, then the force is conservative.
This special case of a line integral that comes back to
the starting point as in Figure (9) is called the line
integral around a closed path, and is denoted by an
integral sign with a circle in the center

f thelineintegral

9@ F-dX = { aroundaclosedpath
\ asin Figure9

(11)

With the notation of Equation (11), we can formally
define a conservative force F as one for which

95 F-dX =0 definition of a (12)
forany conservative force
closed path

This line integral around a closed path will turn out to
be an extremely useful mathematical tool. We have
already seen that it distinguishes a conservative force
like gravity, where ¢ F-dX = 0, from anon conserva-
tive force like friction on a blackboard eraser, for which
F-d% # 0. Inanother case, namely Ampere’s law to
e discussed next, the line integral of the magnetic field
around a closed path tells us something about the
currents that flow through the path.

iy 2

Figure 9

For a conservative force, the line integral ¢ F-dx, that
goes completely around a closed path, must be zero. It
is not necessary to specify where the calculation starts.



AMPERFE’S LAW

Figure (10), which is similar to Figure (28-14), is a
sketch of the magnetic field produced by a current in a
straight wire. In this figure the current i is directed up
and out of the paper, and the magnetic field lines travel
in counter clockwise circles as shown. We saw from
equation (28-18) that the strength of the magnetic field
is given by

B[ =2 (28-18)
2nr

In Figure (11) we have drawn a circular path of radius

r around the wire and broken the path into a series of

steps indicated by short vectors d{;. We drew the stick

figure to emphasize the idea that this is really a path and

that d{; shows the length and direction of the i th step.

For each of the steps, calculate the dot product ﬁi- d@i
where B, is the magnetic field at that step, and then
add up the B, d{; for all the steps around the path to get
> Bl - § B.d1
all steps
around path

(13)

The result is the line integral of B around the closed
path.

the value for | B | given by Equation (28-18) and see
why. Wehappen to have chosen a path where each step
dl; is parallel to B at that point, so that

Why bother CTlngatin g this line integral? Let us putin

AN

B
gl = Mol
|B| ~2mr

Figure 10
Circular magnetic field of a wire.
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and Equation (13) becomes

9§1§.dﬁ' = 9@ Bdl (15)

In addition, our path has a constant radius r, so that
B = ppi/2wr isconstant all around the path. We can
take this constant outside the integral in Equation (15)
to get

9§1§.dﬁ' :BSE dt

Next we note that  dV is just the sum of the lengths of
our steps around the circle; i.e., it is just the circumfer-
ence 27r of the circle, and we get

(16)

B-dl =B dl = Bx2nr (17)
Bal =3

Finally substituting the value of B from Equation (28-
18) we get

(18)

5 o Ul
B-dl = — x2nr = p,i
gﬁ 21tr>< = Kot

Figure 11

Circular path of radius r around the wire. As we
walk around the path, each step represents a
displacement dl. To calculate the line integral
fﬁ B-dl, we take the dot product of d? with B at
each interval and add them up as we go around
the entire path. In this case the result is simply
B(r) times the circumference 2xr of the path.
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There are several points we want to make about Equa-
tion (18). First we made the calculation easy by
choosing a circular path that was parallel to B all the
way around. This allowed us to replace the dot product
B-d{ by a numerical product Bd{, pull the constant B
outside the integral, and get an answer almost by
inspection. This should be reminiscent of our work
with Gauss’ law where we chose surfaces that made it
easy to solve the problem.

The second point is that we get an exceptionally simple
answer for the line integral of B around the wire,
namely

951_3'«1?2' =

The line integral depends only on the current i through
the path and not on the radius r of the circular path.

(18a)

What about more general paths that go around the
wire? To find out, we have to do a slightly harder
calculation, but the answer is interesting enough to
justify the effort.

In Figure (12) we have constructed a closed path made
up of three arc sections of lengths r10 r,0,, and r305
connected by radial sections as shown. These arcs are
sections of circles of radiir , r, andr,, respectively. We
wish to calculate(ﬁ B-dl for thls path and see how the
answer compares with what we got for the circular
path.

The first thing to note as we go around our new path is
that in all the radial sections, B and d{ are perpendicu-
lar to each other, sothat B-d{ = 0. Theradial sections
do not contribute to our line integral and all we have to
do is add up the contributions from the three arc
segments. These are easy to calculate because
B-d{=B dl and Bis constantovereacharc, sothatthe
integral of B-d{overanarc segment is just the value of
B times the length 10 of the arc. We get

o Uoi Ui,
B-dl = B,r,0, = — 1,0, =

arc 1
- Uoi Hyi0,
B-dl = B,,0, = — 1,0, =

arc2
o uoi Ui
B-d{ = B,1:0; = 0, =

arc3

Adding the contribution from each arc segment we get
the line integral around the closed path

Lo i0
B.ql = Mo

UpiB, Ui
+ +
21 21 21

Mol
P (61 +0, + 93)

But (6 1+6,+06 3) is the sum of the angles around the

circle, and is therefore equal to 27t. Thus we get for the
path of Figure (12)

B is perpendicular to df here

Figure 12
A somewhat arbitrary path around the wire is made of
arc sections connected by radial sections. Since B is
perpendicular to d? in the radial sectwns, the radial
sections do not contribute to the § B-d? for this path.
In the arcs, the length of the arc increases with r, but B
decreases as 1/r, so that the contribution of the arc
does not depend upon how far out it is. As a result the
<ﬁ B-d? is the same for this path as for a circular path
centered on the wire.
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gﬁB.dQ = (2m) = i (19)

which is the same answer we got for the circular path.

The result in Equation (19) did not depend upon how
many line segments we used, because each arc contrib-
uted an angle 0, and if the path goes all the way around,
the angles always add up to 27t. In Figure (13) we have
imitated a smooth path (the dotted line) by a path
consisting of many arc sections. The more arcs we use
the closer the imitation. We can come arbitrarily close
to the desired path using paths whose integral  B-dV{
is yi In this sense we have proved that Equation (19)
applies to any closed path around the wire.

It is another story if the path does not go around the
wire. In Figure (14) we have suchapathmade up of two
arc and two radial segments as shown. As before, we
can ignore the radial segments because B and d{ are
perpendicular and B-d{ = 0.

S

Al

N

We can approximate an arbitrary path (dotted line)
by a series of connected radial and arc sections. The
smaller the angle d @ marking the arc sections, the
better the approximation. In calculating B-d?, the
radial sections do not count, and we can bring all the
arc sections back to a single circle centered on the
wire. As a result, gﬁ B-d? does not depend upon the
shape of the path, as long as the path goes around
the wire.
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On the outer segment we are going in the same direc-
tion as B so that B-dV{ is positive and we get

arc 1

On the inner arc we are coming back around in a
direction opposite to B, the quantity B- d{ is negative,
and we get
- —Uoi —Upl
B-d! = -B,(0) = — 1,0 = —6
f 2(r2 ) 21r, 2 21
arc2
Adding up the two contributions from the two arcs, we
get

- U0 — U160
9€ B-d{ = (—) + (&) =0 (20
21 21
Path of arc 1 arc2

Figure 14

current, we get (p B-d{ =0. This result is not changed
if we add more arcs and radial segments to the path. As
long as the path does not go around the current, we get
zero for(ﬁ B-dl.

For this closed <ﬁp§th which does not go around the

Figure 14
In this example, where the path does not go around the
wire, the sections labeled r, 0 and r,0 contribute equal
and opposite amounts to the line integral gﬁ B-dl. Asa
result ‘;ﬁ B-d? is zero for this, or any path that does not go
around the wire.
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Several Wires

Itis relatively straightforward to generalize our results
to the case where we have several wires as in Figures
(15a,b). Here we have three currentsi,, 1,, and 13 each
alone producing a magnetic field I§1, I§2 and I§3
respectively.

The first step is to show that the net field Bat any point
is the vector sum of the fields of the individual wires.
We can do this by considering the force on atest particle
of charge q moving with a velocity v as shown in Figure
(15a). Our earlier results tell us that the current i exerts
a force

Fi = qvxB;
Similarly i, and i3 exert forces
Fy = qvxBy
F3 = qvxBg3
Newton’s second law required us to take the vector sum

of the individual forces to get the total force F actingon
an object

F=F +F+F
L B 21)
:qv><(B1+B2+B3)

If we write this total force in the form

.® K
I1 |2
v
. @ /

Figure 15a
A charge q moving in the vicinity of three currents
iy, i, and i5. If the magnetic field B at the charge
is the vector sum of the fields B,, B, and B; of the
three wires, then the net magnetic force Fy on q is
given by

Fy=qixB = g x(By+ B, + By
qv X B, + qv X B, + qv X B,

= Fpy + Fp, + Fi

and we get the desired result that the net force on q
is the vector sum of the forces exerted by each wire.

Fr = qvxB (22)

where B is the effective field acting on the test particle,
then Equations (21) and (22) give

B = B, +B, +B; (23)

The fact that magnetic fields add vectorially is a
consequence of the vector addition of forces and our
use of the magnetic force law to define B.

With Equation (23) we can now calculate gﬁ B-dl for
the field of several wires. Let us draw a path around
two of the wires, as shown in Figure (15b). For this
path, we get

B.dl = ¢(§1+§2+§3).d§

Closed path
of Fig. 29-15

Since the closed path goes around currents i and i, we
get from Equation (19)

(24)

closed path

I3
Figure 15b

Calculating gﬁ B-d? for a path that
goes around two of the wires.
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Since the path misses i3, we get

Hol1

Wol2

ﬁﬁydﬁ' =0
and Equation (24) gives
- S current
i B-dl = l,lo(il +i2) = x| enclosed | (25)
Closed path by path
of Fig. 15

Equation (25) tellsus thatgﬁ B-d{ aroundaclosed path
is equal to lo times the total currenti = i;+1, encircled
by the path. This has the flavor of Gauss’ law which
said that the total flux or surface integral of E out
through a closed surface was 1/¢( times the total charge
Qin inside the surface. Justas charge outside the closed
surface did not contribute to the surface integral of E,
currents outside the closed path do not contribute to the
line integral of B.

We derived Equation (25) for the case that all our
currents were in parallel straight wires. It turns out that
itdoes not matter if the wires are straight, bent, or form
a hideous tangle. As a general rule, if we construct a
closed path, then the line integral of B around the closed
path is Ko times the net current iepclosed flowing
through the path

. (26)
i B-dl = p’Oienclosed Amperes
Law
any closed
path

This extremely powerful and general theoremis known
as Ampere’s law.

So farin this chapter we have focused on mathematical
concepts. Letus now work out some practical applica-
tions of Ampere’s law to get a feeling for how the law
1s used.
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Field of a Straight Wire

Our first application of Ampere’s law will be to calcu-
late the magnetic field of a straight wire. We will use
this trivial example to illustrate the steps used in
applying Ampere’s law.

First we sketch the situation as in Figure (16), and then
write down Ampere’s law to remind us of the law we
are using

Sﬁﬁ-dﬁ -

Next we choose a closed path that makes the line
integral as simple as possible. Generally the path
should either be along B so that B- dl = Bdl, or
perpendicular so that B- d{ = 0. The circular path of
Figure (16) gives B-d{ = Bdl with B constant, thus

Sﬁﬁ-d@' =§ﬁBdQ =B¥dQ = B «2mr = Wi

The result is

uoienclosed

21r

which we expected. When you memorize Ampere’s
law, memorize an example like this to go with it.

circular path
of radius '~

Figure 16

Using Ampere's law to calculate the magnetic field of a
wire. We have §) B-d¢ = Bx2nr around the path.
Thus Ampere's law gﬁB -db = Mol gives B = pyil2nr.
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Exercise 1

Each of the indicated eight conductors in Figure (17)
carries 2.0A of current into (dark) or out of (white) the
page. Two paths are indicated for the line integral
gﬁ B-dl. What is the value of the integral for (a) the
dotted path? (b) the dashed path?

—_— ~N
.......... // \
/ \
o ¢ /o ° |
AL / A
A Y /
| /
) o \ o o /
........................ ’ N ~~ d
Figure 17
Exercise 2

Eight wires cut the page perpendicularly at the points
shown in Figure (18). A wire labeled with the integer k
(k=1,2...,8) bears the current ki,. For those with odd
K, the current is up, out of the page; for those with even
kitis down, into the page. Evaluate § B-dl alongthe
closed path shown, in the direction shown.

—

/@ /
5 \e7 s/
/ \\_/,_ / l///
e /// -7y
-7 et ] //

i _ \_~

Figure 18

Exercise 3

Show that a uniform magnetic field B cannot drop
abruptly to zero as one moves at right angles to it, as
suggested by the horizontal arrow through point a in
Figure (19). (Hint: Apply Ampere's law to the rectangu-
lar path shown by the dashed lines.) Inactual magnets
"fringing" of the lines of B always occurs, which means
that B approaches zero gradually.

s ]2
<
<<
<
<
<<
<
<<
<
<<
<

Figure 19

Exercise 4

Figure (20) shows a cross section of a long cylindrical
conductor of radius a, carrying a uniformly distributed
currenti. Assume a=2.0cm,i= 100A, and sketch a
plot of B(r) over the range 0 <r < 4 cm.

itotal = 100 amps

Figure 20

(The above are some choice problems from Halliday
and Resnick.)
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Exercise 5

Figure (21) shows a cross section of a hollow cylindrical
conductor of radii a and b, carrying a uniformly distrib-
uted current i.

a) Show that B(r) for the range b < r < ais given by

B(r) = “Oi(rzbz)

T 2nr|g2_p?

b) Test this formula for the special cases ofr=a,r=b,
andr=0.

c) Assumea=2.0cm,b=1.8cm,andi=100A. What
isthe value of Batr = a? (Give your answer in tesla and
gauss.)

Figure 21

Exercise 6

Figure (22) shows a cross section of a long conductor
of a type called a coaxial cable. lts radii (a, b, c) are
shown in the figure. Equal but opposite currents i exist
inthe two conductors. Derive expressions for B(r) inthe
ranges

a) r<c,

b) c<r<b,

c) b<r<a,and
d)r>a.

e) Test these expressions for all the special cases that
occur to you.

coaxial cable

Figure 22

Exercise 6 is a model of a coaxial cable, where the
current goes one way on the inner conductor and back
the other way on the outside shield. If we draw any
circuit outside the cable, there is no net current through
the circuit, thus there is no magnetic field outside. As
a result, coaxial cables confine all magnetic fields to
the inside of the cable. This is important in many
electronics applications where you do not want fields
toradiate out from your wires. The cables we use in the
lab, the ones with the so called BNC connectors, are
coaxial cables, as are the cables that carry cable televi-
sion.
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FIELD OF A SOLENOID

Aswith Gauss’ law, Ampere’s law is most useful when
we already know the field structure and wish to calcu-
late the strength of the field. The classic example to
which ampere’s law is applied is the calculation of the
magnetic field of a long straight solenoid.

A long solenoid is a coil of wire in which the length L
of the coil is considerably larger than the diameter d of
the individual turns. The shape of the field produced
when a current i flows through the coil was illustrated
in Figure (28-21) and is sketched here in Figure (23).
Iron filings gave us the shape of the field and Ampere’s
la